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Abstract. We prove a tropical decomposition formula for the reduced virtual cycle in
log GLSM. This allows to express Gromov–Witten invariants of complete intersections
or Fan–Jarvis–Ruan–Witten invariants in terms of two ingredients: (1) integrals against
the canonical virtual cycle of log R-maps and (2) effective invariants.
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1. Introduction

1.1. Background on logarithmic Gauged Linear Sigma Models. This and the sub-
sequent works [19, 17] form the geometric foundation for computations using logarithmic
Gauged Linear Sigma Models (log GLSM), as introduced in [18] using the logarithmic
machinery of [2, 3].

A key concept from [18] is the notion of log R-maps. Consider the torus C∗ω ∼= Gm

and the stack BC∗ω = [Speck/C∗ω] parameterizing line bundles. Let Lω = [Cω/C∗ω] be the
universal line bundle over BC∗ω, where Cω is the C∗ω-representation of weight 1. A log
R-map over a log scheme S is a (2-)commutative triangle

(1.1) P

��
C

f

77

ωlog
C/S

// BC∗ω

where P→ BC∗ω is a proper, DM-type morphism of log stacks (the symbol P is the fraktur
letter “P”), and C → S is a log curve, the bottom arrow is induced by the log cotangent

bundle ωlog
C/S , and f is a log map. Removing all log structures from (1.1), defines underlying

R-map over the underlying scheme S.
To allow applications to both Gromov–Witten theory and Fan–Jarvis–Ruan–Witten

(FJRW) theory, we consider the hybrid targets P → BC∗ω as in introduced in [18] and
reviewed in §2.1.1. Roughly speaking, P is constructed from a smooth Deligne–Mumford
stack X with projective coarse moduli by taking a weighted projective compactification

of a vector bundle twisted by powers of ωlog
C . Indeed the log structureMP over P is the

divisorial log structure defined by a smooth divisor ∞ ⊂ P such that P◦ := P \ ∞ is the
vector bundle (2.4). Denote by 0P ⊂ P◦ its zero section. Furthermore, there is a canonical
projection P→ X as in (2.6), which on the Gromov–Witten side is crucial for relating log
GLSM with the Gromov–Witten theory of complete intersections in X .
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As shown in [18], by imposing a certain stability condition (see §2.1.4), stable log R-maps
with given discrete data (g, ς⃗, β) form a proper log Deligne-Mumford stack Rg,ς⃗(P, β). The
discrete data consists of the genus g ∈ N, the curve class β ∈ H2(X ), and the discrete data
at the markings ς⃗ = {(γp, c(p))}p, which assigns to each marking p an orbifold sector γp
parameterizing cyclotomic gerbes in Pk := P×BC∗

ω
Speck and a contact order c(p) ∈ N,

such that f is required to be tangent to∞ of order c(p). The most important case is when
(g, ς⃗, β) is of compact type, which means that c(p) = 0 and γp is a sector in the zero section
0Pk

= 0P ×BC∗
ω
Speck for all markings. In particular stable R-maps parameterized by

Rg,ς⃗(P, β) factors through 0P along all markings.1

Similar to the case of Gromov–Witten theory, the smoothness of X leads to a canonical
perfect obstruction theory of Rg,ς⃗(P, β), hence the canonical virtual cycle [Rg,ς⃗(P, β)]

vir,
see (2.6). This canonical perfect obstruction theory solely depends on the geometry of P.
To recover FJRW theory and the Gromov–Witten theory of complete intersections in X ,
the extra key ingredient is a superpotential, that is a C∗ω-equivariant holomorphic function
W : P◦k → Cω, or equivalently a morphism of stacks P◦ → Lω. A superpotential W is said
to have proper critical locus if its critical locus is supported on 0Pk

, see §4.1.
Given discrete data (g, ς⃗, β) of compact type, a superpotential W with proper critical

loci can be used to modify the canonical theory of Rg,ς⃗(P, β), defining a reduced perfect

obstruction theory hence the reduced virtual cycle [Rg,ς⃗(P, β)]
red of Rg,ς⃗(P, β), see [18] and

§4. The reduced theory is of primary interest — depending on the choice of target P, it
recovers both FJRW invariants, and Gromov–Witten invariants of complete intersections
in X .

1.2. The tropical decomposition formula. In this article, we study the structure of
[Rg,ς⃗(P, β)]

red from a tropical point of view. Let n be the number of markings labeled by
ς⃗. Consider the stack Mg,n(X , β) of twisted stable maps. There is a tautological morphism

FM : Rg,ς⃗(P, β)→Mg,n(X , β)

obtained by composing stable log R-maps (1.1) with the canonical morphism P → X ,
removing the log structures and stabilizing.

Theorem 1.1 (“Tropical decomposition formula”, see Theorem 5.3). Let [Rg,ς⃗(P, β)]
red

be the reduced virtual cycle defined by the compact-type discrete data (g, ς⃗, β) and a super-
potential W with proper critical locus. Then, we have the decomposition

(1.2) FM ,∗[Rg,ς⃗(P, β)]
red =

∑
τ⋏⊢(g,ς⃗,β)

(−r̃)|V∞|

|Aut(τ⋏)|
·
∏

E∈E(G)

c(E)

· FGM ,∗ ◦∆!
τ⋏

 ∏
V ∈V∞(G)

[Rg(V ),ς⃗(V )(∞P,β(V ))]red ×
∏

V ∈V0(G)

[Rg(V ),ς⃗(V )(P,β(V ))]vir


where the sum ranges over partitions of (g, ς⃗, β) by decorated bipartite graphs

(1.3) τ⋏ = (G,V(G) = V0(G) ⊔V∞(G),g, ς⃗,β) .

We briefly explain the main result and refer to §5.1 and Theorem 5.3 for more details.

1.2.1. Combinatorial partitions. The partitions (1.3) naturally arise as decorated ⋏-types
of a rigid tropical maps (5.1), hence the name “tropical decomposition”. As explained in
§5.1.1, they are equivalent to the following combinatorial data.

1The notation Rcpt
g,ς⃗ (P, β) is used in [18] to emphasize the compact type condition of (g, ς⃗, β). In this

paper we drop this supscript for simplicity noting that the compact type condition is built into ς⃗.
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g = 1 g = 0

g = 1g = 2

3 1
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1 1 0

−1 −1−1

0

∞

Figure 1. Example of a partition of (g = 5, (0, 0Pk
), 0) by a bipartite

graph for the target P = BC∗ω. We indicated the genus at each vertex,
leaving out the curve classes, which are all zero. The numbers at the half-
edges indicate the contact orders.

First, G is a non-empty connected graph consisting of the set of vertices V(G), the set
of half edges H(G) and an involution ιG : V(G)⊔H(G)→ V(G)⊔H(G) fixing V(G), see
§B.1.6. As usual, we define

L(G) = {h ∈ H(G) | ιG(h) = h}, E(G) = {{h, ĥ} | h, ĥ ∈ H(G) | ιG(h) = ĥ ̸= h},

to be the set of legs and the set of edges of G respectively. Furthermore, the legs L(G)
correspond to the markings in ς⃗ and are labeled 1, . . . , n.

The partition V(G) = V0(G) ⊔V∞(G) divides V(G) to a set V0(G) of 0-vertices and
a set V∞(G) of ∞-vertices. Note that both V0(G) and V∞(G) are allowed to be empty,
but not simultaneously.

The genus decoration g : V(G) → N assigns a non-negative integer to each vertex,
forming a partition of g in the following sense:

g = h1(G) +
∑

V ∈V(G)

g(V ).

The curve class decoration β : V(G) → H2(X ) assigns a curve class to each vertex,
forming a partition of β:

β =
∑

V ∈V(G)

β(V )

The data ς⃗ = {(c(h),γh)}h∈H(G) specifies for each h ∈ H(G) a contact order c(h) ∈ Z
and a sector γh such that

(1) The set L(G) is labeled by the markings in ς⃗ such that {(c(h),γh)}h∈L(G) = ς⃗.

(2) For any edge {h, ĥ} ∈ E(G), the two sectors γh and γĥ are ∞-sectors related by
the nodal involution (2.11).

(3) For any edge E = {h, ĥ} ∈ E(G), we require c(h) = −c(ĥ), and define c(E) =

|c(h)| = |c(ĥ)|.
(4) If h ∈ H(G) satisfying c(h) ≥ 0, then h is attached to a 0-vertex. Furthermore, we

requre c(h) = 0 iff h ∈ L(G).

In particular, half edges attached to ∞-vertices have strictly negative contact orders. We
give an example of a partition by a bipartite graph in Figure 1.

1.2.2. Vertex contributions. For each vertex V ∈ V(G), denote by ς⃗(V ) = {(c(h),γh)}h∈H(V )

the subset of ς⃗, where H(V ) ⊂ H(G) is the set of half edges attached to V . We distinguish
the following two cases.

If V ∈ V0(G), we obtain the stack Rg(V ),ς⃗(V )(P,β(V )) of stable log R-maps with the

corresponding discrete data, hence the canonical virtual cycle [Rg(V ),ς⃗(V )(P,β(V ))]vir.
If V ∈ V∞(G), then Rg(V ),ς⃗(V )(∞P,β(V )) is the stack R(P, τV ) of stable punctured

R-maps associated to V as introduced in (5.5). Note that the half edges attached to V have
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negative contact orders in general, and hence a theory of punctured R-maps is necessary to
describe these vertex moduli spaces. In this paper we will construct the stack of punctured
R-maps in general. In particular, we will see that Rg(V ),ς⃗(V )(∞P,β(V )) is a log DM stack

admitting a reduced virtual cycle [Rg(V ),ς⃗(V )(∞P,β(V ))]red.

1.2.3. Morphisms involved in the tropical decomposition. For each edge x = {h, ĥ} ∈ E(G)

with h attached to an∞-vertex V and ĥ attached to a 0-vertex V̂ , we obtain two evaluation
morphisms

evh : Rg(V ),ς⃗(V )(∞P,β(V )) −→ γh,

evĥ : Rg(V̂ ),ς⃗(V̂ )(P,β(V̂ )) −→ γĥ,

as in (2.16). These evaluation morphisms are determined by the orbifold structure of the

underlying R-maps along the markings corresponding to h and ĥ. Set γx := γh, and
consider the involuted diagonal

∆x := Id× ῐ : γx → γh × γĥ,

see (5.8). Taking products, we obtain

∆τ⋏ :=
∏

x={h,ĥ}∈E(G)

∆x :
∏

x∈E(G)

γx −→
∏

{h,ĥ}∈E(G)

γh × γĥ.

Define the stack RG(P, τ⋏) via the Cartesian diagram

RG(P, τ⋏) //

��

∏
V ∈V∞(G) Rg(V ),ς⃗(V )(∞P,β(V ))×

∏
V ∈V0(G) Rg(V ),ς⃗(V )(P,β(V ))

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ

This stack RG(P, τ⋏) carries a universal underlying R-map obtained by gluing universal
R-maps from each vertex. Hence we obtain the tautological morphism

FGM : RG(P, τ⋏)→Mg,n(X , β),
defined similarly to FM .

This explains the morphisms involved in the tropical decomposition 1.2.

Remark 1.2. It should be emphasized that a similar formula replacing reduced virtual
cycles by canonical virtual cycles in 1.2 is false. While this paper builds upon the theory
of punctured maps [3], to establish 1.2 extra ingredients are required. One of the ingredient,
discussed in §6, is a careful study of punctured R-maps to∞P from disconnected domains.

In particular, this gives rise to the special factor (−r̃)|V∞|.

1.3. Applications. In Section 7.1, we specialize the tropical decomposition formula, The-
orem 1.1, to the case of Gromov–Witten invariants of smooth hypersurfaces Z in smooth
projective varieties X . Let P → BC∗ω be the log GLSM target corresponding to this
geometry.

Corollary 1.3. The Gromov–Witten invariants of Z with ambient insertions may be
effectively computed in terms of two ingredients:

(1) The effective invariants of Z ⊂ X , see [19, §9].
(2) Tautological integrals against the canonical virtual cycle [Rg,n(P, β)]

vir.

The effective invariants are defined as integrals against the reduced virtual cycle of
Rg,n(∞P, β). The work [19] is dedicated to the axiomatic study of the effective invariants.
In particular, it is shown that effective invariants vanish in many cases, and when they do
not vanish, they often may be computed in terms of finitely many basic effective invariants
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in each genus. On the other hand, we expect the non-vanishing effective invariants to
be the most challenging part of computing higher genus Gromov–Witten invariants of
hypersurfaces, and more generally, complete intersections.

By [18, Corollary 1.10], the Gromov–Witten invariants of Z are equal to integrals against
the reduced virtual cycle of Rg,n(P, β). On the other hand, the second ingredient in
Corollary 1.3 is formed by the integrals against the canonical virtual cycle of the same
moduli space.

The canonical virtual cycle is not only much easier to define than the reduced one
but also has significant advantages from the computational point of view. One of the
advantages of the canonical perfect obstruction theory is that, as discussed in [17], it often
is equivariant for a larger torus than the reduced perfect obstruction theory. For instance,
if Z is a quintic threefold in P4, then the canonical perfect obstruction theory is equivariant
with respect to a (C∗)5 acting on the base P4 as well as a C∗ω acting by scaling R-maps
in the projective bundle direction. In contrast, any suitable superpotential, and thus the
reduced perfect obstruction theory, is only equivariant for the latter C∗ω-action (also called
the R-action).

The additional equivariance is used crucially in the proof [25] of several predictions from
physics about the structure of higher genus Gromov–Witten invariants of quintic three-
folds, including Yamaguchi–Yau’s finite generation (see also §1.4 below) and the holomor-
phic anomaly equations. More specifically, combining the tropical decomposition formula
with the localization formula of [17] for the canonical virtual cycle, allows to compute
the Gromov–Witten invariants of Z in terms of the (C∗)5 × C∗ω-equivariant O(5)-twisted
Gromov–Witten invariants of P4. Having the (C∗)5×C∗ω-equivariance, then allows to make
the following specialization of equivariant parameters

(λ0, λ1, . . . , λ4, t) = (λ, ζλ, . . . , ζ4λ, 0),

where λ is a single equivariant parameter, and ζ is a primitive 5th root of unity. Under
this specialization, the twisted Gromov–Witten theory recovers the “formal quintic” in the
sense of Lho–Pandharipande [28], for which finite generation and holomorphic anomaly are
well-understood.

A second advantage of the canonical perfect obstruction theory is that, as its name
suggests, it is the canonical obstruction theory from the point of view of logarithmic
Gromov–Witten theory, and we should thus expect many results from log Gromov–Witten
theory to translate to the log R-map setting. One specific result we have in mind is Tseng–
You’s work [35], which computes the log Gromov–Witten invariants of a smooth projective
variety X with divisorial log structure along a smooth divisor D in terms of orbifold
Gromov–Witten invariants of the root stacks r

√
(X,D). Applying a similar approach to

log R-maps has the potential to provide a uniform treatment of Yamaguchi–Yau’s finite
generation and the holomorphic anomaly equations even in cases where a “formal theory”
does not exist. We hope to explore this direction in future works.

We conclude by pointing out log GLSM is only one of several approaches to the structure
of higher genus Gromov–Witten invariants of quintic threefolds. One other approach is
via the technique of mixed spin p-fields of Chang–Guo–Li–Li–Liu [10, 11, 12, 14, 15].

1.4. Connection to mirror symmetry. We outline how even by itseflf, the tropical
decomposition formula interacts nicely with higher genus mirror symmetry, in particular
with Yamaguchi–Yau’s finite generation property.

We begin by recalling two generating series of the Gromov–Witten invariants of a Calabi–
Yau threefold Z. The genus g ≥ 2 Gromov–Witten invariants of Z may be assembled into
a generating series

Fg(Q) =
∑
β

Qβ deg[Mg,n(Z, β)]vir ∈ Λ,
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which is valued in the Novikov ring Λ. The series Fg(Q) is called the genus g Gromov–
Witten potential of Z.

For genus g = 0, we instead consider the (small) J-function of Z

J(Q, z) = z · 1+
∑
β ̸=0

Qβ ev1∗

(
1

z − ψ1
∩ [M0,1(Z, β)]vir

)
∈ H∗(Z)⊗ Λ[z−1],

which contains the information of all genus zero Gromov–Witten invariants of Z.

Conjecture 1.4 (Genus zero mirror theorem). There exists a “mirror Calabi–Yau three-
fold” of Z whose associated series of periods I has an expansion

I(q, z) = zI0(q) + I1(q) +O(z−1) ∈ zH∗(Z)⊗ Λ′[z−1]

where Λ′ is a Novikov ring in a second set of variables qβ, where I0(q) ∈ Λ′ and I1(q) ∈
H2(Z)⊗ Λ′.

Furthermore, the J-function may be computed from the I-function via the formula

J(Q, z) = exp

(
− I1
zI0

)
I(q, z)

I0(q)

under the “mirror map”

(1.4) Qβ = qβ exp

(∫
β

I1(q)

I0(q)

)
isomorphism Λ ∼= Λ′.

There is an extensive literature on special cases cases of the genus zero mirror conjecture.
Here, we contends ourselves with mentioning Lian–Liu–Yau’s proof [29] in the case of
complete intersections in projective space and Givental’s proof [22] in the case of complete
intersections in toric varieties. Furthermore, Coates–Givental have developed a “quantum
Lefschetz principle”, which implies a general genus zero mirror theorem for hypersurfaces,
see [21, Corollary 7].

Higher genus mirror symmetry concerns formulas for Fg(Q) for g ≥ 2 similar to Con-
jecture 1.4. The following is the fundamental structural prediction for Fg(Q).

Conjecture 1.5 (Yamaguchi–Yau polynomiality/finite generation [36]). Assume that Con-
jecture 1.4 holds for Z. Then, there exists a finitely generated Q-algebra R ⊂ Λ′ such that

Fg(Q) ∈ (I0(q))
2g−2R

for every g ≥ 2.

We may apply the tropical decomposition formula for log GLSM to Yamaguchi–Yau’s
finite generation. We now let Z be a smooth Calabi–Yau hypersurface in a Fano fourfold
X . Let P→ BC∗ω be the corresponding log GLSM target. Form the following generating
series

K(Q) =
∑
β ̸=0

Qβ ev1,∗
(
[R0,ς⃗(P, β)]

vir
)
∈ H2(X )⊗ Λ,

where ς⃗ consists of a single∞-sector with contact order 1, and for any g, n, l ≥ 0 such that
2g − 2 + 2n+ 3l > 0 and any α1, . . . , αn ∈ H6(X ), we define

Ωg,n,l(α1, . . . , αn) =
∑
β

Qβ
∫
[Rg,ς⃗n+l

(P,β)]vir

n∏
i=1

ev∗i (αi)

n+l∏
i=n+1

ev∗i (p) ∈ Λ,

where ς⃗n+l consists of n many ∞-sectors with contact order 1 and l many ∞-sectors with
contact order 2, and p ∈ H8(X ) denotes the Poincaré dual class of a point. We expect
that these series satisfy the following Yamaguchi–Yau-type polynomiality:
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Conjecture 1.6. Assume that Conjecture 1.4 holds for Z. Then, under the mirror map
(1.4), we have

K(Q) = log(I0(q))−
I1(q)

I0(q)
,

and for all g, n, l such that 2g − 2 + 2n+ 3l > 0 and α1, . . . , αn, we have

Ωg,n,l(α1, . . . , αn) ∈ (I0(q))
2g−2+2n+3lR

for a finitely generated Q-algebra R ⊆ Λ′.

Theorem 1.7. If Conjecture 1.6 holds for Z and we have qβ ∈ R for every effective curve
class β, then Conjecture 1.5 holds for Z.

Acknowledgments. The authors would like to thank Dan Abramovich, Jarod Alper,
Mark Gross and Bernd Siebert for helpful discussions.
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2. Punctured R-maps and the canonical perfect obstruction theory

2.1. Punctured R-maps. Log R-maps are at the heart of log GLSM [18]. To compute
their boundary contributions in log GLSM, we combine the theory of punctured logarithmic
maps [3] and R-structure to extend the notions of log R-maps to punctured R-maps, which
allow negative contact orders along markings. For reader’s convenience, a review of [3] in
the setting needed in this paper is provided in the appendix §B.

2.1.1. Hybrid targets. The hybrid targets of [18] are targets for both log R-maps and punc-
tured R-maps of this paper. They are constructed using the following data:

(1) A proper Deligne–Mumford stack X with a projective coarse moduli scheme X.
(2) A vector bundle E over X of the form

E =
⊕
i∈Z>0

Ei

where Ei is a vector bundle with the grading i. Write d := gcd
(
i | Ei ̸= 0

)
.

(3) A line bundle L over X .
(4) A positive integer r.

For later use, fix an ample line bundle H over X, and denote by H its pull-back to X .
Denote by BC∗ω := BGm with the trivial log structure and the universal line bundle Lω.

The inertial torus of BC∗ω will be denoted by C∗ω. The data (X ,L, r) leads to a cartesian
diagram

(2.1) X
LX //

��

BGm

νr
��

BC∗ω ×X
Lω⊠L∨

// BGm,

defining the stack X, where νr is the rth power map, the bottom arrow is defined by
Lω ⊠L∨, and the top arrow is defined by LX — the universal r-th root of Lω ⊠L∨, called
the r-spin structure.

To construct the target P (the symbol P is the fraktur letter “P”), we fix a twisting
choice a ∈ 1

d · Z>0, or equivalently a rational number r̃ = a · r. The underlying P is the
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weighted projective stack bundle over X:

(2.2) P := Pw

(⊕
i>0

(E∨i,X ⊗ L⊗iX )⊕OX

)
,

with w the collection of the weights of the Gm-action such that the weight on the i-th
factor is the positive integer a · i, while the weight of the last factor OX is 1. Here, for any
vector bundle V = ⊕iVi with a Gm-action of weight w, we use the notation

(2.3) Pw(V ) =
[(

Vb(V ) \ 0V
)/

Gm

]
,

where Vb(V ) is the total space of V , and 0V is the zero section of Vb(V ).
Note P is a compactification of

(2.4) P◦ := Vb

(⊕
i>0

(E∨i,X ⊗ L⊗iX )

)
⊂ P.

The boundary ∞P = P \ P◦ is the Cartier divisor defined by the vanishing of the OX-
coordinate in (2.2). We make P into a log stack P by equipping it with the log structure
corresponding to the Cartier divisor∞P. In particular, there is a canonical strict morphism
of log stacks

(2.5) P→ A,
see §A.2.1. Furthermore, we have the following commutative diagram

(2.6) P
p //

t ��

X
ζ //

��

BC∗ω

X
where ζ is the composition X→ BC∗ω × X → BC∗ω with the second arrow the projection
to BC∗ω. By construction, ζ ◦p is proper of DM-type. For later use, denote by 0P the zero
section of the vector bundle P◦.

2.1.2. Punctured R-maps. Fix a target P→ BC∗ω as in (2.6). A punctured R-map over an
fs log scheme S is a 2-commutative triangle

(2.7) P

ζ◦p
��

C◦

f

77

ωlog
C◦/S

// BC∗ω

where C◦ → S is a punctured curve as in (B.4), f is a morphism of log stacks, and the

bottom morphism and the 2-morphism define an isomorphism ωlog
C◦/S

∼= Lω|C◦ . It is called

a log R-map if C◦ → S is a family of log curves.
For simplicity, we may denote a punctured R-map by f : C◦ → P. Removing log

structures from (2.7), we obtain the corresponding underlying R-map f : C → P over S.

2.1.3. The associated punctured maps to A. For a punctured R-map f : C◦ → P over S,
further composing with (2.5) we obtain the associated punctured map f : C◦ −→ A over
S. Since the arrow P → A is strict, the logarithmic data of f is encoded in f. We call f
pre-stable if f is pre-stable as in §B.2.2. Unless otherwise specified, punctured R-maps we
consider are always assumed to be pre-stable.

The tropical type of f is defined to be the tropical type of f as in (B.19). A punctured
R-map is said to be marked by a type τ if its associated punctured map to A is marked
by τ , see §B.3.3. We call f basic if f is basic.
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2.1.4. Stability. A punctured R-map f : C◦ → P over S is stable if it is representable and
satisfies the following positivity condition

(2.8) (ωlog
C◦/S)

1+δ ⊗ (t ◦ f)∗H⊗k ⊗ f∗O(r̃∞P) > 0,

for k ≫ 0 and arbitrarily small δ > 0. This is identical to [18, §1.3.4] for log R-maps.

2.2. Orbifold sectors along markings and nodes. Next we discuss the constraints
from orbifold structures along nodes and markings of punctured R-maps. They impose
important conditions on gluings of underlying R-maps.

2.2.1. An involution of the target. Consider the base change

Pk := P×BC∗
ω
Speck, Xk := X×BC∗

ω
Speck

along the quotient Speck → BC∗ω by C∗ω. This leads to a natural C∗ω-action on both Pk

and Xk making the projection Pk → Xk equivariant. This C∗ω-action is called the R-action,
and will be studied in more detail in [17].

Consider the strict closed substacks of Pk

0Pk
:= 0P ×BC∗

ω
Speck, ∞Pk

:=∞P ×BC∗
ω
Speck.

Note that the R-action on Pk naturally restricts to a C∗ω-action on 0Pk
and ∞Pk

, since
they are stable under the R-action. Multiplication by −1 ∈ C∗ω via the R-action defines a
strict involution

(2.9) ιω : Pk → Pk,

restricting to involutions 0Pk
→ 0Pk

and ∞Pk
→∞Pk

, denoted again by ιω.

Remark 2.1. As discussed above and in [17, §3], both 0Pk
and ∞Pk

are fixed loci of the
C∗ω-action. Despite this, in case of non-trivial stacky structure of Pk, the C∗ω-action on 0Pk

and∞Pk
is only trivial after passing to a reparameterization of C∗ω. As a consequence, the

involutions ιω : 0Pk
→ 0Pk

and ιω : ∞Pk
→∞Pk

are 2-isomorphic to the identity, however
not canonically unless 0Pk

and ∞Pk
are schemes, see [17, Corollary 3.8(c)].

It follows that one may identify ιω with the identity, but doing so would lead to diagrams
that are 2-commutative in a non-canonical way. On the contrast, in this paper, we will not
identify ιω with the identity, and in this way, all 2-commutative diagrams that we consider
have a canonical 2-morphism.

2.2.2. Orbifold sectors. Since ζ ◦p is proper of DM-type, the underlying 0Pk
,∞Pk

and Pk

are proper DM-stacks. Denote by Iµ0Pk
, Iµ∞Pk

and IµPk the rigidified inertia stacks of
the corresponding underlying stacks as in [5], with their corresponding universal cyclotomic
gerbes

Iµ0Pk
→ 0Pk

, Iµ∞Pk
→∞Pk

, IµPk → Pk.

Here we equip Iµ0Pk
, Iµ∞Pk

and IµPk with the log structures pulled back from Pk, and

equip Iµ0Pk
, Iµ∞Pk

and IµPk with trivial log structures.

Definition 2.2. A 0-sector (resp. ∞-sector or P-sector) is an irreducible component γ ⊂
Iµ0Pk

(resp. γ ⊂ Iµ∞Pk
or γ ⊂ IµPk).

2

In the following, by a sector γ we mean either a 0-sector, an ∞-sector or a P-sector.
For a sector γ with the universal gerbe evγ : γ → Pk, denote by 1

|γ| the degree of γ → γ.

Thus γ → γ is a µ|γ|-gerbe. Note that γ is equipped with the log structure pulled back
from Pk.

2In [19, Definition 2.13], 0-sectors are also called sectors of compact type, and a sector is called a log
sector if it is either an ∞-sector or a P-sector.
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The involution (2.9) induces a natural involution on the set of sectors as follows. Let γ
be a sector with the universal gerbe evγ : γ → Pk. We consider the morphisms

γ′ γ
ι′oo evγ // Pk

ιω // Pk

where ι′ is an isomorphism of stacks inverting the band over γ. This leads to another
family of gerbes evγ′ := ιω ◦ evγ ◦ (ι′)−1 : γ′ → Pk over γ. If γ is a 0-sector (resp. ∞-sector
or P-sector), then by [5, §3] there is a unique 0-sector (resp. ∞-sector or P-sector) γ−1

with the universal gerbe evγ−1 : γ−1 → Pk fitting in a commutative diagram

(2.10) γ′ //

��

evγ′

))
γ−1 evγ−1

//

��

Pk

γ
ῐ // γ−1

where the square on the left is Cartesian.

Proposition 2.3. The arrow ῐ is an isomorphism fitting in a commutative diagram

(2.11) Pk

ιω

��

γ
evγoo //

ιγ
��

γ

ῐ
��

Pk γ−1
evγ−1

oo // γ−1

where the square on the right is Cartesian. Furthermore, both arrows ιγ and γ̆ are strict
involutions. We will call ῐ the nodal involution.

Proof. Observe a commutative diagram

γ′ //

(ι′)−1
''

γ−1
evγ−1

// Pk

γ
evγ // Pk

ιω

OO

Thus, if we apply the same discussion with (γ, evγ) replaced by (γ−1, evγ−1), we obtain the

inverse γ−1 → γ of ῐ. □

2.2.3. Sectors along half-edges. Consider a representable punctured R-map f : C◦ → P
over a connected fs base S with the domain underlying curve marked byG = (G,g,deg,m)
as in §B.1.8. For a half-edge h ∈ H(G), let ph → C◦ be the strict closed embedding given
by Notation B.2. We have two possibilities.

If h ∈ L(G) is a leg, then ph ⊂ C◦ is the corresponding marking. The canonical residue

isomorphism ωlog
C/S |ph ∼= Oph induces a natural commutative diagram

(2.12) ph
evh //

��

Pk

��
C◦

f // P

Furthermore, the representability of f implies that evh is also representable.

If x = {h, ĥ} ∈ E(G) forms an edge, let C̃◦ → C◦ be the strict partial normalization

along the node px ⊂ C◦. Consider the composition f̃ : C̃◦ → C◦
f→ P. It is representable

since f is so. Similar to the case of legs, the canonical isomorphisms

(2.13) ωlog
C/S |ph

∼=−→ ωlog

C̃/S
|ph

∼=−→ Oph , ωlog
C/S |pĥ

∼=−→ ωlog

C̃/S
|pĥ

∼=−→ Opĥ
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induce a pair of canonical commutative diagrams

(2.14) ph
evh //

��

Pk

��

pĥ
ev ĥ //

��

Pk

��
C̃◦

f̃ // P C̃◦
f̃ // P

where both evh and ev ĥ are representable by the representability of f̃ . Note that the fibers

(2.13) along ph and pĥ are canonically isomorphic ωlog
C/S |ph ∼= ωlog

C/S |pĥ by multiplication by

−1. The two morphisms evh and ev ĥ are related by the following commutative diagram

(2.15) Pk

ιω

��

ph
evhoo //

ιh

��

S

Pk pĥev ĥ

oo // S,

where ιh is the isomorphism inverting the band (B.9).
For each h ∈ H(G), we are interested in one of the following cases:

(1) evh factors through 0Pk
.

(2) evh factors through ∞Pk
.

(3) evh factors through Pk.

By [5, §3], in all three cases the connectedness of S implies a commutative diagram

(2.16) ph //

��

evh

++
γh //

��

Pk

S
evh // γh

for γh a 0-sector, ∞-sector or P-sector respectively. We call γh the sector associated to h.

Now assume x = {h, ĥ} ∈ E(G). As both evh and ev ĥ are induced by the restriction
f |px , we will assume that if γh is a 0-sector, ∞-sector or P-sector, then γĥ should be a
sector of the same type. By Proposition 2.3 and (2.15) we observe that the two sectors
γh, γĥ are naturally related by the nodal involution

(2.17) ῐ : γh → γĥ

Remark 2.4. In Case (1), we call that f is of compact type along h. In this case we neces-
sarily have c(h) = 0. Compact type condition along legs will be an important ingredient
in the construction of the reduced theory in §4.

In Case (2), we will be mainly interested in the case that c(h) ̸= 0, which automatically
forces the factorization of evh through ∞Pk

.
In Case (3), it is natural to assume that c(h) = 0, as otherwise evh factors through

∞Pk
as above. Case (3) is neither directly involved in the tropical decomposition formula,

Theorem 1.1, nor the virtual localization for log GLSM [17]. However, we expect that a
better understanding of this case will be crucial for a cohomological field theory structure
for log GLSM. In this paper we will construct both the canonical and reduced perfect
obstruction theory with nodal Case (3) sectors, and will leave further study of this case
for further work.

2.3. Combinatorial data of punctured R-maps.
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2.3.1. Decorated types. A decorated type consists of

(2.18) τ = (τ,γ,β)

where τ = (G = (G,g,deg,m),σ, c) is a type as in (B.19) together with additional data:

(1) The sector decoration γ assigns to each half-edge h ∈ H(G) a sector γh as in §2.2.2.
(2) The curve class decoration β : V(G) → H2(X ) assigns to each V ∈ V(G) an

effective curve class β(V ).

We further require τ and γ are compatible in the following sense:

(i) If x = {h, ĥ} ∈ E(G), then the pair γx := (γh,γĥ) are related by the nodal
involution (2.17).

(ii) deg(h) = 1
|γh| for each h ∈ H(G).

(iii) For any h ∈ H(G) with c(h) ̸= 0, γh is an ∞-sector.
(iv) For a non-degenerate half-edge h ∈ H(G), γh is either a 0-sector or a P-sector.

A decorated type (2.18) is of compact type if for any h ∈ L(G) one of the following hold:
either c(h) = 0 and γh is a 0-sector; or c(h) < 0. This compact type condition is necessary
in the construction of the reduced theory in §4.

2.3.2. Decorated tropical types. Consider a stable punctured R-map f : C◦ → P over an fs
base S with f : C◦ → A the associated punctured map to A.

For each geometric point s ∈ S, denote by τs the type of the fiber fs : C
◦
s → P with

graph Gs. We define the curve class decoration βs of fs such that for each V ∈ V(Gs),
βs(V ) = (t ◦ fs)∗[ZV ] where ZV ⊂ C◦s is the irreducible component corresponding to V .

We say that f is marked (resp. weakly marked) by a decorated type τ = (τ,γ,β) as in
(2.3.1) if

(1) f is marked by τ , see §B.3.3.
(2) For each h ∈ H(G), the corresponding gerbe ph → Pk over S is given by γh.
(3) For each geometric point s ∈ S with the tropical type τs, the contraction ϕs : τs → τ

of types §B.3.2 is compatible with curve class decoration in the sense that

β(V ) =
∑

V ′∈V(ϕs)−1(V )

βs(V
′)

for any V ∈ V(G).

2.3.3. The balancing condition. For a punctured R-map f : C◦ → P over a geometric log
point S, the geometric balancing condition (B.21) translates to

(2.19) f∗O(∞P)|ZV
∼= OZV

( ∑
h∈H(V )

c(h)ph

)
for any V ∈ V(G) with ZV ⊂ C◦ the corresponding irreducible component.

Define deg(V ) := deg f∗O(∞P)|ZV
. Taking degrees on both sides of (2.19), we obtain

the balancing condition

(2.20) deg(V ) =
∑

h∈H(G)

c(h)deg(h),

which is compatible with the vertex degree assignment (B.20).

2.4. Moduli of stable punctured R-maps. For a decorated type τ = (τ,γ,β), consider
the categories R(P, τ ) fibered over fs log schemes, and parameterizing punctured R-maps
to P marked by τ respectively. The goal of this subsection is to prove the following:

Theorem 2.5. The category R(P, τ ) is represented by a proper Deligne–Mumford stack
with the basic log structure of its universal stable punctured R-map.
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The proof is similar to the log R-map case in [18, Thm. 2.14], and is divided into the
following steps.

2.4.1. Representability. We verify that R(P, τ ) is represented by a log Deligne-Mumford
stack locally of finite type. Consider the stack S(P/BC∗ω) of underlying R-maps with f
representable, which associated to any scheme S the category of commutative triangles

(2.21) P

��
C //

f

88

BC∗ω

where C → S is a family of pre-stable curves. Let C → Cc be the coarse moduli so that
Cc → S is the corresponding coarse pre-stable curve. Since the bottom arrow C → BC∗ω
factors through [ωlog

Cc/S ] : C
c −→ BC∗ω, Diagram (2.21) is equivalent to

(2.22) P
Cc

��
C //

f
Cc

88

Cc

where P
Cc = P×BC∗

ω
Cc. Since f is representable, f

Cc is a usual stable map over S with

target P
Cc → S a proper, flat family of Deligne-Mumford stacks with projective coarse

fibers.
As shown in [18, §5.1], the stack S(P/BC∗ω) parameterizing stable maps f

Cc making

(2.22) commutative, is represented by an algebraic stack locally of finite type. Let M(A)
be the stack of usual pre-stable maps to A. Define R(P, τ) via the following Cartesian
diagram of log stacks

R(P, τ) //

��

S(P/BC∗ω)

��
M(A, τ) //M(A)

where we equip both S(P/BC∗ω) and M(A) with their canonical log structure from the
domain curves, the right vertical arrow is induced by the underlying of (2.5), and the
bottom arrow is induced by the canonical morphism A → A. Thus R(P, τ) parameterizes
pre-stable punctured R-maps whose associated puncture maps to A are marked by τ . By
construction R(P, τ) is a log algebraic stack locally of finite type.

We next construct a chain of Deligne-Mumford sub-stacks in R(P, τ)

(2.23) R(P, τ ) ⊂ R(P, τ,β) ⊂ R(P, τ) ⊂ R(P, τ).

As an open condition, the stability §2.1.4 selects the open substack R(P, τ) ⊂ R(P, τ)
parameterizing stable punctured R-maps. We observe that R(P, τ) is already a Deligne-
Mumford stack. Indeed, consider a stable punctured R-map f : C◦ → P over a geometric
log point S. By [18, Prop. 5.1], the automorphism group of the underlying R-map f is
finite. Lemma B.16 then implies that the automorphism group AutS(f) is also finite.

Next, the curve class assignment β(V ) for each V ∈ L(G) is a discrete data, hence
selects an open and closed substack R(P, τ,β) ⊂ R(P, τ) consisting of punctured R-maps
compatible with the curve class decoration β.

Finally, the sector decoration γ further cuts out the strict closed substack R(P, τ ) ⊂
R(P, τ,β) as follows. Indeed, for any h ∈ H(G) with c(h) ̸= 0 (resp. c(h) = 0), if the
assignment γh is an∞-sector (resp. Pk-sector), this is a discrete invariants that selects an
open and closed substack of R(P, τ,β). For any h ∈ L(G) ∪ E(G) with c(h) = 0, if the
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assignment γx is an ∞-sector or a 0-sector, this is a closed condition that further cuts out
a strict closed substack of R(P, τ,β). Therefore R(P, τ ) is a log Deligne-Mumford stack
locally of finite type.

2.4.2. Boundedness. Let G = (G,g,deg,m) be the decorated graph of τ . Consider the
following composition of tautological morphisms

(2.24) R(P, τ )→ S(P/BC∗ω)→M := M(G,g,m),

where M is the moduli of untwisted pre-stable curves marked by the decorated graph
(G,g,m), and the arrow to M is given by taking the coarse domain curve.

First recall from [18, §5.3.2] that the image of the composition (2.24) is contained in a
finite type substack T ⊂ M. More explicitly, consider any underlying R-map f : C → P
over a geometric point S with curve class β ∈ H2(X ). It was shown in [18, §5.3.2] that
for a fixed β, if f satisfies the stability condition (2.1.4), then the number of irreducible
components of C is bounded by a positive integer determined by β. Thus (2.24) becomes

(2.25) R(P, τ )→ S(P/BC∗ω)→ T.

It remains to show that the composition (2.25) is of finite type. Analogous to [18,
§5.3.1], we show that the morphism R(P, τ ) → S(P/BC∗ω) factors through a finite type

substack ST (β̃) ⊂ S(P/BC∗ω) parameterizing possible underlying R-maps satisfying the
constraints from β and c. Further applying Proposition B.31 and arguing as in [18, §5.3.1],
one shows that R(P, τ ) → ST (β̃) is of finite type, if R(P, τ ) consists of finitely many

tropical types. As the possible underlying R-maps ST (β̃) are of finite type, it suffices to
show that the choices of possible contact orders at nodes are finite. This may be proven
analogously to [20, Lemma 4.1.5] by inductively applying the balancing condition (2.20).

2.4.3. Valuative criterion. The proof of the valuative criterion is analogous to [18, §5.4].
We explain how the same proof may be applied to the situation of punctured R-maps. To
set-up the problem, let R be a discrete valuation ring with the quotient field K and the
maximal ideal m. Consider a commutative diagram of solid arrows of underlying stacks

SpecK

��

[fK ] // R(P, τ ) // S(P/BC∗ω)

��
SpecR //

[f ]
66

[f ]

22

Speck

where the top arrow is defined by a basic stable punctured R-map fK : C◦K → P over η
with the underlying η = SpecK. Then the criterion states that, possibly after replacing R
by a finite extension of DVRs, and K be the induced finite field extension, there exists a
unique dashed arrow [f ], represented by a basic stable punctured R-map f : C◦ → P over
S with S = SpecR, making the above diagram commutative.

Similar to [20, Prop. 2.17], applying Proposition B.32, one observes that the uniqueness
and existence of [f ] follow from the uniqueness and existence of underlying R-map f : C →
P over S satisfying the stability §2.1.4, leading to the dotted arrow [f ].

The uniqueness of f is verified in [18, §5.5], and the existence of f is proved in [18, §5.6,
5.7, 5.8]. Viewing f as usual stable maps as in (2.22), the key is to combine the valuative
criterion of usual stable maps with the stability §2.1.4.

This completes the proof of Theorem 2.5. □

2.5. Logarithmic evaluation stacks. We introduce logarithmic enhancements of the
evaluations in §2.2 which will be crucial in the construction of the reduced theory §4, and
the gluing in §5. We fix a type τ = (G,σ, c) as in (B.19) with G = (G,g,deg,m).
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2.5.1. Logarithmic evaluation along a half-edge. For each h ∈ H(G), consider the stack
Mh(A, τ) which associates to any fs log scheme S the category of commutative diagrams

(2.26) ph
evh //

��

Pk

��
C◦

f // A
where f is a punctured map over S marked by τ , ph → C◦ is the gerbe corresponding to h
as in Notation B.2, and evh is representable. Similarly, we define the category M′,h(A, τ)
by weaken the τ -marking of f in (2.26) by weak τ -marking.

Lemma 2.6. (1) The stack Mh(A, τ) is an fs log algebraic stack.
(2) The morphism Mh(A, τ)→M(A, τ) is strict, locally of finite type, and of Deligne–

Mumford type.
Furthermore, analogous statements as above hold for M′,h(A, τ) and M′,h(A, τ) →

M′(A, τ) in the case of weak markings.

Proof. Denote by fτ : C
◦
τ → A the universal punctured map over M(A, τ), and denote by

pτ,h ⊂ C◦τ the strict closed substack corresponding to h. We introduce two stacks

HomM(A,τ)

(
pτ,h,A

)
, HomM(A,τ)

(
pτ,h,Pk

)
where the stack on the left associates to each M(A, τ)-scheme S a category of morphisms

fh : pτ,h ×M(A,τ) S → A, and the stack on the right associates to each M(A, τ)-scheme S

a morphism evh : pτ,h ×M(A,τ) S → Pk. By [26, Thm. 1.2], both stacks are algebraic, and

their projections to M(A, τ) are locally of finite type, quasi-separated, and having affine
stabilizers. We further take the open substack consisting of representable morphisms

Homrep
M(A,τ)

(
pτ,h,Pk

)
⊂ HomM(A,τ)

(
pτ,h,Pk

)
.

Now consider the tautological morphisms

M(A, τ)→ HomM(A,τ)

(
pτ,h,A

)
, Homrep

M(A,τ)

(
pτ,h,Pk

)
→ HomM(A,τ)

(
pτ,h,A

)
,

where the first one is obtained by restriction to pτ,h, and the second morphism is obtained

by composing with Pk → A. By the definition of Mh(A, τ), observe that

Mh(A, τ) ∼= M(A, τ)×
HomM(A,τ)

(
pτ,h,A

) Homrep
M(A,τ)

(
pτ,h,Pk

)
where the log structure on Mh(A, τ) is obtained by pulling back from M(A, τ). This shows
the algebraicity of Mh(A, τ). Further observe that the projection Mh(A, τ) → M(A, τ)
given by the product construction is strict and locally of finite type.

Finally, to see that Mh(A, τ) → M(A, τ) is of Deligne-Mumford type, it suffices to
observe that the automorphisms of (2.26) fixing f is necessarily finite over S as Pk is of
Deligne-Mumford type. This finishes the proof of (1) and (2).

The case of M′,h(A, τ) is similar, and is omitted. □

For later use, denote the universal object over Mh(A, τ) by

(2.27) pτ,h
evh //

��

Pk

��
C◦τ

fτ // A

with the projection πh : pτ,h →Mh(A, τ). To study the smoothness and decomposition of

Mh(A, τ), we further impose:
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Assumption 2.7. X is smooth.

In particular, this assumption implies that P → BC∗ω is log smooth with the smooth
underlying morphism, hence the morphism has a log tangent bundle TP/BC∗

ω
. Taking the

base change Speck→ BC∗ω, we obtain the natural strict and smooth morphism Pk → A.
In particular the log and underlying tangent bundles agree TPk/A

∼= TP
k
/A. Restricting to

∞Pk
→∞A and 0Pk

→ Speck ∈ A, we obtain the corresponding tangent bundles

TPk/A|∞Pk

∼= T∞Pk
/∞A

∼= T∞Pk
/∞A , TPk/A|0Pk

∼= T0Pk
.

2.5.2. Decomposition and smoothness of Mh(A, τ) for c(h) ̸= 0. In this case, the map evh
in (2.26) factors through ∞Pk

⊂ Pk. By §2.2.3, we have open and closed decompositions

(2.28) Mh(A, τ) =
⊔

γh⊂Iµ∞Pk

Mγh(A, τ), M′,h(A, τ) =
⊔

γh⊂Iµ∞Pk

M′,γh(A, τ)

where both unions run through all∞-sectors, andMγh(A, τ) ⊂Mh(A, τ) andM′,γh(A, τ) ⊂
M′,h(A, τ) are the component over which evh in (2.27) factors through the universal gerbe
γh →∞Pk

over γh.

Lemma 2.8. Suppose that c(h) ̸= 0, and Assumption (2.7) holds. Then, the strict mor-
phism Mh(A, τ)→M(A, τ) is smooth with relative tangent bundle

(2.29) TMh(A,τ)/M(A,τ)
∼= TMh(A,τ)/M(A,τ)

∼= πh,∗ev∗hTPk/A
∼= πh,∗ev∗hT∞Pk

/∞A .

The same statement holds for M′,h(A, τ)→M′(A, τ)

Proof. It suffices to prove formal smoothness. Let T0 → T be a strict closed embedding of
affine schemes defined by an ideal I satisfying I2 = 0. Consider a commutative diagram
of solid arrows

(2.30) T0 //

��

Mh(A, τ)

��
T

[fT ]
//

77

M(A, τ)

We want to show that there exists a dashed arrow making the above diagram commutative.
This amounts to showing the existence of a dashed arrow making the following diagram
commutative

(2.31) ph,T0
//

��

evh,T0

++
ph,T evh,T

//

��

Pk

��
C◦T0

//

��

C◦T fT

//

��

A

T0 // T

where the two left squares are Cartesian. As the morphisms evh,T0 and evh,T necessarily
factor through∞Pk

, it suffices to understand the dashed arrow evh,T making the following
square commutative

ph,T0
evh,T0 //

��

∞Pk

��
ph,T //

66

∞A
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Since ph,T0 → ph,T is also a square-zero extension defined by I, by the smoothness of
∞Pk

→∞A, the lifting evh,T exists, and all liftings are classified by

(πh,T0)∗(evh,T0)
∗T∞Pk

/∞A
∼= (πh,T0)∗(evh,T0)

∗TPk/A,

where πh,T0 : ph,T0 → T0 is the projection. This finishes the proof in the case of τ -markings.
The case of weak τ -markings is identical and is omitted. □

2.5.3. Decomposition and smoothness of Mh(A, τ) for c(h) = 0. In this case, consider the

open substack M(τ, h̊) ⊂M(A, τ) parameterizing punctured maps such that the image of
the gerbe corresponding to h avoids ∞A, hence the corresponding open substack

Mh̊(A, τ) := Mh(A, τ)×M(A,τ) M(τ, h̊) ⊂Mh(A, τ)
with the universal object

(2.32) pτ,̊h
ev h̊ //

��

P◦k

��
C◦τ

fτ // A

and the projection π̊h : pτ,̊h →Mh̊(A, τ). Recall that P◦k = Pk\∞Pk
→ A factors through

the open substack Speck ⊂ A.

Lemma 2.9. Suppose that h ∈ H(G), c(h) = 0, and Assumption (2.7) holds. The strict

morphism Mh̊(A, τ)→M(τ, h̊) is smooth with the tangent bundle

T
Mh̊(A,τ)/M(τ,̊h)

∼= π̊h,∗ev∗
h̊
TP◦

k
.

Proof. This is similar to the proof of Lemma 2.9 with Pk replaced by P◦k. We omit the
details here. □

For each h ∈ H(G) with c(h) = 0, similar to (2.28) we have the following open and
closed decomposition

(2.33) Mh̊(A, τ) =
⊔

γh̊⊂IµPk

Mγh̊(A, τ)

where the union runs through all connected components γh̊ ⊂ IµP
◦
k, and Mγh̊(A, τ) is

the component over which the evaluation ev h̊ in (2.32) factors through the universal gerbe

γ̊h → P◦k over γh̊. The restriction of ev h̊ to each component Mγh̊(A, τ) induces a canonical
morphism

evh : M
γh̊(A, τ)→ γh̊.

By Lemma 2.9 and [5, Lemma 3.6.1], we have that

(2.34) T
M

γ
h̊ (A,τ)/M(τ,̊h)

∼= ev∗h Tγh̊
.

2.5.4. Half-edges with 0-sectors. We continue to assume that c(h) = 0, and consider the

strict closed substackMhcpt(A, τ) ⊂Mh̊(A, τ) such that the image of the gerbe correspond-
ing to h factors through 0Pk

. We have a decomposition to open and closed substacks

Mhcpt(A, τ) =
⊔

γh⊂Iµ0Pk

Mγh(A, τ)

where the union runs through all 0-sectors, and Mγh(A, τ) is the component over which
the evaluation evh factors through the universal gerbe γh → 0Pk

over γh.
The component Mγh(A, τ) can be also constructed as follows. The universal gerbe

γh → 0Pk
can be viewed as a connected family of gerbes in P◦k. Thus there is a unique
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connected component γh̊ ⊂ IµP
◦
k and a closed embedding γh → γh̊ such that the universal

gerbe over γh is obtained by pulling back the universal gerbe over γh̊. We thus obtain a
Cartesian diagram

Mγh(A, τ) //

��

Mγh̊(A, τ)

evh

��
γh // γh̊

Pulling back (2.32), we obtain the universal objects over Mγh(A, τ)

(2.35) pτ,γh

evh //

��

0Pk

��
C◦τ

fτ // A

with the projection πh : pτ,γh
→Mγh(A, τ), where the top horizontal arrow is a family of

gerbes in 0Pk
given by γh. By Lemma 2.9 and (2.34), we have

(2.36) TMγh (A,τ)/M(A,τ)
∼= πh,∗ev∗hT0Pk

∼= ev∗h Tγh
.

Remark 2.10. Similarly for a half-edge h with c(h) = 0, we define the strict closed substack
M′,γh(A, τ) ⊂M′,h(A, τ) parameterizing diagrams (2.26) such that f is weakly marked by
τ , and the underlying of evh are gerbes in 0Pk

given by γh.

Remark 2.11. The discussion in this section, especially the proof of Lemma 2.6, fixes
an error in our previous work [18]. More specifically, the proof of [18, Proposition 3.4]
incorrectly identifies the logarithmic evaluation stack with a direct product, see [18, (3.8)].
In the rest of this remark, we describe the close relationship between the logarithmic
evaluation stack to this direct product.

Assume that c(h) = 0 and γh is a 0-sector. Consider the open substack M ⊂M(A, τ)
parameterizing punctured maps such that the image of the gerbe corresponding to h avoids
∞A. We will show that the strict tautological morphism

(2.37) Mγh(A, τ)→M× γh

is finite, étale, and surjective. Here, the product M×γh agrees with (a connected compo-
nent of) [18, (3.8)].

Consider the two Bµ|γh|-gerbes over M× γh given by

(2.38) pτ,h × γh →M× γh, M× γh →M× γh

where pτ,h → M is the universal gerbe corresponding to h ∈ H(G). Note that there is a

tautological morphism

(2.39) Mγh(A, τ) −→ IsomMγh (A,τ)

(
pτ,h × γh,M× γh

)
where the right hand side parameterizes isomorphisms of the two Bµ|γh|-gerbes. We further
observe that this tautological morphism is an isomorphism. Indeed, for any strict morphism
S → M × γh from a log scheme S, denote by ph → S and (γh)S → S the pull-back of

the two gerbes in (2.38). If we are further given an isomorphism of gerbes ph
∼=−→ (γh)S ,

we obtain a commutative square (2.35) with the arrow evh defined by the composition
ph → (γh)S → γh → 0Pk

, defining the inverse of (2.39).

Note that smooth-locally over M × γh, both gerbes in (2.38) are isomorphic to the
trivial Bµr-gerbes for rh = |γh|. Since the statement is local on M × γh, consider a
smooth morphism T → M × γh from a scheme T , over which (2.38) are trivialized. It
suffices to show that

IsomT (Bµrh × T ,Bµrh × T )→ T
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is finite, étale and surjective.
Now we observe that a morphism g : Bµrh×T → Bµrh×T over T being an isomorphism

is equivalent to g being representable. This implies that

IsomT (Bµrh × T ,Bµrh × T ) ⊂ IµBµrh × T

consists of components parameterizing µrh-gerbes. Consequently we have

IsomT (Bµrh × T ,Bµrh × T ) = ⊔T

consisting of ϕ(rh) disjoint copies of T with ϕ(rh) the number of integers in {1, 2, · · · , rh}
coprime to rh. This proves the claim.

2.5.5. Logarithmic evaluations of edges. Consider an edge x = {h, ĥ} ∈ E(G). Define the
stack Mx(A, τ) to be the fibered category which associates to any fs log scheme S the
category of commutative diagrams of log stacks

(2.40) ph ⊔ pĥ
evh⊔ev ĥ //

��

Pk

��
C◦

f // A

with the two morphisms evh, ev ĥ satisfying (2.15), i.e. ev ĥ = ιω ◦ evh ◦ ιh. Here ph, pĥ ⊂ C
◦

are the two gerbes corresponding to the two half-edges over the node px ⊂ C◦. Thus evh
and ev ĥ determine each other. This leads to two isomorphisms

(2.41) Mx(A, τ) −→Mh(A, τ), Mx(A, τ) −→Mĥ(A, τ)

We will be mainly interested in the case of c(x) > 0. In this case, (2.28) implies a
decomposition

Mx(A, τ) = ⊔γx
Mγx(A, τ)

where γx = (γh,γĥ) runs through nodal involuted pairs of ∞-sectors. Note that (2.41)
restricts to isomorphisms

(2.42) Mγx(A, τ) −→Mγh(A, τ), Mγx(A, τ) −→Mγĥ(A, τ).

Remark 2.12. Similarly for an edge x = {h, ĥ} ∈ E(G), we define the log stack M′,γx(A, τ)
parameterizing diagrams (2.40) with weakly marked f. The same discussion as above
implies isomorphisms

M′,γx(A, τ) −→M′,γh(A, τ), M′,γx(A, τ) −→M′,γĥ(A, τ).

analogous to (2.42).

2.5.6. Logarithmic evaluation morphisms. Consider a stable log R-map f : C◦ → P over
S marked by τ . For each h ∈ H(G), we obtain a commutative diagram

(2.43) ph //

��

Pk

�� ��
C◦

f // P // A

with f the associated punctured map of f , ph ⊂ C◦ the gerbe corresponding to h, and
ph → Pk induced by the restriction f |ph as in (2.12) and (2.14). This induces the log
evaluation morphism along h to be

(2.44) evh : S →Mh(A, τ)

such that the universal family (2.27) pulls back to the outer square of (2.43).
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In case x = {h, ĥ} ∈ E(G) is an edge, we obtain a factorization

(2.45) S
evh×evĥ //

evx ##

Mh(A, τ)×Mĥ(A, τ)

Mx(A, τ)

66

where the right skewed arrow is given by (2.41). Indeed, the commutative square (2.26)

pulls back to (2.43) for both h and ĥ. We call evx the log evaluation morphism along x.

2.6. The canonical perfect obstruction theory. Fix a type τ = (G,σ, c) as in (B.19)
with G = (G,g,deg,m), and continue to assume Assumption 2.7.

2.6.1. The canonical theory of a type. Write for simplicity

R := R(P, τ), M := M(A, τ),

where R(P, τ) is the stack of stable punctured R-maps with the associated maps to A
marked by τ , see (2.23). Similar to [18, §3.1], the strict tautological morphism

R −→M

admits a canonical perfect obstruction constructed as follows.
For • = R or M, let π• : C

◦
• → • be the universal punctured curve, and consider the

product in the fs category P• := C◦• ×BC∗
ω
P. Denote by fR : C◦R → P the universal

punctured R-map over R. Let ρ : C◦R → PR be the morphism induced by fR . These
arrows fit in a commutative diagram

C◦R
ρ

!!

=

  

""

PR
//

��

C◦R
πR //

��

R

��
PM

// C◦M
πR //M

Note that all the three vertical arrows are strict, hence the two squares are Cartesian in
both the fs and underlying categories. We will use L to denote the log cotangent complex
in the sense of [33], and T its dual. Applying [33, (1.1.6)] to both the lower and upper
triangles, we obtain

LρR → ρ∗LPR/PM
[1] ∼= π∗RLR/M,

LρR
∼= ρ∗LPR/C◦

R
[1] ∼= f∗RLP/BC∗

ω
,

respectively, hence

f∗RLP/BC∗
ω
→ π∗RLR/M.

Note that the dualizing complex of the underlying morphism πR is ωCR/R [1], where ωCR/R

is the dualizing line bundle of πR . By the same argument as in [18, §3.1], the above arrow
yields a canonical morphism

(2.46) φ∨τ : E∨R/M := RπR,∗

(
f∗RT

∨
P/BC∗

ω
⊗ ωCR/R [1]

)
−→ LR/M.

Taking the dual of (2.46), we obtain

(2.47) φτ : TR/M −→ ER/M
∼= RπR,∗

(
f∗RTP/BC∗

ω

)
.
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Similar to [20, Prop. 5.2], one checks using [3, Prop. 4.2] that (2.46) is a perfect
obstruction theory for R → M in the sense of Behrend–Fantechi [8, Def. 4.4]. By the
functoriality of [3, Lemma 4.1], (2.47) pulls back to a perfect obstruction theory

(2.48) φτ : TR/M −→ ER/M
∼= RπR,∗

(
f∗RTP/BC∗

ω

)
.

We will refer to (2.46), or equivalent its dual (2.48) as the canonical perfect obstruction
theory.

2.6.2. The canonical theory relative to compact type markings. Let L0(G) ⊂ L(G) be the
subset of legs with the zero contact order. Consider the products taken over M:

Mcpt :=
∏

x∈L0(G)

Mxcpt(A, τ), ML̊0 :=
∏

x∈L0(G)

Mx̊(A, τ), ML0 :=
∏

x∈L0(G)

Mx(A, τ).

We obtain tautological strict embeddings

Mcpt ↪→ML̊0 ↪→ML0

where the right embedding is strict and open, and the left embedding is strict and closed.
All three stacks are strict, smooth and of Deligne-Mumford type over M.

Define stacks Rcpt and RL̊0 via the following cartesian diagram with strict arrows

(2.49) Rcpt //

��

RL̊0 //

��

R

evL0

��
Mcpt //ML̊0 //ML0

where evL0 =
∏
h∈L0

evh is the product of log evaluations of (2.44). Then R′,L̊0 ⊂ R is the
open substack such that for any h ∈ L0(G) the images of gerbes corresponding to h avoid

∞P, and Rcpt ⊂ RL̊0 is the strict closed substack with images of gerbes corresponding to
any h ∈ L0(G) landing in 0P.

Consider the universal family

fL̊0
: C◦

L̊0
→ P, πL̊0

: C◦
L̊0
→ RL̊0 .

over RL̊0 . For each x ∈ L0(G), denote by px ⊂ C◦
L̊0

the corresponding gerbe, and write

Σ0 =
∑

x∈L0(G) px. Define the complex

E
RL̊0/ML̊0

:= RπL̊0,∗

(
f∗
L̊0
TP/BC∗

ω
(−Σ0)

)
.

By the standard construction (see for example [3, §4.2]), we obtain a morphism of distin-
guished triangles

(2.50) T
RL̊0/ML̊0

//

φτ,L̊0

��

T
RL̊0/M

//

φτ

��

T
ML̊0/M

|
RL̊0

[1] //

E
RL̊0/ML̊0

// E
RL̊0/M

// T
ML̊0/M

|
RL̊0

[1] //

where φτ is the canonical perfect obstruction theory obtained by restricting (2.47) to the

open substack RL̊0 ⊂ R, and φτ,L̊0
defines a perfect obstruction theory of RL̊0 → ML̊0

compatible with φτ . Further pulling back to Rcpt, we obtain a perfect obstruction theory

(2.51) φτ,cpt := φτ,L̊0

∣∣
Rcpt

of Rcpt →Mcpt. Thus φτ,L̊0
and φτ,cpt are referred to as the canonical perfect obstruction

theories of the corresponding morphisms.
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2.6.3. The canonical theory of decorated types. Consider the decomposition

Rcpt =
⊔
τ

R(P, τ ).

where the union runs through decorated types τ = (τ,γ,β). In particular, we have

(1) For any x ∈ L0(G), c(x) = 0 and γx is a 0-sector.

(2) For any x = {h, ĥ} ∈ E(G) with c(x) = 0, γx = (γh,γĥ) is a pair of P-sectors.

Fix a decorated type τ = (τ,γ,β) as above. The restriction γL0
:= γ|L0(G) defines an

open and closed substack MγL0 ⊂ Mcpt, over which gerbes corresponding to L0(G) are
given by zero sectors of γL0

. We thus have a factorization

R(P, τ ) //

((

Mcpt

MγL0

BB

Pulling back (2.51), we obtain the canonical perfect obstruction theory

(2.52) φτ := φτ,cpt|R(P,τ ).

of R(P, τ )→MγL0 .
Let S ⊂ E(G) be the set of edges with non-zero contact orders, and L∞(G) ⊂ L(G) be

the subset of legs with non-zero contact orders. Consider the evaluation stack

(2.53) Mev := MγL0 ×M

∏
x∈L∞(G)

Mγx(A, τ)×M

∏
x∈S

Mγx(A, τ)

where all products are taken over M.3 We obtain the tautological morphism

(2.54) ev : R(P, τ )→Mev

by taking the product of log evaluations along legs (2.44) and edges (2.45).
For the construction in §4, we introduce a perfect obstruction theory of ev, compatible

with the canonical one (2.52). Consider the universal family over R(P, τ )

fτ : C
◦
τ → P, πτ : C

◦
τ → R(P, τ ).

Taking partial normalization along nodal gerbes pτ ,x ⊂ C◦τ for all x ∈ S, we obtain the

strict morphism C̃◦τ → C◦τ . Composing the partial normalization with the universal arrows,
we obtain the corresponding R-map and projection

f̃τ : C̃◦τ → P, π̃τ : C̃◦τ → R(P, τ )

respectively. For each x = {h, ĥ} ∈ S(G), denote by pτ ,h, pτ ,ĥ ⊂ C̃◦τ the pre-images of pτ ,x
corresponding to the two half-edges. Set

Σ̃ =
∑

x∈L(G)

pτ ,x +
∑

x={h,ĥ}∈S

(pτ ,h + pτ ,ĥ),

and consider the complex

(2.55) ER(P,τ )/Mev := Rπ̃τ ,∗

(
f̃∗τTP/BC∗

ω
(−Σ̃)

)
.

3Our notation Mev is different from the same notation in [3] in that we do not include evaluations from
nodal P-sectors.



24 QILE CHEN, FELIX JANDA, AND YONGBIN RUAN

By [3, Prop. 4.5], we obtain a morphism of distinguished triangles

(2.56) TR(P,τ )/Mev //

φτ ,ev

��

T
R(P,τ )/M

γL0
//

φτ

��

T
Mev/M

γL0
|R

[1] //

ER(P,τ )/Mev // E
R(P,τ )/M

γL0
// T

Mev/M
γL0
|R

[1] //

where φτ is the canonical perfect obstruction theory (2.52), and φτ ,ev is a perfect ob-
struction theory relative to Mev. In particular, the two perfect obstruction theories φτ

and φτ ,ev are compatible in the sense of [8, §7]. Thus, we call φτ ,ev the canonical perfect
obstruction theory relative to Mev.

Assume that τ is realizable, then M is of pure-dimension by Proposition B.28. By
Lemma 2.9 and §2.5.4, we obtain the pure-dimensionality of Mev. In this case, the canon-
ical perfect obstruction theories φτ and φτ ,ev define the same virtual cycle [R(P, τ )]vir,
called the canonical virtual cycle of R(P, τ ).

3. Modular principalization via uniform maximal degeneracies

To construct the reduced perfect obstruction theory, it is essential to understand how the
Kiem–Li cosection extends across the logarithmic boundary of the moduli of punctured
R-maps. In particular, we need to understand the pole order of cosections along each
part of the boundary. Unfortunately, the logarithmic boundary is virtually a Weil divisor,
leading to difficulties in understanding the boundary behavior of cosections. The key to
resolving this issue is the principalization developed in [20, 19] parameterizing log maps
with uniform maximal degeneracies. In this section, we further develop this theory in the
case of punctured R-maps, needed in log GLSM calculations.

3.1. Punctured maps with uniform maximal degeneracies.

3.1.1. The uniform maximal degeneracy. A tropical map

(3.1) (G, ℓ, f trop : Γ(G, ℓ)→ R≥0), with G = (G,g,deg,m)

over σ (§B.17) is said to have the uniform maximal degeneracy, if the set of degeneracies
(see §B.2.6) {eV }V ∈V(G) has a maximum, denoted by emax(f

trop). When there is no danger

of confusion, we may write emax for the maximal degeneracy and omit f trop. Such a tropical
map is also referred to as a ⋏-tropical map.

The ⋏-type of a ⋏-tropical map f trop over σ is

(3.2) (τ,Vmax(G))

consisting of a type τ = (G,σ, c) as in (B.19), and a non-empty set

Vmax(G) := {V ∈ V(G) | eV = emax}.

A punctured map f : C◦ → A over a geometric log point S is said to have the uniform
maximal degeneracy if its corresponding tropical map has the uniform maximal degeneracy.
We may call such f a ⋏-punctured map for simplicity. The tropical ⋏-type of f is the ⋏-type
of the associated ⋏-tropical map.

3.1.2. Basic ⋏-tropical maps.

Definition 3.1. A ⋏-tropical map (with not necessarily connected domain) is ⋏-basic if
it is universal among all ⋏-tropical maps of the same ⋏-type (c.f. Definition B.10).



TROPICAL DECOMPOSITION OF LOG GLSM 25

Construction 3.2. For a ⋏-tropical map (3.1) over σ ∈ Cones of type (3.2), we construct
its associated ⋏-basic tropical map as follows.

First, let f tropbas : Γ(G, ℓbas)→ R≥0 over σbas be the basic map associated to f trop among
all tropical maps of type (G,σ, c), see §B.3.1. Following (B.23), we define the ⋏-basic
cone σ⋏ ⊂ σbas to be the sub-cone consisting of vectors ((pV )V , (eE)E) ∈ σbas satisfying

(1) pV = pV ′ for any V, V ′ ∈ Vmax(G),
(2) pV ≥ pV ′ for any V ∈ Vmax(G) and V

′ ̸∈ Vmax(G).

Denote by f trop⋏ : Γ(G, ℓ⋏) → R≥0 the pull-back of f tropbas to σ⋏ ⊂ σbas. In particular, we
have a canonical surjective morphism of monoids

(3.3) σ∨bas,Z → σ∨⋏,Z.

In case there’s no punctured legs, σ∨⋏,Z is the minimal monoid in [20, Definition 3.11]

Proposition 3.3. f trop⋏ is the ⋏-basic tropical map associated to f trop.

Proof. By the universality of f tropbas (see §B.3.1), there is a natural morphism σ → σbas such

that h is the pull-back of f tropbas . To see the universality of f trop⋏ , it suffices to notice that
the morphism σ → σbas factors through σ⋏ ⊂ σbas. This finishes the proof. □

3.1.3. Rigid ⋏-basic tropical maps. For a ⋏-tropical map over σ ∈ Cones as in (3.1),
observe that emax ∈ σ∨Z is a morphism of cones

(3.4) emax : σ → R≥0.

Note that when emax = 0, the image of emax is the zero cone 0 ∈ R≥0.

Definition 3.4. A ⋏-basic tropical map with connected domain is said to be rigid if the
morphism of cones (3.4) is injective.

For a rigid ⋏-basic tropical map (G,g,deg,m, ℓ, f trop) over σ, one of the following holds:

(1) σ = {0}, in which case the rigid ⋏-tropical map is non-degenerate;
(2) σ ∼= R≥0, in which case the rigid ⋏-tropical map is degenerate.

In the non-degenerate case σ = {0}, the ⋏-basicness implies that

(3.5) |V(G)| = 1, Vmax(G) = V(G), E(G) = ∅.

In the degenerate case σ ∼= R≥0, we have a description similar to [2, Prop. 5.1]:

Proposition 3.5. Suppose that (G,g,deg,m, ℓ, f trop) is a degenerate rigid ⋏-tropical map
over σ ∼= R≥0. Then we have

(1) f trop contracts no edges.
(2) Vmax(G) is precisely the collection of degenerate vertices in V(G).

In this case viewing emax ∈ σ∨Z ∼= N as a positive integer, we have

(3.6) emax = lcmx∈E(G)(c(x)).

Proof. First note that if an edge x ∈ E(G) is contracted, its edge length ℓ(x) can be
arbitrary. Thus by ⋏-basicness, the morphism emax : σ → R≥0 fails to be injective.

Now suppose a vertex V ∈ V(G) with degeneracy eV such that 0 ≺ eV ≺ emax. We may

produce a family f tropt of tropical maps for t a real number close to 0, with f trop0 = f trop,

f tropt |σV ′ = f trop|σV ′ for V
′ ̸= V , and f tropt |σV = f trop|σV + t. By doing so, we will need to

modify the lengths of edges attached to V to fix emax. This implies that dimσ > 1, hence
h is not rigid. This finishes the proof. □
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3.1.4. Basicness of ⋏-punctured maps to A.

Definition 3.6. A ⋏-punctured map (with not necessarily connected domain) over an fs
log scheme is ⋏-basic if for every geometric fiber, the associated tropical map is ⋏-basic.

Proposition 3.7. For a family of punctured maps f : C◦ → A over an fs log scheme S,
the locus Sbas ⊂ S consisting of ⋏-basic fibers is open in S.

Proof. The case of ⋏-basic log maps is established in [20, Prop. 3.13]. Note that the con-
structions of both basic monoids and ⋏-basic monoid involve only degeneracies of vertices,
edge lengths and contact orders, regardless of information about the markings. The case
of ⋏-basic punctured maps thus follows by an identical proof. □

The following is an analogue of Proposition B.15:

Proposition 3.8. Any pre-stable ⋏-punctured maps to A is a pull-back from a ⋏-basic
pre-stable punctured map to A with the same underlying pre-stable map. Both the ⋏-basic
map and the morphism are unique up to a unique isomorphism.

Proof. The universality of ⋏-basic of log maps is established in [20, Prop. 3.13]. Below,
we adapt the proof to also apply to more general ⋏-punctured maps.

Given a pre-stable ⋏-punctured map f : C◦ → A over S, we first take the corresponding
basic object fbas : C

◦
bas → A over Sbas, constructed via Proposition B.15. Using the univer-

sal property of ⋏-basicness in Definition 3.1, the method in the proof of [20, Prop. 3.13]
produces a morphism of log schemes S⋏ → Sbas with isomorphic underlying S⋏

∼= Sbas
∼= S

such that fbas pulls back to a ⋏-punctured map f⋏ : C
◦
⋏ → A over S⋏, which satisfies

⋏-basicness at a point s ∈ S. Note that ⋏-basicness is an open condition thanks to Propo-
sition 3.7. Thus the family f⋏ over S⋏ is at least ⋏-basic in a neighborhood of s. As the
statement is local on S, shrinking S we may assume f⋏ is ⋏-basic. Finally, the proof of
[20, Prop. 3.13] also shows that the universal property in Definition 3.1 implies that the
canonical map S → Sbas factors through S⋏ → Sbas uniquely. Hence f is the pull-back of
f⋏ as desired. □

3.2. Stacks of punctured maps to A with uniform maximal degeneracies.

3.2.1. Contractions of ⋏-types. A contraction of ⋏-types

(3.7) ϕ : τ ′⋏ = (τ ′,Vmax(G
′))→ τ⋏ = (τ,Vmax(G))

is a contraction of types ϕ : τ ′ → τ as in §B.3.2, further satisfying

(3.8) ϕ(Vmax(G
′)) ⊂ Vmax(G).

Following Notation B.18, we may use τ ′⋏ ⊢ τ⋏ to denote a contraction τ ′⋏ → τ⋏.
Let ϕ : τ ′⋏ → τ⋏ be a contraction. Denote by σ′⋏ and σ⋏ the ⋏-basic cones of τ ′⋏ and τ⋏

respectively. By §3.1.2 they are subcones σ′⋏ ⊂ σ′ and σ⋏ ⊂ σ of the corresponding basic
cones of τ ′ and τ . Observe that (B.26) restricts to a face morphism

(3.9) χ∨ϕ : σ⋏ → σ′⋏.

Indeed (1), (2) in Construction 3.2 are preserved by (3.9) thanks to (3.8). Thus σ⋏ is
identified with the intersection σ′⋏ ∩ σ in σ′. Taking dual, we obtain

(3.10) χϕ : (σ
′
⋏,Z)

∨ → σ∨⋏,Z

satisfying the same conditions §B.3.2 (1∨), (2∨).
For a contraction (3.7), we define the ⋏-basic monoid ideal to be

(3.11) K⋏
ϕ := χ−1ϕ (σ∨⋏,Z \ {0}).

It is compatible with the basic monoid ideal (B.28) in the following sense.

Lemma 3.9. Suppose τ⋏ is realizable. Then, we have
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(1) σ̊⋏ ⊂ σ̊, where σ̊⋏ and σ̊ are the interiors of σ⋏ and σ respectively.
(2) The following diagram is commutative

σ∨Z \ {0}
⊂ //

��

σ∨Z

��
σ∨⋏,Z \ {0}

⊂ // σ∨⋏,Z

In particular, the image of the basic monoid ideal Kϕ = χ−1ϕ (σ∨Z \ {0}) via σ∨Z → σ∨⋏,Z is

contained in the ⋏-basic monoid ideal K⋏
ϕ .

Proof. Suppose that σ̊⋏ is contained in a proper face σ′ ⊂ σ. Then as in [3, §2.2.2], the
generization σZ → σ′Z defines a contraction of types τ → τ ′. Hence τ ′ is the associated
type of τσ, leading to a contradiction.

Note that σ∨Z \ {0} are precisely elements in σ∨Z , which are strictly positive along σ̊.
Thus the image of σ∨Z \ {0} along the right vertical arrow are collection of linear functions
strictly positive along σ̊⋏ thanks to (1). In particular, the image of σ∨Z \{0} is in σ∨⋏,Z \{0},
proving (2). □

3.2.2. Marking by ⋏-types.

Definition 3.10. A τ⋏-marking of a ⋏-basic tropical map f trop by a ⋏-type τ⋏ is a
contraction of ⋏-types ϕ : τf trop → τ⋏, where τf trop is the ⋏-type of f trop.

Definition 3.11. Let τ⋏ = (τ,Vmax(G)) be a ⋏-type, and let f : C◦ → A be a ⋏-basic
punctured map over S. For any geometric point s ∈ S, let τ⋏,s = (τs,Vmax(Gs)) be the
tropical ⋏-type of the fiber f|s. We say that f is marked by τ⋏ if

(1) Its associated basic map is marked by τ §B.3.3.
(2) The contraction τs → τ given by the associated basic maps induces a contraction

of ⋏-types ϕτ⋏,s,τ⋏ : τ⋏,s → τ⋏, as in §3.2.1. In particular, the ⋏-basic tropical map
of the fiber f|s is marked by τ⋏.

(3) For any geometric point s ∈ S, the log-ideal K⋏
ϕτ⋏,s,τ⋏

⊂ MS,s defined as the pre-

image of the ⋏-basic monoid ideal K⋏
ϕτ⋏,s,τ⋏

⊂MS,s maps to 0 under the structural

morphismMS,s → OS,s.

Similar to [3, Definition 3.20], the collection of stalks K⋏
ϕτ⋏,s,τ⋏

⊂ MS,s in Definition

3.11 (3) form a coherent ideal K⋏
S ⊂ MS , called the τ⋏-marking ideal. Recall that the

base S is also equipped with an idealized structure KS from the puncturing ideal and the
pull-back of the canonical idealized structure in (B.31) via the basic family induced by the
τ -marking.

Proposition 3.12. Suppose the ⋏-type τ⋏ = (τ,Vmax(G)) is realizable, and hence τ is
also realizable. Then there is a natural inclusion of sheaves of log-ideals KS ↪→ K⋏

S .

Proof. It suffices to check the inclusion on the stalk level of the corresponding characteristic

sheaves KS,s ↪→ K
⋏
S,s for any geometric point s ∈ S. Since τ is realizable, Lemma B.22

implies that KS is fiberwise given by the basic monoid ideal. By Lemma 3.9 (2), the image
of the basic monoid ideal is contained in the ⋏-basic monoid ideal. This completes the
proof. □

3.2.3. Stacks of ⋏-punctured maps. Fix a type τ = (G = (G,g,deg,m),σ, c), with possi-
bly disconnected G. Consider the categories fibered over fs log schemes

U(A, τ), U′(A, τ), M(A, τ), M′(A, τ),
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where the left two categories parameterize ⋏-punctured maps whose corresponding basic
families are marked and weakly marked by τ , and the right two are log stacks of basic
punctured maps marked and weakly marked by τ respectively as in §B.3.4.

Proposition 3.13. The tautological morphisms

(3.12) U(A, τ)→M(A, τ), U′(A, τ)→M′(A, τ)

by taking the corresponding basic families, are proper, log étale and representable by log
algebraic spaces. In particular, both U(A, τ) and U′(A, τ) are log algebraic stacks of locally
finite type with their ⋏-basic log structures.

Remark 3.14. Denote byKM(A,τ) andKM′(A,τ) the canonical idealized structures onM(A, τ)
and M′(A, τ) respectively, see (B.31). Pulling back along (3.12), we obtain the correspond-
ing canonical idealized structures KU(A,τ) and KU′(A,τ) on U(A, τ) and U′(A, τ) respectively.
In particular, the morphisms in (3.12) become ideally strict morphisms of idealized log
stacks

(3.13)
(U(A, τ),KU(A,τ))→ (M(A, τ),KM(A,τ)),

(U′(A, τ),KU′(A,τ))→ (M′(A, τ),KM′(A,τ)).

By [31, IV. Variant 3.1.22] and Proposition 3.13, these two morphisms are idealized log
étale.

Proof. The statement for log maps is established in [20, Theorem 3.17]. We explain below
how the identical proof also applies to general punctured maps. For what follows, we use
the following shorthand notations for simplicity:

U = U(A, τ), U′ = U′(A, τ), M = M(A, τ), M′ = M′(A, τ).

Step 1: Representability and log étaleness. Consider Olsson’s log stack LogM,
which associates to any M-scheme T the category of log maps T →M of fs log stacks with
underlying T →M.4 As argued in [20, §3.3.2], since having uniform maximal degeneracy
is a configuration of degeneracies in basic monoids, the tautological morphism U → M
factors through the natural projection LogM → M. Proposition 3.7 further implies that
the morphism U → LogM is an open embedding. Since LogM is algebraic and locally of
finite type by [32, Thm. 1.1], the same properties hold for U. Since (3.3) is surjective, the
same proof as in [20, Prop. 3.16] implies that the morphism U→M is representable. The
log étaleness of U → M then follows from [32, Thm. 4.6 (ii), (iii)]. The same argument
applies to the case of weak markings U′ →M′.

Step 2: Finite type. Next, we argue that the morphism U → M is of finite type.
Consider any strict morphism T → M and U := T ×M U. It suffices to show that the
projection U → T is of finite type. Since the question is local on T , we may further
assume that T is of finite type. Consequently, punctured maps parameterized by T have
finitely many tropical types. Note that for each tropical type given by a fiber of T , the
set of possible ⋏-types, determined by the choices of subsets with maximal degenerate
vertices, is finite. Then the identical argument in [20, §3.3.2] constructs a finite-type cover
of U . Again, the same argument applies to the case of weak markings U′ →M′.

Step 3: Properness. It remains to show that U→M and U′ →M′ satisfy the valuative
criterion. As the proof in both cases is identical to [20, §3.3.3], we will only sketch the
proof in the case of markings by τ , and refer to [20, §3.3.3] for details.

To set up the problem, let R be a discrete valuation ring with maximal ideal m ⊂ R and
and quotient field K. Consider a commutative diagram of solid arrows of the underlying

4As our base log structures are fs, the stack LogM denotes the open substack parameterizing fs log
structures over M.
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stacks

SpecK
[f⋏η ]

//

��

U

��
SpecR

[f]
//

[f⋏]

77

M

It suffices to show that possibly after replacing R by a finite extension of discrete valuation
rings, and replacing K by the corresponding finite extension of quotient fields, there exists
a unique dashed arrow making the above diagram commutative. In the diagram, f is the
basic punctured map over S = (SpecR,MS) given by the bottom arrow, and f⋏η is the
⋏-basic punctured map over η⋏ = (SpecK,Mη⋏) given by the top arrow. Denote by
s, η ∈ S the closed and generic points with pull-back log structures from S respectively.
Denote by fs, fη the fibers of f over s, η respectively. Thus, there is a morphism η⋏ → η
such that fη pulls back to f⋏η . To construct the dashed arrow, it amounts to construct a
⋏-basic punctured map f⋏ extending f⋏η across the closed point of SpecR. Denote by f⋏s
the closed fiber of f⋏.

Since having uniform maximal degeneracy does not modify the underlying pre-stable
map, we may define the underlying morphism via f⋏ = f over SpecR. Denote by τs
the tropical type of fs. By [20, §3.3.3, Step 2], the generic fiber f⋏η and the underlying

morphism f⋏ together determine a unique tropical ⋏-type τ⋏,s of the central fiber f⋏s
provided its existence. Indeed, given τs it remains to specify the collection of maximally
degenerate vertices Vmax(G) to obtain τ⋏,s. The proof in [20, §3.3.3, Step 2] does not rely
on information from punctures, hence can be applied here identically.

To construct the limit fiber f⋏s , it suffices to modify fs to satisfy §3.1.2 (1), (2) tropically.
Condition §3.1.2 (1) is achieved in [20, §3.3.3, Step 3], and §3.1.2 (2) is achieved in [20,
§3.3.3, Step 4]. Indeed [20, §3.3.3, Step 3, Step 4] shows that both conditions are achieved
by a sequence of log blow-ups [31, III, 2.6] of S determined by Vmax(G) of the ⋏-type τ⋏,s.
As these log blow-ups do not using information from the punctures, they can be applied
in the punctured case identically, leading to the desired limit fiber f⋏s .

Finally, applying [20, §3.3.3, Step 5], we see that the construction of f⋏s is independent
of the choice of sequence of log blow-ups thanks to the universal properties of log blow-ups
(see [31, III, Def. 2.6.2]) and ⋏-basicness (see Definition 3.1).

This finishes the proof. □

Proposition 3.15. There is a Cartesian diagram of log stacks

U(A, τ) //

��

U′(A, τ)

��
M(A, τ) //M′(A, τ)

with vertical arrows given by (3.12), and the bottom arrow given by (B.35). In particular,
both horizontal arrows are a strict closed embedding defined by a nilpotent ideal.

Proof. It follows from the definitions that the square is Cartesian of log stacks. Since the
two horizontal arrows are strict, the diagram of the underlying stacks is also Cartesian.
By Proposition B.27 the bottom arrow is a strict closed embedding defined by a nilpotent
ideal. Hence the same property holds for the top arrow. □

We now consider a ⋏-type τ⋏ = (τ,Vmax(G)). Let U(A, τ⋏) be the category of ⋏-basic
punctured maps to A marked by τ⋏. By Definition 3.11 there is a tautological morphism

(3.14) U(A, τ⋏)→ U(A, τ).
We are interested in the realizable case.
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Proposition 3.16. Suppose that τ⋏ = (τ,Vmax(G)) hence τ are realizable. Then

(1) The morphism (3.14) is a strict closed embedding. In particular, U(A, τ⋏) is a log
algebraic stack locally of finite type.

(2) U(A, τ⋏) admits a canonical idealized structure given by the τ⋏-marking ideal KU(A,τ⋏).
If we further equip U(A, τ) with its canonical idealized structure KU(A,τ) as in Re-
mark 3.14, then (3.14) is an idealized log étale morphism of idealized log stacks

(3.15) (U(A, τ⋏),KU(A,τ⋏))→ (U(A, τ),KU(A,τ)).

Proof. We divide the proof into several steps.
Step 1. Set-up for a local comparison. For any strict morphism S → U(A, τ), we

will establish the statements by studying the projection S′ = S ×U(A,τ) U(A, τ⋏)→ S. As
both statements can be checked locally on U(A, τ), hence locally on S, we may replacing
S by any étale chart as needed.

Let f⋏ : C
◦ → A be the ⋏-basic punctured map over S, with the associated basic map

f : C◦b → A over Sb. For any log point t ∈ S, denote by tb ∈ Sb its image, where both t
and tb are equipped with the pull-back log structures from S and Sb respectively.

Consider the ⋏-basic tropical map Σ(f⋏|t) : Γ(Gt, ℓt) → R≥0 over σt = M
∨
t by taking

the tropicalization of the fiber f⋏|t over t. Let τ⋏,t = (τt,Vmax(Gt)) be the ⋏-type of
Σ(f⋏|t). Similarly, the associated basic fiber f|tb over tb has the basic tropical map by

taking tropicalization Σ(f|tb) : Γ(Gt, ℓb,tb) → R≥0 over σtb =M∨tb with type τt. Since f is
marked by τ , there is a contraction ϕt : τt → τ of types for any geometric point t ∈ S. If
further ϕt(Vmax(Gt)) ⊂ Vmax(G), then f⋏|t is marked by τ⋏ by Definition 3.11.

Step 2. Local construction of the τ⋏-marking loci. Suppose there exists a geomet-
ric point s ∈ S such that f⋏|s is marked by τ⋏. Otherwise, we have S′ = ∅, hence nothing
to prove. Shrinking S if necessary, we may assume there are charts of log structures

(3.16) MS,s → Γ(S,MS), MSb,sb → Γ(S,MSb
)

Let K⋏
s ⊂ MS,s be the ⋏-basic monoid ideal as in §3.2.1, and denote by K⋏

S ⊂ MS the

log-ideal generated by the image of K⋏
s using the chart

MS,s → Γ(S,MS)→MS .

Let S′′ ⊂ S be the strict closed subscheme cut out by αS(K⋏
S ) = 0. We will show that

S′ = S′′. In particular, as S′ ⊂ S is cut out by αS(K⋏
S ), the idealized log étaleness in (2)

of the statement follows from [31, IV. Variant 3.1.21].
Step 3: Contractions of ⋏-types. For any geometric point t ∈ S, the composition

via the chart in (3.16)

MSb,sb →MSb
→MSb,tb

is a generization morphism of characteristic monoids. Taking dual of the generization, we
obtain a face morphism of basic cones σt → σs. The basicness implies that the tropical
map Σ(f|tb) is obtained by pulling back Σ(f|sb) along σt → σs. As explained in [3, Remark
2.46], this then defines a contraction of types ϕs→t : τs → τt as in §B.3.2. In fact, one may
check that σt → σs is the morphism given by (B.26). Lemma B.9 further implies that
ϕs→t(Vmax(Gs)) ⊂ ϕs→t(Vmax(Gt)). Hence ϕs→t induces a contraction of ⋏-types as in
(3.7):

ϕs→t : τ⋏,s = (τs,Vmax(Gs))→ τ⋏,t = (τt,Vmax(Gt)).

Step 4. Verifying τ⋏-marking on the point-wise level. Next we verify that
S′ = S′′ on the level of geometric points. Using the above notations, we have arrived at a
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commutative diagram of solid arrows of cones

(3.17) σ⋏� _

��

// ++
σ⋏,t� _

��

(3.9)
// σ⋏,s� _

��
σ // 33σt

(B.26)
// σs

where the vertical arrows are inclusions of ⋏-basic cones as in §3.2.1, σ⋏ → σ⋏,s is given
by the τ⋏-marking, and σ → σt and σ → σs are given by the τ -marking. We will see that
the existence of a dashed arrow making (3.17) commutative leads to a unique τ⋏-marking
of the fiber f|t.

Taking the dual of the top of (3.17), we obtain a commutative triangle of solid arrows

(3.18) σ∨⋏,Z σ∨⋏,s,Z =MS,s

χϕs→t

��

χϕsoo K⋏
s

? _oo

��

σ∨⋏,t,Z =MS,t

χϕt

hh

K′t?
_oo

where K′t is the monoid ideal generated by the image of K⋏
s .

We first observe that the following two conditions are equivalent

(a) The image of the composition σ⋏ → σ → σt is contained in σ⋏,t.

(b) 0 ̸∈ K′t or equivalently K
′
t ⊊MS,t.

Both σ⋏ and σ⋏,t can be viewed as faces of σ⋏,s via the corresponding morphisms. Given

(a) we observe that each element of K′t ⊂ σ∨⋏,t,Z as a non-negative linear functions on σ⋏,t,Z,
restricts to a positive function in the interior of the face σ⋏ ⊂ σ⋏,t. Conversely suppose
that σ⋏ ∩ σ⋏,t is a proper face of both σ⋏ and σ⋏,t. Then we may find a linear function

u ∈ σ∨⋏,s,Z which is positive in the interior of σ⋏, hence u ∈ K
⋏
s , but restricts to zero along

σ⋏,t. This shows the equivalence of (a) and (b).
Second, we observe that (b) is equivalent to t ∈ S′′. Indeed, S′′ is by construction the

locus along which the log ideal K⋏
S is non-trivial.

Next, we verify that (a) is equivalent to that f⋏|t admits a unique τ⋏-marking induced
by its τ -marking. Consequently, we have S′ = S′′ as sets of closed points.

Assuming (a), we obtain the dashed arrows in both (3.17) and (3.18) making the dia-
grams commutative. It suffices to show that ϕt(Vmax(Gt)) ⊂ Vmax(G). Suppose on the
contrary that there exists a Vt ∈ Vmax(Gt) such that ϕt(Vt) = V ̸∈ Vmax(G). Choose
a vertex Vs ∈ V(Gs) such that ϕs→t(Vs) = Vt. As ϕs(Vmax(Gs)) ⊂ Vmax(G) by the
τ⋏-marking of fs, we have that Vs ̸∈ Vmax(Gs). Let

emax,s ∈ σ∨⋏,s,Z, emax,t ∈ σ∨⋏,t,Z, emax ∈ σ∨⋏,Z,
be the corresponding maximal degeneracies, and let eVs , eVt , eV be the degeneracies of the
corresponding vertices. Consider the elements in the corresponding ⋏-basic monoids

δs := emax,s − eVs ≽ 0, δt := emax,t − eVt = 0, δ := emax − eV ≽ 0.

The commutativity of (3.18) implies that

δ = χϕs(δs) = χϕs ◦ χϕs→t(δs) = χϕt(δt) = 0.

Thus V ̸∈ Vmax(G) is maximally degenerated, a contradiction.
Step 5. Verifying τ⋏-marking on the scheme-theoretic level. Finally, assuming

ft is marked by τ⋏, we obtain the dashed arrows in both (3.17) and (3.18) making the

diagrams commutative, which gives (a). The commutativity (3.18) further implies that K′t
is the ⋏-basic monoid ideal. Hence the idealized structure as in Definition 3.11 is precisely
given by the vanishing αS(K⋏

S ) = 0 defining S′′, thus verifying S′ = S′′ on the schematic
level. This finishes the proof. □
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The proof of the above result implies that

Corollary 3.17. Suppose that a ⋏-type τ⋏ = (τ,Vmax(G)) is realizable, and hence τ is
also realizable. Let σ⋏ and σ be the corresponding basic cones. If the morphism of monoid
ideals σ∨Z \ {0} → σ∨⋏,Z \ {0} induced by (3.3) is surjective, then (3.15) is also an ideally

strict open embedding. In particular, U(A, τ⋏) ⊂ U(A, τ) is a component.

Proof. The ideal strictness of (3.15) follows from Lemma 3.9 and the definition of the τ -
and the τ⋏-marking ideals. The proof of Proposition 3.16 implies that the closed sub-stack
U(τ⋏) ⊂ U(τ), is defined precisely by the vanishing of the ideal α(KU(τ⋏)) = 0, which is an
empty condition when (3.15) is ideally strict. □

3.2.4. Equi-dimensionality.

Proposition 3.18. Suppose the ⋏-type τ⋏ = (τ,Vmax(G)) is realizable with the ⋏-basic
cone σ⋏. Then the log stack U(A, τ⋏) is non-empty, reduced and of pure dimension

(3.19) dimU(A, τ⋏) = 3 ·

∑
Gi⊂G

g(Gi)− 1

+ |L(G)| − dimR σ⋏.

where the summation runs through connected components Gi ⊂ G, and

g(Gi) = h1(Gi) +
∑

V ∈V(Gi)

g(V )

defined as in (B.8).

In the proof, we will consider the log stacks AP and AP,I , defined for any fs monoid P
and monoid ideal K ⊂ P , with their underlying given by the global quotients

(3.20) AP =
[
Speck[P ]

/
Speck[P gp]

]
, AP,K =

[
Spec (k[P ]/⟨K⟩)

/
Speck[P gp]

]
,

and their log structure induced by P . Note that AP,I is naturally equipped with a log-ideal
K generated by K such that the strict closed embedding AP,K → AP is defined by the
vanishing α(K) = 0. Thus, we further view AP,K as an idealized log stack.

Proof. Consider the idealized log stack of log curves (M := M(G),KnM) from §B.1.8 with
G = (G,g,deg,m). Composing (3.15), (3.13) and (B.34), we obtain an idealized log étale
morphism (

U(A, τ⋏),K := KU(A,τ⋏)

)
→ (M,KnM).

To prove the statement, we analyze this morphism locally around a geometric point S ∈
U(A, τ⋏) corresponding to a ⋏-basic punctured map f : C◦ → A over S with the basic
monoid P :=MS .

Denote by τ⋏,S = (τS ,Vmax(GS)) the ⋏-type of f with the contraction ϕS : τ⋏,S → τ⋏.

By assumption we have the ⋏-basic monoid ideal K := K⋏
ϕS
⊂ MS . By the construction

of Kτ⋏ in Definition 3.11, we obtain a strict étale neighborhood V → U(A, τ⋏) together
with a chart of idealized log stacks

(V,K|V )→ AP,K .

Consider the image S′ ∈M of S ∈ U(A, τ⋏) whereMS′ is the log structure pulled back
from M with the decorated graph (GS , gS ,degS ,mS). Denote by Nn the free monoid
generated by edge lengths of E(GS) with n = |E(GS)|, and let Kn ⊂ Nn be the monoid
ideal generated by edge lengths corresponding to edges in E(ϕS). By the construction of
nodal ideals in §B.1.8, we obtain a strict étale neighborhood V ′ →M of S′ together with
a chart of idealized log stacks

(V ′,Kn|V ′)→ ANn,Kn .
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By [3, Proposition B.2], we may choose appropriate V and V ′ to fit in a commutative
diagram

(3.21) (V,K|V ) //

��

AP,K

��
(V ′,Kn|V ′) // ANn,Kn

where the horizontal arrows are given by the above charts, and the right vertical arrow is
a consequence of basicness. Further applying [3, Proposition B.4], we obtain a strict étale
morphism of idealized log stacks

(3.22) (V,K|V )→ (V ′,Kn|V ′)×ANn,Kn AP,K .

The idealized log smoothness of (M,KnM) implies that the underlying of the bottom arrow
in the diagram is smooth. In particular, the neighborhood V ′ is reduced. To prove that V
and hence U(A, τ⋏) is reduced, it suffices to observe thatAP,K is reduced. SinceAP,K ⊂ AP
is defined by the monoid ideal K, it suffices to show that ⟨K⟩ ⊂ k[P ] has no nilpotents.
This follows from the definition of ⋏-basic monoid ideals in §3.2.1.

Next we observe that U(A, τ⋏) is non-empty. By the realizability of τ⋏, we have a
tropical map f trop : Γ(G, ℓ) → R≥0 over the ⋏-basic cone σ⋏ of type τ⋏. Repeating the
construction in [3, Prop. 3.29], we obtain a punctured curve C◦ → S over a geometric
log point S with MS = σ∨⋏,Z, such that the corresponding tropical curve is given by the

type τ⋏. Since A has a Zariski log structure, [2, Prop. 2.10] produces a punctured map
f : C◦ → A over S, whose tropicalization is f trop, hence of type τ⋏ as needed.

We use (3.22) to compute the dimension of U(A, τ⋏). We may choose f to be a ⋏-basic
map of type τ⋏ with the ⋏-basic monoid ideal K = σ∨⋏,Z \ {0}. In this case n = |E(G)|,
and Kn = Nn \ {0}. Then we have

dimAP,K = −dimσ⋏, dimANn,K = −|E(G)|.

Finally we compute

dimU(A, τ⋏) = dimM+ dimAP,K − dimANn,K

= 3 ·

∑
Gi⊂G

g(Gi)− 1

+ |L(G)| − |E(G)| − dimσ⋏ − (−|E(G)|)

= 3 ·

∑
Gi⊂G

g(Gi)− 1

+ |L(G)| − dimσ⋏,

as desired. □

Remark 3.19. The proof of the above proposition shows that U(A, τ⋏) contains an open
dense substack consisting of punctured maps of ⋏-type τ⋏.

3.2.5. The maximal degeneracy and the class ψmax. Let Amax := A, and let ∆max ⊂ Amax

be the strict closed substack given by the origin. Let emax ∈ Γ(Amax,MAmax)
∼= N be

the generator. Then we may view ∆max as an idealized stack with the log-ideal Kmax =
M∆max \ O∗ generated by the preimage of emax.

For a ⋏-type τ⋏ = (τ,Vmax(G)), consider the corresponding maximal degeneracies

emax(τ⋏) ∈ Γ(U(A, τ⋏),MU(A,τ⋏)), emax(τ) ∈ Γ(U(A, τ),MU(A,τ)).

By (A.6), these global sections induce canonical morphisms

(3.23) U(A, τ⋏)→ Amax, U(A, τ)→ Amax.
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We will use ψmax to denote the class −c1(∆max) and its pull-backs. We may also use
the notation Lmax to denote the line bundle O(−∆max) and its pull-backs when there is
no danger of confusion.

3.3. The ⋏-decomposition of log maps to A.

3.3.1. The universal stack of log maps and its boundary. We fix a type

(3.24) τ⋆ = (G⋆,g,deg,m,σ, c),

where V(G⋆) = {⋆}, E(G) = ∅, σ(⋆) = 0, and c(L) ∈ N for any L ∈ L(G⋆). It induces
a unique ⋏-type τ⋆⋏ = (τ⋆,Vmax(G

⋆) = {⋆}) since Vmax(G
⋆) ̸= ∅. Note that both τ⋆ and

τ⋆⋏ are realizable. Furthermore, in this case the basic and the ⋏-basic cones are identical,
and are the trivial cone {0}. By Corollary 3.17, we have isomorphims

U(A, τ⋆⋏) ∼= U(A, τ⋆) ∼= U′(A, τ⋆), M(A, τ⋆) ∼= M′(A, τ⋆).
In this case, the tautological morphism U(A, τ⋆) → M(A, τ⋆) as in (3.12) is proper, log
étale, and birational. Indeed, it restricts to an isomorphism on the open dense substacks
with the trivial log structures, see [20, Thm 3.17].

Lemma 3.20. The tautological morphism of log stacks

U(A, τ⋆) −→M(A, τ⋆)×Amax

induced by (3.12) and (3.23) is log étale.

Proof. We will construct a dashed arrow making the following diagram of solid arrows
commutative:

T0

��

// U(A, τ⋆)

��
T //

55

M(A, τ⋆)×Amax

where the left vertical arrow is strict closed immersion defined by a square zero ideal. This
diagram is equivalent to the following diagram

C0
//

��

(f0,emax,T0
)

**
C

��

// A×Amax

��
T0 // T

emax,T // Amax

where the dashed arrow in the second diagram corresponds to the dashed arrow in the first
diagram. Since C0 → C is a strict infinitesimal thickening, and A ×Amax → Amax is log
étale, we observe that the dashed arrow in the second, and hence in the first diagram exists,
and is unique, and makes the whole diagrams commutative. This finishes the proof. □

By the above lemma, the canonical morphism Φmax : U(A, τ⋆) → Amax as in (3.23) is
log smooth. Consider the boundary log stack

(3.25) ∆⋏(τ⋆) := U(A, τ⋆)×Amax ∆max

with its idealized structure K∆⋏
g,c(A) defined by pulling back the log ideal Kmax over ∆max.

The projection
Φ∆max : (∆

⋏(τ⋆),K∆⋏(τ⋆)) −→ (∆max,Kmax)

is thus log smooth and ideally strict, hence is idealized log smooth. Proposition 3.18
implies that ∆⋏(τ⋆) is equidimensional with

dim∆⋏(τ⋆) = 3g − 4 + |L(G)|,
where g := g(⋆). Denote by [∆⋏(τ⋆)] the corresponding fundamental class.
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3.3.2. Decomposition of [∆⋏(τ⋆)]. Denote by Σ(∆⋏(τ⋆)) the generalized cone complex of
∆⋏(τ⋆). We observe that the tropicalization of Φ∆max is

Σ(Φ∆max) : Σ(∆
⋏(τ⋆))→ Σ(∆max) = R≥0.

Indeed, consider a strict geometric log point S ∈ ∆⋏(τ⋆) corresponds to a log map f : C →
A with the ⋏-type τ⋏ and the ⋏-basic cone σ⋏. Then the restriction of Σ(Φtrop

∆max
) to the

cone σ⋏ ∈ Σ(∆⋏(τ⋆)) is the linear map given by the maximal degeneracy (3.4).
By the log smoothness of Φmax and [2, Prop. 3.1], the irreducible components of ∆⋏(τ⋆)

are Weil divisors in U(A, τ⋆), and are classified by the one-dimensional cones of Σ(∆⋏(τ⋆))
which surject onto R≥0 under Σ(Φ∆max). Let ρ ∈ Σ1(∆⋏(τ⋆)) be a 1-dimensional cone,
and ∆ρ ⊂ ∆⋏(τ⋆) be the corresponding reduced irreducible component. The dual of the
restriction Σ(Φ∆max)|ρ yields a morphism of monoids

(3.26) Σ(Φ∆max)|∨ρ : N→ ρ∨Z

with image Σ(Φ∆max)|∨ρ = emax|ρ the maximal degeneracy of the tropical map parameter-
ized by ρ. Since ρ∨Z

∼= N, we may view emax|ρ ∈ ρZ ∼= N as a positive integer. By [2,
Corollary 3.2], we have a decomposition of the fundamental class

(3.27) [∆⋏(τ⋆)] =
∑
ρ

emax|ρ · [∆ρ].

3.3.3. Tropical refinement. We further refine the decomposition (3.27) by classifying the
irreducible components of ∆⋏(τ⋆) tropically.

For a ray ρ ∈ Σ1(∆⋏(τ⋆)), let S ∈ ∆ρ be any strict geometric point corresponding to
a log map f : C → A of ⋏-type τ⋏ = (τ,Vmax(G)). Denote by Σ(f) the corresponding
tropical map over its ⋏-basic cone σ⋏. Note that σ⋏ contains ρ as a ray, see (3.9).

Now choose S ∈ ∆ρ to be a general point. Since ∆ρ ⊂ U(τ⋆) is a Weil divisor, we have
σ⋏ ∼= ρ. Thus tropical curve Σ(f) over σ⋏ ∼= ρ is rigid as in §3.1.3 with emax(τ⋏) = emax|ρ.

For a type τ = (G,g,deg,m,σ, c), denote by Aut(τ) the automorphisms of G that fix
m and commute with g,deg,σ, c. For a ⋏-type τ⋏ = (τ,Vmax(G)), denote by Aut(τ⋏) ⊂
Aut(τ) the set of automorphisms fixing Vmax(G).

Lemma 3.21. Suppose τ⋏ is the ⋏-type corresponding to a general strict geometric point
S ∈ ∆ρ. Then the tautological morphism iτ⋏ : U(A, τ⋏)→ U(A, τ⋆) is finite and unramified.
Furthermore, it is of degree |Aut(τ⋏)| onto its image ∆ρ, hence

(3.28) [∆ρ] =
iτ⋏,∗[U(A, τ⋏)]
|Aut(τ⋏)|

.

Proof. Consider the sequence of strict tautological morphisms

U(A, τ⋏)→ U(A, τ) ∼= U(A, τ⋆)×M(A,τ⋆) M(A, τ)→ U(A, τ⋆)×Mg,deg
M(G),

where G = (G,g,deg,m) be the decorated graph of τ⋏, and M(g,deg,m) is the stack
of twisted pre-stable curves with orbifold structure along makings specified by deg. By
Proposition 3.16, the left arrow is a closed embedding. The right arrow is obtained by
imposing the conditions from σ and c. As both conditions are closed conditions, the right
arrow is again a closed embedding. Thus the composition is a closed embedding. Since
the morphism M(G) → M(g,deg,m) is finite and unramified, the morphism iτ⋏ is also
finite and unramified.

By Remark 3.19, the stack U(A, τ⋏) has an open dense locus consisting of maps marked
by τ⋏. As a general object of ∆ρ has ⋏-type τ⋏, this open dense locus of U(A, τ⋏) dominates
∆ρ via iτ . Hence iτ⋏ surjects onto its image ∆ρ.

Consider a general strict geometric point S ∈ ∆ρ corresponding to a log map f : C → A.
It is of ⋏-type τ⋏. The fiber i

−1
τ⋏ (S) consists of log maps isomorphic to f but with different
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labelings by τ⋏. Thus the group Aut(τ⋏) acts freely and transitively on i−1τ⋏ (S). This
finishes the proof. □

Proposition 3.22. We have the following decomposition of fundamental classes

(3.29) [∆⋏(τ⋆)] =
∑
τ⋏⊢τ⋆

lcmx∈E(G)(c(x))

|Aut(τ⋏)|
iτ⋏,∗[U(A, τ⋏)],

where the summation runs through all contractions τ⋏ ⊢ τ⋆ of ⋏-types of degenerate rigid
tropical curves, and G is the graph of τ⋏.

Proof. Note that the open dense substack of M̊(A, τ⋆) ⊂ M(A, τ⋆) with the trivial log
structure admits the type τ⋆. Therefore, any log map parameterized by ∆⋏(τ⋆) admits

a smoothing to M̊(A, τ⋆). These smoothings on the combinatorial side correspond to
contractions to τ⋆. Hence τ⋏ in the summation admits contractions to τ⋆, as required.
Thus, the formula follows from (3.6), (3.27) and (3.28). □

4. The reduced theory and the tropical decomposition formula

Throughout this section, we assume that X is smooth as in Assumption 2.7. We will
extend the construction in [18] to the punctured situation to construct a reduction of the
canonical perfect obstruction theory of punctured R-maps, as constructed in §2.6.

4.1. Superpotentials. Recall from [18, §3.4] that a superpotential is a morphism

(4.1) W : P◦ → Lω
over BC∗ω. The choice of a superpotential is a key ingredient in the reduction procedure.
Differentiating W , we obtain a morphism of tangent bundles relative to BC∗ω:

dW : TP◦/BC∗
ω
→W ∗TLω/BC∗

ω
∼=W ∗Lω.

The critical locus Crit(W ) of W is defined to be closed substack of W where dW degen-
erates. We say that W has proper critical locus if Crit(W ) is proper over BC∗ω.

Remark 4.1. We may viewW as a section of the line bundle Lω|P◦ , hence a rational section
of Lω|P. By [18, Lemma 3.8], the existence of a non-zero superpotential implies that the
rational number r̃ = a · r as in §2.1.1 is the pole order of W along ∞ ⊂ P, and hence an
integer. Thus, the existence of a non-zero superpotential imposes a non-trivial constraint
on targets.

A non-zero superpotential W does not extend to a holomorphic function over P. To fix
this issue, we further modify W as follows. Consider Pω = P(Lω ⊕ O) → BC∗ω where we
equip Pω with the divisorial log structure given by the smooth divisor ∞Pω := Pω \Lω. In
particular Pω is of DF1, and admits a canonical strict morphism Pω → A.

Consider the log étale morphism of log stacks

(4.2) Ae → A×A
given by blowing up the origin of A×A. Let Pe and Peω be the pull-back of (4.2) along

P×Amax → A×A, Pω ×Amax → A×A
respectively, where the morphisms P→ A and Pω → A are the strict canonical ones, the
morphism Amax → A on the left is the identity, and Amax → A on the right is the degree
r̃ morphism defined by r̃ ←[ 1 on the level of characteristics.

Denote by∞Pe ⊂ Pe and∞Pe
ω
⊂ Peω the proper transform of∞P×Amax and∞Pω×Amax

respectively. Consider their complements

Pe,◦ := Pe \∞Pe , Pe,◦ω := Peω \∞Pe
ω
.

We obtain the following commutative diagram
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(4.3) Pe,◦ W e,◦
//

��

Pe,◦ω
c //

��

V := Vb(Lω ⊠OAmax(r̃∆max))

��
P×Amax

W×idAmax // Pω ×Amax
// BC∗ω ×Amax

where the bottom dashed arrow is the rational map defined as the product of W and
the identity of Amax, the top horizontal dashed arrow is the induced rational map as
both vertical arrows are birational, and the morphism c is the contraction of the proper
transform of Pω ×∆max. We may equip Vb(Lω ⊠ OAmax(r̃∆max)) with the log structure
pulled back from Amax.

As shown in [18, Prop. 3.10], the composition

(4.4) W̃ := c ◦W e,◦ : Pe,◦ −→ V,
called the twisted superpotential, is a surjective morphism of log stacks over BC∗ω ×Amax,

contracting the proper transform P̂ ⊂ Pe,◦ of P×∆max. Taking differentials, we obtain a
morphism of log tangent bundles

d W̃ : TPe,◦/BC∗
ω×Amax

→ W̃ ∗TV/BC∗
ω×Amax

∼= W̃ ∗ (Lω ⊠OAmax(r̃∆max)) .

Note that the left vertical arrow in (4.3) is given by the base change of (4.2), hence is log
étale. This yields an isomorphism TPe,◦/BC∗

ω×Amax
∼= TP/BC∗

ω
|Pe,◦ , and thus we obtain the

morphism

(4.5) d W̃ : TP/BC∗
ω
|Pe,◦ → W̃ ∗ (Lω ⊠OAmax(r̃∆max)) .

The critical locus of W̃ is defined to be the closed substack Crit(W̃ ) ⊂ Pe,◦ defined by

the vanishing of d W̃ . By [18, Prop. 3.12], the substack Crit(W̃ ) is proper overBC∗ω×Amax

if and only if W has proper critical locus.

4.2. Set-up of the reduction. Consider a decorated type as in (2.18):

(4.6) τ = (τ,γ,β) , with τ = (G,σ, c) and G = (G,g,deg,m).

We further assume that τ is of compact type, see §2.3.1. Let L0(G) ⊂ L(G) be the subset
of legs with the zero contact order, and S(G) ⊂ E(G) be the set of edges with non-zero
contact orders. Since τ is of compact type, the set L∞(G) := L(G)\L0(G) consists of legs

with strictly negative contact orders. Furthermore, for x = {h, ĥ = ιG(h)} ∈ E(G) with
c(x) = 0 we require the nodal sectors γh,γĥ to be a pair of P-sectors.

Let G = ⊔iGi be the union of connected components. For later use, denote by τi the
type by restricting τ to Gi.

Recall the evaluation stacks Mev(A, τ), MγL0 (A, τ) from §2.6.3. From here, we may de-

fine Uev(A, τ) and UγL0 (A, τ) to fit into the following commutative diagram with Cartesian
squares and strict vertical arrows:

(4.7) U (P, τ )
ev //

��

Uev(A, τ) //

��

UγL0 (A, τ)

��

// U(A, τ)

(3.12)

��
R(P, τ )

(2.54) //Mev(A, τ) //MγL0 (A, τ) //M(A, τ)

For simplicity, we write

(4.8) U := U (P, τ ), Uev := Uev(A, τ), U := UγL0 (A, τ),
and denote the universal family over U by

(4.9) fU : C◦U → P, πU : C◦U → U
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Let C̃◦U → C◦U be the partial normalization along nodal gerbes in S. Composing with the
the arrows in (4.9), we obtain the corresponding arrows

(4.10) f̃U : C̃◦U → P, π̃U : C̃◦U → U .

Let px ⊂ C◦U be the gerbe corresponding to x ∈ L(G) ∪ S. For an edge x = {h, ĥ} ∈ S,

denote by ph, pĥ ⊂ C̃
◦
U the pre-images of px. For later use, write

Σ0 :=
∑

x∈L0(G)

px, Σ∞ =
∑

x∈L∞(G)

px, Σ̃ =
∑

x∈L(G)

px +
∑
{h,ĥ}∈S

(ph + pĥ).

By (2.56), we obtain compatible perfect obstruction theories

(4.11)
φτ : TU /U −→ EU /U := RπU ,∗

(
f∗U TP/BC∗

ω
(−Σ0)

)
,

φτ ,ev : TU /Uev −→ EU /Uev := Rπ̃U ,∗

(
f̃∗MTP/BC∗

ω
(−Σ̃)

)
.

Fix a superpotential W as in (4.1) with proper critical locus. We will first construct a
reduction for φτ , then deduce a compatible reduction for φτ ,ev.

Remark 4.2. The construction of the reduction in this section applies identically to the
case of stable punctured R-maps weakly marked by τ . However, in this paper, we do not
need the reduced theory of weakly marked punctured R-maps.

4.3. The canonical cosection.

4.3.1. Modifying the target. The universal punctured R-map fU in (4.9) is equivalent to a
section

(4.12) fU ,P : C
◦
U → PU := P×BC∗

ω
C◦U

of the projection PU → C◦U . Denote by XU := C◦U ×BC∗
ω
X. Define the log stack PU ,−

with the underlying

PU ,− := Pw

(⊕
i>0

(E∨i,XU
⊗ L⊗iX |XU

(−Σ0))⊕OXU

)
where w are the weights in (2.2). LetM∞PU ,−

be the DF1 log structure on PU ,− given

by the smooth divisor ∞PU ,− defined by the vanishing of the OXU
-coordinate. Define the

log stack PU ,− = (PU ,−,MPU ,− =MC◦
τ
|PU ,− ⊕O∗M∞PU ,−

). Comparing with (2.2), we

obtain a birational map of log stacks over XU

PU ,− // PU ,

with indeterminancy locus ∞PU ,− ×C◦
U

Σ0. Furthermore the morphism of log stacks

(4.13) PU ,reg := PU ,− \ (∞PU ,− ×C◦
U

Σ0)→ PU

contracts precisely the fiber over XU ×C◦
U

Σ0 to the zero section of PU . Set

∞PU ,reg
:=∞PU ,− \ (∞PU ,− ×C◦

U
Σ0).

Consider the two morphisms

(4.14) PU ,reg → A×Amax, PU → A×Amax

where the arrows to A are induced by the corresponding divisors ∞PU ,reg
and ∞PU

. We
construct the commutative diagram

(4.15) Pe,◦U ,reg
//

��

PeU ,reg
//

��

PU ,reg

��
Pe,◦U

// PeU // PU
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where the two right horizontal arrows are obtained by pulling back (4.2) along (4.14),
and the two left horizontal arrows are obtained by removing the proper transforms of
∞PU ,reg

× Amax and ∞PU
× Amax respectively. Note that the vertical morphisms are

isomorphisms away from the fibers over Σ0. We observe that

(4.16) Pe,◦U
∼= Pe,◦ ×BC∗

ω×Amax
C◦U .

Consider the line bundle Lmax := OAmax(−∆max), whose pull-backs will be denoted
again by Lmax. Form the line bundle ω̃U := ωC◦

U /U ⊗L−⊗r̃max , and consider the sequence of

morphisms of line bundles over C◦U

ω̃U −→ ω̃U (Σ∞) −→ ω̃log
U := ω̃U (Σ∞ +Σ0) = ωlog

C◦
U /U ⊗ L−⊗r̃max

∼= V|C◦
U
,

where V is the line bundle as in (4.3). We identify these line bundles with their total spaces
equipped with the log structures pulled back from C◦U .

Lemma 4.3. There is a canonical commutative diagram of arrows over C◦U

(4.17) Pe,◦U ,reg

W̃− //

��

ω̃U (Σ∞)

��

Pe,◦U
W̃ // ω̃log

U

where the right vertical arrow is given by twisting along markings, and the bottom arrow
is obtained by pulling back (4.4).

Proof. This is identical to [18, Lemma 3.13]. □

4.3.2. A canonical factorization. Consider the morphism b : Ae → A×Amax
∼= A×A as

in (4.2). Let Eb be the exceptional divisor of b, and Â ⊂ Ae be the proper transform of
A×∆max. Recall that ∞e

A ⊂ Ae is the proper transform of ∞A ×Amax.

Lemma 4.4. Let f : C◦ → A be a ⋏-punctured map over S with non-positive contact orders
along markings. Then there is a canonical factorization

Ae

��
C◦

(f,emax)
//

fe
22

A×Amax

with the following properties

(1) fe factors through the open substack Ae,◦ := Ae \∞e
A.

(2) For any geometric point s ∈ S, an irreducible component Z ⊂ C◦s over s dominates
Eb via fe iff Z is maximally degenerate with a non-zero degeneracy.

(3) For any x ∈ L∞(G) with the corresponding gerbe px ⊂ C◦, we have the image

fe(px) ⊂ Â ∩ Eb.

Proof. Consider the log ideal K = MA×Amax \ O∗. The morphism b is the log blow-up
with respect to K. Thus to construct fe, it suffices to show that the pull-back log ideal
(fe)•K is principal, i.e. locally generated by a single element.

Away from the punctured points, the statements (1) and (2) follow by the same argument
as in [20, Lemma 3.22]. Now consider a punctured marking px ⊂ C◦ as in (3). The

morphism fe is well-defined along px iff locally around px the element (emax − f̄♭(1A)) ∈
Mgp

C◦ belongs toMC◦ , where 1A is the generator of Γ(A,MA) ∼= N. We check this locally
as follows.
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Consider a geometric point s ∈ S over which px,s is contained in a component Z ⊂ C◦s
with degeneracy eZ . Since emax is the uniform maximal degeneracy, we have (emax−eZ) ∈
MS . Together with the assumption c(x) < 0, we deduce that

(4.18) emax − f̄♭(1A) = emax − (eZ + c(x) · σx) = (emax − eZ)− c(x) · σx ∈MC◦,p̄x,s

where p̄x,s is the strict geometric point above px,s, and σx ∈MC◦ is the element correspond-
ing to the local coordinate whose vanishing defines p̄x,s. Thus by the universal property

of log blow-ups, fe is the morphism defined by (̄fe)♭ : (emax− 1A) 7→ (emax− f̄♭(1A)) on the
characteristic level.

Finally, we notice that Â∩Eb is precisely the locus where emax ̸= 0 and (emax−1A) ̸= 0.
As c(x) < 0, the puncture px is necessarily contained in a degenerate component, hence
emax ̸= 0 along px. Furthermore as the image of (emax−1A), the element (4.18) is nowhere
zero. This finishes the proof of (3). □

Now consider the morphism Pe,◦ → P × Amax as in (4.3) fitting into the Cartesian
diagram

(4.19) Pe,◦ //

��

Ae,◦

b
��

P×Amax
// A×Amax

with strict horizontal arrows. Let E◦ ⊂ Pe,◦ be the pre-image of Eb, and P̂ ⊂ Pe,◦ be the

pre-image of Â.

Lemma 4.5. There is a canonical factorization

(4.20) Pe,◦

��
C◦U (fU ,emax)

//

feU
33

P×Amax

such that

(1) For an irreducible component Z ⊂ C◦U |s over a geometric point s ∈ U , we have

feU (ηZ) ⊂ E◦ \ P̂ for ηZ ∈ Z the generic point iff Z is maximally degenerated with
a non-trivial degeneracy.

(2) For any x ∈ L∞(G), we have fU (px) ⊂ P̂ ∩ E◦.
(3) For any x ∈ L0(G), we have fU (px) ⊂ 0P ×Amax.

Proof. The existence of feU and statements (1) and (2) follow from Lemma 4.4 and (4.19).
Since γx is a 0-sector for any x ∈ L0(G), we obtain (3). □

4.3.3. The canonical cosection. By (4.16), the morphism feU is equivalent to a section

fU ,Pe : C◦U → P
e,◦
U

of the projection Pe,◦U → C◦U . Lemma 4.5 (3) implies a canonical factorization

(4.21) C◦U
fU ,P //

fU ,− %%

Pe,◦U

Pe,◦U ,reg

BB

Using (4.17), we obtain a morphism of vector bundles over C◦U

f∗U ,− d W̃− : f∗U ,−TPe,◦
U ,reg/C

◦
U
−→ (W̃− ◦ fU ,−)

∗Tω̃U (Σ∞)/C◦
U

∼= ω̃U (Σ∞).
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The following lemma is the main difference comparing to the reduction in the log case
of [18] due to the presence of punctures.

Lemma 4.6. There is a canonical factorization

(4.22) f∗U ,−TPe,◦
U ,reg/C

◦
U

f∗U ,− d W̃−
//

**

ω̃U (Σ∞)

ω̃U

AA

Proof. For any x ∈ L∞(G), consider the gerbe px ⊂ C◦U . By Lemma 4.5 (3) we have the

image fU ,−(px) ⊂ P̂ ×BC∗
ω
C◦U . Since (4.4) contracts P̂ to the zero section of V, as the

pull-back of (4.4), the morphism W̃− contacts P̂×BC∗
ω
C◦U to the zero section of ω̃U (Σ∞).

This implies that the morphism f∗U ,− d W̃− degenerates along px, hence the factorization

(4.22). □

Lemma 4.7. There is a canonical exact sequence

0→ f∗U TP/BC∗
ω
(−Σ0)→ f∗U ,−TPe,◦

U ,reg/C
◦
U
→ TX/BC∗

ω
|Σ0 → 0.

Proof. This is similar to [18, Lemma 3.14] by applying (4.16). We omit the details. □

Combining Lemma 4.6 and Lemma 4.7, we obtain a composition

f∗U TP/BC∗
ω
(−Σ0)→ f∗U ,−TPe,◦

U ,reg/C
◦
U
→ ω̃U .

Applying RπU ,∗ and the projection formula, we obtain

σ•U /U : EU /U = RπU ,∗f
∗
U ′TP/BC∗

ω
(−Σ0) −→ RπU ,∗ω̃U

∼= RπU ,∗(ωC◦
U /U )⊗ L−⊗r̃max

Applying Serre duality, we obtain

R1πU ,∗(ωC◦
U /U )⊗ L−⊗r̃max

∼=
⊕
Gi⊂G

L−⊗r̃max

where the direct sum runs through connected components Gi ⊂ G. Taking H1 of σ•U /U,

we obtain the canonical cosection

(4.23) σU /U : ObsU /U := H1(EU /U) −→
⊕
Gi⊂G

L⊗−r̃max −→ L−⊗r̃max ,

where the arrow on the right is the sum of identity L⊗−r̃max → L⊗−r̃max .

Proposition 4.8. SupposeW has proper critical locus. Then the degeneracy locus of σU /U

is contained in U \ (U ×Amax ∆max).

Proof. In case of log R-maps, this is precisely [18, Prop. 3.18]. We now verify the statement
for general punctured R-maps. As the target of σU /U is a line bundle, it suffices to
check the surjectivity of σU /U at any geometric point s ∈ U ×Amax ∆max. Denote by
f := ⊔fi : C◦ = ⊔iC◦i → P the punctured R-map over s where fi : C

◦
i → P corresponds

to the connected component Gi ⊂ G. At least one of the connected component of C◦, say
C◦k contains a maximally degenerate component. By the construction of (4.23), it suffices
to show that

H1(f∗kTP/BC∗
ω
(−Σ0)) −→ L−⊗r̃max

is surjective. The rest of the proof is identical to [18, Prop. 3.18], and is omitted. □



42 QILE CHEN, FELIX JANDA, AND YONGBIN RUAN

4.4. Reduction by the canonical cosection. We next construct the reduced theory
under the following assumption:

Assumption 4.9. τ has at least one degenerate vertex.

Let στ be the basic cone of τ . Then the above assumption is equivalent to that the max-
imal degeneracy emax ∈ στ is non-zero. By Definition (3.11) (3), this is further equivalent
to a factorization

(4.24) U //

%%

Amax

∆max

BB

where the top horizontal arrow is defined by (3.23).
Define the boundary complex F := L−⊗r̃max [−1]. The composition

(4.25) EU /U
// H1(EU /U)[−1]

σU /U[−1] // FU := F|U

leads to a distinguished triangle

(4.26) Ered
U /U −→ EU /U −→ FU

[1]−→

defining the object Ered
U /U. Our next goal is to establish the following result.

Theorem 4.10. Let τ be a decorated type of compact type as in (4.6). Further assume
that τ satisfies Assumption 4.9. Then there is a canonical factorization

(4.27) TU /U
φτ //

φred
τ &&

EU /U

Ered
U /U

BB

such that φred
τ defines a perfect obstruction theory of U → U, called the reduced perfect

obstruction theory.

After some preparation, we will prove this theorem in §4.4.2.

Remark 4.11. The reduced perfect obstruction theory φred
τ is different than the reduced

theory in [18, §3.6.3] in that the latter does not assume the factorization (4.24) or equiv-
alently Assumption (4.9). On the level of virtual cycles, this factorization results in a
formula (4.40) which is different than [18, Theorem 3.21].

On the other hand, when τ is a tropical type of log R-maps, or equivalently there is no
negative contact orders in τ , the construction of φred

τ is identical to the reduced perfect
obstruction theory of the boundary in [18, §3.8]. This fact will be used in proving Theorem
4.15.

4.4.1. The twisted hodge bundle. Consider the stack U as in (4.8) and its universal family

fU : C
◦
U −→ A, πU : C

◦
U −→ U.

Define the line bundle
ω̃U := ωC◦

U/U
⊗ L⊗−r̃max

over C◦U. We may view ω̃U as a log stack with its log structure pulled back from C◦U.
Applying the projection formula, we obtain the twisted hodge bundle

H := R0πU,∗ω̃U = R0πU,∗

(
ωC◦

U/U

)
⊗ L−⊗r̃max .



TROPICAL DECOMPOSITION OF LOG GLSM 43

over U. Viewing H as a log stack with the log structure pulled back from U, it parameterizes
sections of ω̃U → C◦U. Consider the commutative diagram

(4.28) ωC◦
H/H
⊗ L⊗−r̃max

//

��

Lω ⊠ L⊗−r̃max

��
C◦H

sH
88

C◦H
// BC∗ω ×Amax

where πH : C
◦
H := C◦U ×U H → H is the universal punctured curve, and ρH is the universal

section over H.
On the other hand, composing (4.4) and (4.20), we obtain a commutative square

Lω ⊠ L⊗−r̃max

��
C◦U

//

W̃◦feU
44

BC∗ω ×Amax

over C◦U . Recall that W̃ as in (4.4) constracts P̃. By Lemma 4.5 (2), (3), there is a
factorization

C◦U
W̃◦feU //

sU ((

Lω ⊠ L⊗−r̃max

ωC◦
U /U ⊗ L⊗−r̃max

::

This defines a tautological morphism U → H along which sH pulls back to sU .
By [13, Prop. 2.5], the morphism H→ U admits a perfect obstruction theory

φH/U : TH/U −→ EH/U := πH,∗(ω̃U|C◦
H
).

Note that TH/U
∼= TH/U ∼= H|H where the last term is the corresponding vector bundle over

H. Consider the composition

(4.29) EH/U −→ H1(EH/U)[−1] −→ FH := F|H
where the second arrow is obtained by shifting the following surjection

σH/U : H
1(EH/U) = R1πH,∗

(
ω̃U|C◦

H

)
=
⊕
Gi⊂G

L⊗−r̃max |H → L⊗−r̃max |H

with the last arrow defined as in (4.23).

Lemma 4.12. The following composition is the zero morphism

(4.30) TH/U −→ EH/U −→ FH

Proof. Since H→ U is a vector bundle, we have TH/U
∼= H0(EH/U). Thus, the result follows

from the distinguished triangle

H0(EH/U) −→ EH/U −→ H1(EH/U)[−1]
[1]−→ .

□

Lemma 4.13. There is a canonical commutative diagram

(4.31) TU /U
φτ //

��

EU /U

(4.25) //

��

FU

∼=
��

TH/U|U
φH/U|U

// EH/U|U
(4.29)

// FH|U
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where the vertical arrow on the left is induced by U → H,

Proof. Applying the construction of Pe,◦U ,reg in (4.15) with U replaced by U, we obtain

a stack Pe,◦U,reg over C◦U such that Pe,◦U ,reg = Pe,◦U,reg ×C◦
U
C◦U . Similar to (4.17), we may

construct a morphism W̃U,− : Pe,◦U,reg → ω̃U(Σ∞) pulling back to W̃−. Consider the following
commutative diagram

(4.32) U

��

C◦U
fU ,− //

��

oo Pe,◦U,reg

W̃U,−
��

H

��

C◦H
//

��

oo ω̃U(Σ∞)

��
U C◦U
oo C◦U

where by abuse of notations fU ,− denotes the arrow induced by (4.21), and the two left
squares are Cartesian with strict vertical arrows.

Consider the following commutative diagram

(4.33) TU /U|C◦
U
∼= TC◦

U /C◦
U

d fU ,−

++
//

��

f∗U TP/BC∗
ω
(−Σ0) //

��

f∗U ,−TPe,◦
U,reg/C

◦
U

d W̃U,−
��

TH/U|C◦
U
∼= TC◦

H/C
◦
U 22

d sH // ωC◦
U /U ⊗ L⊗−r̃max

// ωC◦
U /U (Σ∞)⊗ L⊗−r̃max

where the outer square is obtained from (4.32) by taking differentiation, the factorization
on the top is from Lemma 4.7, and the factorization on the bottom is from (4.28). The
square on the right hand side of (4.31) follows from applying πU ,∗ to the square on the
right.

Finally, the square on the left hand side of (4.31) follows from sU = sH|C◦
U
. □

4.4.2. Proof of Theorem 4.10. Lemma 4.13 provides a commutative diagram of solid arrows

(4.34) TU /U
φred
τ

//

**

φτ

((
Ered

U /U
//

��

EU /U
//

��

FU
[1] //

TH/U|U // EH/U|U // FH|U

The commutativity implies that the composition TU /U → EU /U → FU factors through

the zero morphism (4.30). Hence we obtain the dashed arrow φred
τ making the diagram

commutative. Next, we verify that Ered
U /U is perfect in [0, 1].

Since EU /U is perfect in [0, 1] and FU is a vector bundle shifted by [−1], Ered
U /U is perfect

in [0, 2]. It suffices to show that H2(Ered
U /U) = 0. Since σU /U is surjective by Proposition

4.8, this follows from the long exact sequence

H1(EU /U) // // H1(FU ) // H2(Ered
U /U)

// H2(EU /U) = 0.
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To verify that φred
τ is a perfect obstruction theory, we first take the H0 of (4.34), and

obtain

H0(TU /U)

H0(φred
τ )

xx
H0(φτ )

��
0 // H0(Ered

U /U) ∼=
// H0(EU /U) // H0(FU ) = 0.

Since H0(φτ ) is an isomorphism, H0(φred
τ ) is also an isomorphism.

Finally, we take the H1 of (4.34), and obtain

H1(TU /U)

H1(φred
τ )

xx
H1(φτ )

��
0 // H1(Ered

U /U)
// H1(EU /U) // H1(FU ) = FU [1] // 0

The injectivity of H1(φτ ) implies the injectivity of H1(φred
τ ). Therefore, φred

τ is a perfect
obstruction theory of U → U. □

4.5. A compatible reduction. Consider the composition

EU /Uev → EU /U → FU

where the first arrow is given by (2.56) and (4.11). This leads to a distinguished triangle

Ered
U /Uev −→ EU /Uev −→ FU

[1]−→,

defining Ered
U /Uev . This triangle fits in a commutative diagram of solid arrows

(4.35)

TU /Uev //

φred
τ ,ev

$$

φτ ,ev

&&

TU /U
//

φred
τ

""

φτ

%%

TUev/U

[1] //

Ered
U /Uev

//

��

Ered
U /U

//

��

TUev/U
//

EU /Uev //

��

EU /U
//

��

TUev/U
//

FU FU

where the top three rows are distinguished triangles, the morphisms between the first
and third rows form a morphism of distinguished triangles by pulling back (2.56). Thus,
we obtain the dashed arrow φred

τ ,ev making the diagram commutative, so that the arrows
between the first and the second row form a morphism of distinguished triangles. In
particular, φred

τ ,ev is a perfect obstruction theory of U → Uev compatible with φred
τ . We will

also refer to φred
τ ,ev as the reduced perfect obstruction theory. It will be used in the gluing

construction in §5.

4.6. The reduced theory of ⋏-types. Let τ⋏ = (τ ,Vmax(G)) be a decorated ⋏-type

where τ is given as in §4.2. Define the log stacks U (P, τ⋏), U
ev(A, τ⋏) and UγL0 (A, τ⋏)
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via the diagram

(4.36) U (P, τ⋏) //

��

Uev(A, τ⋏) //

��

UγL0 (A, τ⋏) //

��

U(A, τ⋏)

(3.14)

��
U (P, τ ) // Uev(A, τ) // UγL0 (A, τ), // U(A, τ)

with Cartesian squares and strict vertical arrows. Pulling back (4.27), we obtain a com-
mutative triangle over U (P, τ⋏)

(4.37) T
U (P,τ⋏)/U

γL0 (A,τ⋏)

φτ⋏ //

φred
τ⋏ **

E
U (P,τ⋏)/U

γL0 (A,τ⋏)

Ered

U (P,τ⋏)/U
γL0 (A,τ⋏)

77

where as the pull-backs of φτ and φred
τ , the morphisms φτ⋏ and φred

τ⋏ define the canonical

and reduced perfect obstruction theories of U (P, τ⋏)→ UγL0 (A, τ⋏), respectively.
Further pulling back (4.35), we obtain a commutative triangle

(4.38) TU (P,τ⋏)/Uev(A,τ⋏)

φτ⋏,ev //

φred
τ⋏,ev **

EU (P,τ⋏)/Uev(A,τ⋏)

Ered
U (P,τ⋏)/Uev(A,τ⋏)

88

where as the pull-backs of φτ ,ev and φred
τ ,ev, φτ⋏,ev and φred

τ⋏,ev define the canonical and
reduced perfect obstruction theories of U (P, τ⋏)→ Uev(A, τ⋏) respectively.

By the compatibility of perfect obstruction theories in (4.35), we observe that the canon-
ical perfect obstruction theories φτ⋏ and φτ⋏,ev are compatible, and the reduced theories

φred
τ⋏ and φred

τ⋏,ev are compatible as well.
Suppose that τ⋏ is realizable, and hence U(A, τ⋏) is equidimensional by Proposition

3.18. In this case, we obtain the canonical and the reduced virtual cycles

(4.39) [U (P, τ⋏)]
vir, [U (P, τ⋏)]

red,

defined by φτ⋏,ev and φred
τ⋏,ev, respectively.

Corollary 4.14. Suppose that we are in the situation of Theorem 4.10, and that τ⋏ is
realizable. Then the two virtual cycles (4.39) are related via

(4.40) [U (P, τ⋏)]
vir = r̃∆max ∩ [U (P, τ⋏)]

red.

Proof. By (4.35) and its pull-back (4.38), the zero map

TU (P,τ⋏)/U (P,τ⋏) −→ FU (P,τ⋏) := F|U (P,τ⋏)

is a perfect obstruction theory of the identity of U (P, τ⋏). Recall that F := L−⊗r̃max [−1].
The formula follows from [30, Cor. 4.9]. □

4.7. Splitting of the reduced boundary virtual cycles. We consider a decorated type
of log R-maps

(4.41) τ ⋆ = (τ⋆,γ,β)

where τ⋆ is as in (3.24). Further assume that τ ⋆ is of compact type as in §2.3.1, i.e. for
any x ∈ L(G⋆), we have c(x) = 0 and γx is a 0-sector.
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Consider a contraction τ⋏ ⊢ τ⋆ of a ⋏-type of degenerate rigid tropical curves as in
Proposition 3.22. We form a diagram of Cartesian squares with strict arrows

∆⋏(P, τ ⋆, τ⋏) //

��

UγL0 (A, τ⋏) //

��

U(A, τ⋏)

��
∆⋏(P, τ ⋆) //

i∆⋏

��

∆⋏,γL0 (τ⋆) //

��

∆⋏(τ⋆)

��
U (P, τ ⋆)

evL0 // UγL0 (A, τ⋆) // U(A, τ⋆)

where ∆⋏(τ⋆) → U(A, τ⋆) is given by (3.25), and U(A, τ⋏) → ∆⋏(τ⋆) is given by iτ⋏ in

Lemma 3.21, and UγL0 (A, τ⋏) → U(A, τ⋏) is as in (4.7), and the stacks ∆⋏(P, τ ⋆, τ⋏),

∆⋏(P, τ ⋆) and ∆⋏,γL0 (τ⋆) are defined as the fs fiber products fitting into this diagram.
We further note that ∆⋏(P, τ ⋆) agrees with the boundary stack ∆U in the notation of
[18].

The stack ∆⋏(P, τ ⋆, τ⋏) admits an open and closed decomposition

(4.42) ∆⋏(P, τ ⋆, τ⋏) =
⊔
τ⋏

U (P, τ⋏)

where τ⋏ runs through all possible decorated ⋏-types over τ⋏ admitting contraction to
τ ⋆.

Note that both UγL0 (A, τ⋆) and UγL0 (A, τ⋏) are pure-dimensional. Thus the reduced
perfect obstruction theory of Theorem 4.10 defines a reduced virtual cycle [U (P, τ⋏)]

red

for each τ⋏.
On the other hand, ∆⋏,γL0 (τ⋆) is pure-dimensional. By [18, §3.6.3], evL0 admits a

reduced perfect obstruction theory, hence a reduced virtual cycle [∆⋏(P, τ ⋆)]red, which
decomposes according to tropical types as follows.

Theorem 4.15 (Tropical Splitting formula).

i∆⋏,∗[∆
⋏(P, τ ⋆)]red =

∑
τ⋏⊢τ⋆

lcmx∈E(G)(c(x)))

|Aut(τ⋏)|
iτ⋏,∗[U (P, τ⋏)]

red

where the summation runs through decorated ⋏-types τ⋏ = (τ⋏,γ,β) of degenerate rigid
tropical curves admitting contractions to τ ⋆, G is the graph correspondingn to τ⋏, and
iτ⋏ : U (P, τ⋏)→ U (P, τ ⋆) is the strict tautological morphism.

Proof. The virtual cycle [∆⋏(P, τ ⋆)]red is defined via the reduced perfect obstruction the-
ory

φ′∆⋏ : T
∆⋏(P,τ⋆)/∆

⋏,γL0 (τ⋆)
−→ E′

∆⋏(P,τ⋆)/∆
⋏,γL0 (τ⋆)

,

constructed in [18, §3.6.3]. It is straightforward to see that the restriction φ′∆⋏ |U (τ⋏) is
the reduced perfect obstruction theory constructed in (4.27), see Remark 4.11.

Denote by [∆⋏(P, τ ⋆, τ⋏)]
red the reduced virtual cycle obtained by pulling back the re-

duced perfect obstruction theory φ′∆⋏ . Applying the virtual push-forward [30], we compute

i∆⋏,∗[∆
⋏(P, τ ⋆)]red =

∑
τ⋏

lcmx∈E(G)(c(x))

|Aut(τ⋏)|
iτ⋏,∗[∆

⋏(P, τ ⋆, τ⋏)]
red

=
∑
τ⋏

lcmx∈E(G)(c(x))

|Aut(τ⋏)|
iτ⋏,∗[U (P, τ⋏)]

red

where iτ⋏ : ∆
⋏(P, τ ⋆, τ⋏)→ U (P, τ ⋆) is the natural embedding. The first equality follows

from Proposition 3.22, and the second one follows from (4.42). This finishes the proof. □
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5. Decomposing virtual cycles of rigid tropical curves

5.1. The set-up and the tropical decomposition formula. Fix a decorated ⋏-type

(5.1) τ⋏ = (τ⋏,γ,β), with τ⋏ = (G = (G,g,deg,m),σ, c,Vmax(G)) .

of (possibly non-degenerate) rigid tropical curves, see §3.1.3. We further assume that τ⋏ is
of compact type as in §2.3.1. Denote by τ (resp. τ) the decorated type (resp. type) given
by τ⋏ (resp. τ⋏).

The moduli U (P, τ⋏) of stable punctured R-maps marked by τ⋏ admits a canonical
[U (P, τ⋏)]

vir and a reduced virtual cycle [U (P, τ⋏)]
red as in (4.39).

Denote by n = |L(G)|, β =
∑

V ∈V(G) β(V ), and g = g(G) as in (B.8). Let Mg,n(X , β)
be the moduli of stable maps to X from genus g (connected) domain curves with n marked
points and curve class β. Thus we obtain a tautological proper morphism

(5.2) FM : U (P, τ⋏) −→Mg,n(X , β),

by composing R-maps withP→ X and stabilizing. Our goal is to compute FM ,∗[U (P, τ⋏)]
red

in terms of vertex contributions.

5.1.1. Rigid tropical curves as bipartite graphs. By (3.5) and Proposition 3.5, the graph G
has a bipartite structure in the sense that

(5.3) V(G) = V0(G) ⊔V∞(G)

where V0(G) is the set of non-degenerate vertices, and V∞(G) is the set of degenerate
vertices. Furthermore, each edge x ∈ E(G) connects a vertex in V0(G) and a vertex in
V∞(G) since c(x) ̸= 0. We may write V∞ := V∞(G) and V0 := V0(G) when there is no
confusion about G. Elements in V0 and in V∞ are referred to as 0-vertices and∞-vertices
respectively.

Note that if τ⋏ is non-degenerate, then V∞(G) = ∅ and V0(G) = Vmax(G) consists of
a single vertex. On the other hand, when τ⋏ is degenerate, then Vmax(G) = V∞(G) is
the collection of degenerate vertices of G.

With this, we see that the data of τ⋏ is equivalent to a decorated bipartite graph

(5.4) (G,V(G) = V0 ⊔V∞,g,deg,m, c,γ,β) .

Note that the information of σ and Vmax(G) may be recovered from the partition V(G) =
V0 ⊔V∞.

5.1.2. Combinatorial decomposition. For each V ∈ V(G), consider the graph GV with

V(GV ) = {V }, H(GV ) = H(V ) = {h ∈ H(G) | νG(h) = V },

where the involution ιGV
is the identity. Thus H(GV ) = L(GV ) is the set of legs of GV .

For later use, denote by

LV = H(GV ) ∩ L(G), SV := H(GV ) \ LV .

Restricting the decorations in τ⋏ to GV , we obtain a decorated type

τV = (τV ,γV , βV = β(Vi)) with τV = (GV = (GV , gV = g(V ),degV ,σV ), cV ) .

The compact type property of τ⋏ implies that

(1) τV is of compact type for any V ∈ V∞.
(2) For each V ∈ V0 and h ∈ H(GV ), cV (h) > 0 iff h ∈ SV . In particular, τV is a

decorated type of log R-maps.

For later use, we write S0 = ⊔V ∈V0SV .
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5.1.3. Vertex virtual cycles. For each V ∈ V(G), by (4.7) we have a Cartesian diagram
with strict vertical arrows

(5.5) U (P, τV )
FV //

evV

��

R(P, τV )

evV

��
Uev(A, τV ) //Mev(A, τV )

For convenience, we denote both vertical arrows by evV .

Remark 5.1. For each V ∈ V∞ observe that τV and τV are realizable. Furthermore, there
is a unique decorated ⋏-type τV,⋏ (resp. ⋏-type τV,⋏) above τV (resp. τV ) obtained by
setting Vmax(GV ) = {V }. Indeed, any punctured map to A with tropical type τV is
automatically a punctured map with the uniform maximal degeneracy of tropical ⋏-type
τV,⋏.

By Remark 3.19 the three stacksM(A, τV ),U(A, τV ) and U(A, τV,⋏) share the same open
dense substack parameterizing punctured maps with tropical type τV . By Corollary 3.17
we obtain U(A, τV ) = U(A, τV,⋏) hence U (P, τV ) = U (P, τV,⋏).

By (2.56), the right vertical arrow in (5.5) admits a canonical perfect obstruction theory

(5.6) φτV ,ev : TR(P,τV )/Mev(A,τV ) −→ ER(P,τV )/Mev(A,τV ) =: EV

which further pulls back to the canonical perfect obstruction theory of the left vertical
arrow. By Proposition B.28 this defines the canonical virtual cycles

[R(P, τV )]
vir, [U (P, τV )]

vir.

By Proposition 3.13 and Remark 5.1, the bottom arrow in (5.5) is proper and birational.
Thus we obtain a virtual push-forward

FV,∗[U (P, τV )]
vir = [R(P, τV )]

vir.

If further V ∈ Vmax(G), then §4.5 provides a reduced perfect obstruction theory

φred
τV ,ev

: TU (P,τV )/Uev(A,τV ) −→ EU (P,τV )/Uev(A,τV ) =: Ered
V .

By Proposition B.28 again, this defines the reduced virtual cycle [U (τV )]
red. For conve-

nience, we write

(5.7) [R(P, τV )]
red := FV,∗[U (P, τV )]

red.

5.1.4. Gluing of the underlying punctured R-maps. For each V ∈ V(G) and each h ∈ SV ,
consider the evaluation evh : R(τV )→ γh given by (2.16). Taking products, we obtain

evS :
∏

V ∈V(G)

R(P, τV ) −→
∏
V

∏
h∈SV

γh.

For each edge x = {h, ĥ} ∈ E(G) with h ∈ S∞, set γx := γh, and consider the involuted
diagonal

(5.8) ∆x := Id× ῐ : γx → γh × γĥ

where ῐ is the nodal involution (2.17). Since X is smooth, ∆x is a smooth closed embedding.
Taking products, we obtain

(5.9) ∆τ⋏ :=
∏

x={h,ĥ}∈E(G)

∆x :
∏

x∈E(G)

γx −→
∏

{h,ĥ}∈E(G)

γh × γĥ
∼=

∏
V ∈V(G)

∏
h∈SV

γh.
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Define RG(P, τ⋏) via the Cartesian diagram

(5.10) RG(P, τ⋏) //

��

∏
V ∈V(G) R(P, τV )

evS

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ

with strict horizontal arrows. Pulling back the universal punctured R-maps from each
R(τV ), we obtain punctured R-maps over RG(P, τ⋏) labeled by V(G). By §2.2.3 and the
condition §2.3.1(i) on nodal sectors, the underlying R-map of these pull-back punctured
R-maps glues to a stable underlying R-map

fG
τ⋏

: CGτ⋏ −→ P.

We thus define the tautological morphism

FGM : RG(P, τ⋏) −→Mg,n(X , β)

by composing fG
τ⋏

with P→ X and taking stablization.

Theorem 5.2. Let τ⋏ be a decorated ⋏-type of rigid tropical curves as in (5.1). Further
assume τ⋏ is of compact type. We have the following identity in CH∗(Mg,n(X , β))

(5.11) FM ,∗[U (P, τ⋏)]
red

= (−r̃)|V∞(G)|−1µ(τ⋏) · FGM ,∗∆
!
τ⋏

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir

 ,

where

(5.12) µ(τ⋏) =

∏
E∈E(G) c(E)

lcmE∈E(G) c(E)
.

The proof of this theorem will be concluded in §5.4.

5.1.5. The tropical decomposition formula for log GLSM. Consider the decorated type
τ ⋆ = (τ⋆,γ,β) of log R-maps as in (4.41). Denote by

g = g(⋆), β = β(⋆), n = |L(G⋆)|,

and consider the tautological morphism FM : U (P, τ ⋆)→Mg,n(X , β) as in (5.2).

Theorem 5.3. Let τ ⋆ = (τ⋆,γ,β) be a decorated type as in (4.41) consisting of a unique
vertex, no edges, and that is of compact type. Then

(5.13) FM ,∗[U (P, τ ⋆)]red =

∑
τ⋏

(−r̃)|V∞| ·
∏
E∈E(G) c(E)

|Aut(τ⋏)|
· FGM ,∗∆

!
τ⋏

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir


where τ⋏ = (τ⋏,γ,β) runs through decorated ⋏-types of rigid tropical curves admitting
contractions to τ ⋆.

Remark 5.4. Note that τ ⋆ is a decorated ⋏-type of rigid tropical curves with the construc-
tion τ ⋆ → τ ⋆ the identity, see §3.1.3. In this case, observe that V∞ = ∅, |Aut(τ⋏)| = 1,
and E(G) = ∅. Hence the summand corresponding to τ ⋆ on the right hand side of the
formula is naturally FM ,∗

(
[U (P, τ⋆)]

vir
)
.
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Proof. Recall from [18, Theorem 1.11] that

[U (P, τ⋆)]
red = [U (P, τ⋆)]

vir − r̃[∆⋏(P, τ ⋆)]red.

Pushing forward along FM and applying Theorem 4.15, we obtain

FM ,∗[U (P, τ⋆)]
red = FM ,∗

(
[U (P, τ⋆)]

vir
)
− r̃

∑
τ⋏

lcmx∈E(G)(c(x))

|Aut(τ⋏)|
FM ,∗iτ⋏,∗[U (τ⋏)]

red.

where τ⋏ runs through decorated realizable ⋏-types τ⋏ = (τ⋏,γ,β) of degenerate rigid
tropical curves admitting contractions to τ ⋆. Combining the above formula with Theorem
5.2, we obtain

(5.14) FM ,∗[U (P, τ⋆)]
red = FM ,∗

(
[U (P, τ⋆)]

vir
)

+
∑
τ⋏

(−r̃)|V∞| ·
∏
E∈E(G) c(E)

|Aut(τ⋏)|
· FGM ,∗∆

!
E

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir


noting that emax(τ⋏)µ(τ⋏) =

∏
E∈E(G) c(E) by (3.6) and (5.12). This finishes the proof.

□

The rest of this section is devoted to the proof of Theorem 5.2, which splits into two
major steps. We first, in §5.2, follow the gluing technique developed in [3] to separate
contributions from the reduced theory of infinity. Unlike the situation in [3], since the
reduced theory is only defined for stack of ⋏-punctured R-maps, the resulting formula
involves contributions from possibly disconnected domain curves. In the second step, we
further decompose infinity contributions to those from connected domain curves. We will
briefly explain this step in §5.3, and postpone the details to §6.

5.2. Splitting of punctured R-maps.

5.2.1. Virtual cycles of infinity. Consider the graph G∞ = ⊔V ∈V∞GV . Observe that
H(G∞) = L(G∞) with a partition

H(G∞) = L∞ ⊔ S∞, where L∞ = ⊔V ∈V∞LV , S∞ = ⊔V ∈V∞SV .

Restricting decorations of τ⋏ to G∞, we obtain a decorated ⋏-type

τ∞ = (τ∞,γ∞,β∞,Vmax(G∞) = V(G∞))

where τ∞ = (G∞,σ∞, c∞) and G∞ = (G∞,g∞,deg∞,m).
Since all vertices of G∞ are degenerate, the fact that τ⋏ is of compact type implies that

c∞(x) < 0 for any x ∈ L(G∞). Hence τ∞ is of compact type. The decorated type of τ∞
obtained by removing the data Vmax(G∞) is the disjoint union ⊔V ∈V∞τV . By (4.7) we
obtain a Cartesian diagram

(5.15) U (P, τ∞)
splR //

ev∞

��

∏
V ∈V∞

R(P, τV )∏
V evV

��
Uev(A, τ∞) //

∏
V ∈V∞

Mev(A, τV )

with both vertical arrows strict. The strict arrow ev∞ admits a canonical perfect obstruc-
tion theory

(5.16) φ∞ : TU (P,τ∞)/Uev(A,τ∞) −→ EU (P,τ∞)/Uev(A,τ∞) =: E∞
by pulling back (2.56), as well as a reduced perfect obstruction theory, as in §4.6

(5.17) φred
∞ : TU (P,τ∞)/Uev(A,τ∞) −→ Ered

U (P,τ∞)/Uev(A,τ∞) =: Ered
∞
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By Proposition 3.18 and the fact that both τ∞ and ⊔V ∈V∞τV are realizable, the two
theories φ∞ and φred

∞ lead to the canonical and reduced virtual cycles

[U (P, τ∞)]vir, [U (P, τ∞)]red,

respectively, which are related via Corollary 4.14.

5.2.2. Splitting punctured maps with marked domains. Let f : C◦ → A be a punctured map
over an fs base W . Suppose that the domain punctured curve π : C◦ → W is marked by
a decorated graph G = (G,g,deg,m) as in (5.1). For each x ∈ E(G), let px ⊂ C◦ be
the corresponding node. Taking the partial normalization along ⊔x∈E(G)px, we obtain the
strict morphism

(5.18) C̃◦ :=
⊔

V ∈V(G)

C̃◦V −→ C◦

where C̃◦V is the component labeled by the vertex V ∈ V(G). Consider the morphisms

f̃ : C̃◦ → A, π̃ : C̃◦ →W

obtained by composing (5.18) with f and with π respectively. By [3, Prop. 5.2], π̃ : C̃◦ →W

is a family of punctured curves over W , hence f̃ is a family of punctured maps over W ,
but not necessarily pre-stable in general. Indeed, for each edge x = {h, ĥ} ∈ E(G), denote

by p̃h, p̃ĥ ⊂ C̃◦ the pre-images of px. The punctured map f̃ fails to be pre-stable along p̃h
and p̃ĥ in general, see §B.2.7.

For each vertex V , denote by f̃V := f̃|
C̃◦

V
: C̃◦V → A the punctured map over W obtained

by restriction. Applying the pre-stabilization construction of [3, Prop. 2.5], we obtain a
canonical factorization

(5.19) C̃◦V
f̃V //

P   

A

C◦V

fV

??

which satisfies the following properties

(1) P is a morphism of fine log schemes such that P is the identity of the underlying pre-

stable curve, P♭ induces an isomorphism (P♭)gp :Mgp

C̃◦
V

→Mgp
C◦

V
, and the restriction

P|
C̃◦

V \⊔h∈SV
p̃h

is the identity of log curves.

(2) fV is a pre-stable punctured map over W with the underlying fV = f̃V , and

f̃V |C̃◦
V \⊔h∈SV

p̃h
= fV |C◦

V \(⊔h∈SV
p̃h),

where ph ⊂ C◦V is the gerbe corresponding to h ∈ SV from a splitting edge.

It follows that the two punctured maps fν(h) and f have the same contact order along
any half-edge h ∈ H(G).

5.2.3. Splitting punctured maps over Uev(A, τ⋏). We apply the discussion of §5.2.2 to the
universal family

(5.20) ⊔h∈H(G)ph //

��

Pk

��
C◦(τ⋏)

fτ⋏ // A
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over Uev(A, τ⋏), with the projection πτ⋏ : C
◦(τ⋏) −→ Uev(τ⋏). We obtain a (not necessarily

pre-stable) punctured map f̃τ⋏ over W given by the composition

(5.21) f̃τ⋏ :=
⊔

V ∈V(G)

f̃τ⋏,V : C̃◦(τ⋏) =
⊔

V ∈V(G)

C̃◦τ⋏,V −→ C◦(τ⋏)
fτ⋏−→ A

where the left arrow is the partial normalization along nodes ⊔x∈E(G)px, and f̃τ⋏,V is the

restriction to the component C̃◦τ⋏,V corresponding to V .

Let fτ⋏,V : C◦τ⋏,V → A be the punctured map over Uev(A, τ⋏) obtained by taking the pre-

stabilization of f̃τ⋏,V as in (5.19). Since pre-stablizating does not change contact orders
nor the underlying structures, for each V ∈ V(G) the component fτ⋏,V is a punctured map
marked by τV fitting into a commutative diagram induced by (5.20):

(5.22)
⊔
h∈H(GV ) ph

//

��

⊔
h∈H(GV ) γh

��
C◦τ⋏,V

fτ⋏,V // A

On the other hand, consider the punctured map

(5.23) fτ⋏,∞ :=
⊔

V ∈V∞

fτ⋏,V : C◦τ⋏,∞ :=
⊔

V ∈V∞

C◦τ⋏,V −→ A.

As the pre-stablization only modifies punctured maps along gerbes from splitting nodes,
we further observe that fτ⋏,∞ is a ⋏-punctured map over Uev(A, τ⋏) marked by τ∞, hence
we have the commutative diagram

(5.24)
⊔
h∈H(G∞) ph

//

��

⊔
h∈H(G∞) γh

��
C◦τ⋏,∞

fτ⋏,∞ // A.

We thus obtain a sequence of tautological morphisms

(5.25) Uev(A, τ⋏)
spl∞|0 // Uev(A, τ∞)×

∏
V ∈V0

Mev(A, τV ) //
∏
V ∈V(G)M

ev(A, τV )

where the first arrow is given by (5.24) and by (5.22) for each V ∈ V0, and the second
arrow is induced by (5.22) for all V ∈ V(G).

5.2.4. Splitting punctured R-maps over U (P, τ⋏). Consider the universal family

fτ⋏ : C
◦
τ⋏ → P, πτ⋏ : C

◦
τ⋏ → U (P, τ⋏)

over U (P, τ⋏). Let fτ⋏ : C
◦
τ⋏ → A be the associated punctured map toA. Similar to (5.21),

we may again take partial normalization along nodes ⊔x∈E(G)px ⊂ C◦τ⋏ and composing with
fτ⋏ to obtain a (not necessarily pre-stable) punctured R-map

(5.26) f̃τ⋏ :=
⊔

V ∈V(G)

f̃τ⋏,V : C̃◦τ⋏ =
⊔

V ∈V(G)

C̃◦τ⋏,V −→ C◦τ⋏
fτ⋏−→ P.

Pre-stablizing f̃τ⋏,V as in (5.19) using [3, Prop. 2.5], we obtain a stable punctured R-map

(5.27) fτ⋏,V : C◦τ⋏,V −→ P

over U (P, τ⋏), marked by τV .
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Indeed the universal punctured R-map fτ⋏ induces a commutative diagram

(5.28) ⊔h∈H(G)ph //

��

Pk

��
C◦τ⋏

fτ⋏ // A

over U (P, τ⋏). This defines the tautological morphism U (P, τ⋏)→ Uev(A, τ⋏) as in (4.7),
along which (5.20) pulls back to (5.28). For each vertex V , pulling back the universal
splitting (5.22), we obtain a commutative diagrams

(5.29)
⊔
h∈H(GV ) ph

//

��

⊔
h∈H(GV ) γh

��
C◦τ⋏,V

fτ⋏,V // A

Since fτ⋏,V = f̃τ⋏,V , we observe that (5.29) lifts to the punctured R-map fτ⋏,V . Further

observe that the punctured map

(5.30) fτ⋏,∞ :=
⊔

V ∈V∞

fτ⋏,V : C◦τ⋏,∞ :=
⊔

V ∈V∞

C◦τ⋏,V −→ P

is the lift of (5.23), hence is a ⋏-punctured map over U (P, τ⋏) marked by τ∞.
Similar to (5.25), we have a sequence of tautological morphisms

(5.31) U ev(P, τ⋏)
spl∞|0 // U (P, τ∞)×

∏
V ∈V0

R(P, τV ) //
∏
V ∈V(G) R(P, τV )

induced by (5.27) and (5.30).

Proposition 5.5. There is a canonical Cartesian diagram

(5.32) U (P, τ⋏)
spl∞|0 //

ev

��

U (P, τ∞)×
∏
V ∈V0

R(P, τV )

ẽv:=ev∞×
∏

evV

��
Uev(A, τ⋏)

spl∞|0 // Uev(A, τ∞)×
∏
V ∈V0

Mev(A, τV )

with strict vertical arrows defined as in (4.7).

Proof. This is identical to [3, Prop. 5.17]. Indeed as the pre-stabilization of [3, Prop. 2.5]
does not modify the underlying structures, the splitting of punctured R-maps is obtained
by splitting the associated punctured maps to A as explained above. □

5.2.5. Perfect obstruction theories along splittings. Taking the product of (5.6) and (5.16),
we obtain the perfect obstruction theory

(5.33) φẽv : Tẽv −→ E∞ ⊕
⊕
V ∈V0

EV := Eẽv

of the morphism ẽv in (5.32). Similarly taking the product of (5.6) and (5.17), we obtain
another perfect obstruction theory of ẽv

(5.34) φred
ẽv : Tẽv −→ Ered

∞ ⊕
⊕
V ∈V0

EV := Ered
ẽv .

Proposition 5.6. (1) The canonical theory φev of ev coincide with the perfect ob-
struction theory by pulling back φẽv.

(2) The reduced theory φred
ev of ev coincide with the perfect obstruction theory by pulling

back φred
ẽv .
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Proof. We write for simplicity

U∞|0 := U (P, τ∞)×
∏
V ∈V0

R(P, τV ), Uev
∞|0 := Uev(A, τ∞)×

∏
V ∈V0

Mev(A, τV )

and denote by

f∞|0 := fτ∞ ⊔
⊔

V ∈V0

fτV : C◦∞|0 := C◦τ∞ ⊔
⊔

V ∈V0

C◦τV −→ P

the universal punctured R-map over U∞|0. Consider the following commutative diagram

Uev(A, τ⋏)

spl∞|0

��

U (P, τ⋏)

spl∞|0

��

evoo C◦τ⋏
πτ⋏oo

fτ⋏

''
C̃◦τ⋏

π̃τ⋏

hh

��

oo
f̃τ⋏

// P

Uev
∞|0 U∞|0

ẽv
oo C◦∞|0

f∞|0

==

π∞|0
oo

Recall from (2.56) that we have the canonical perfect obstruction theories

φev : Tev −→ Eev := R(π̃τ⋏)∗f̃τ⋏
∗
(TP/BC∗

ω
)

φẽv : Tẽv −→ Eẽv := R(π∞|0)∗f
∗
∞|0(TP/BC∗

ω
)

for ev and ẽv respectively. On the level of underlying stacks note that

C̃◦τ⋏
∼= C◦∞|0 ×U∞|0 U (P, τ⋏).

Thus flat base change implies spl∗∞|0 Eẽv
∼= Eev. By [3, Thm. 5.19 (1)], this isomorphism

fits in a commutative diagram

(5.35) Tev
//

φev

��

spl∗∞|0 Tẽv

spl∗∞|0 φẽv

��
Eev spl∗∞|0 Eẽv

In particular, the perfect obstruction theory obtained by pulling back φẽv coincides with
the canonical one φev. This proves (1).

To further prove the pull-back property of the reduced theory, we observe the commu-
tativity of

(5.36) Uev(A, τ⋏)

spl∞|0
��~~

U (P, τ⋏)

spl∞|0
��

evoo

Amax Uev
∞|0

oo U∞|0
ẽv

oo

where the arrow Uev
∞|0 → Amax is given by the projection Uev

∞|0 → Uev(A, τ∞). Recall the

boundary complex F := L−⊗r̃max [−1] from §4.4. We obtain a commutative diagram

Tev

��

φred
ev

''
spl∗∞|0 Tẽv

φred
ẽv &&

Ered
ev

//

∼=
��

Eev
//

∼=
��

F|U∞|0

[1] //

∼=
��

spl∗∞|0 Ered
ẽv

// spl∗∞|0 Eẽv
// spl∗∞|0(F|U∞|0)

[1] //
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as follows. First, the the two horizontal rows are two distinguished triangles from (4.35).
The commutativity of (5.36) implies the right vertical arrow is an isomorphism, and the
square on the right is commutative. The commutativity of the square on the right hand
side is from the commutativity of (5.36). The isomorphism Ered

ev → spl∗∞|0 Eẽv follows

from the construction of the canonical theory, see (2.55). Hence the two distinguished
triangles are isomorphic. Further applying the commutativity of (5.35), we obtain the
commutativity of the skewed diamond on the left hand side, finishing the proof of (2). □

5.2.6. A factorization of spl∞|0. Consider the products of evaluations

evSV
:=

∏
h∈SV

evh : M
ev(A, τV )→ γSV

:=
∏
h∈SV

γh

evS∞ :=
∏
h∈S∞

evh : U
ev(A, τ∞)→ γS∞ :=

∏
h∈S∞

γh

evE :=
∏
h∈S∞

evh : U
ev(A, τ⋏)→ γS∞

where evh is given by the orbifold structure along marking or nodal gerbes as in (2.16).
Following the notations in (5.8), we have γS∞ =

∏
x∈E(G) γx.

Proposition 5.7. We obtain a commutative diagram
(5.37)

Uev(A, τ⋏)
spllog

//

spl∞|0

,,

evE ,,

Uev,G(A, τ⋏)
splG

//

evGE
��

Uev(A, τ∞)×
∏
V ∈V0

Mev(A, τV )

evS

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ

where evS := evS∞ ×
∏

evSVi
, ∆τ⋏ is given by (5.9), and the square is Cartesian.

Proof. Pulling back universal families over Uev(A, τ∞) and Mev(A, τV ), we obtain families
of punctured maps with evaluations along markings over Uev,G(A, τ⋏) respectively:
(5.38)

⊔x∈H(G∞)px //

��

⊔x∈H(G∞)γ∞,x

��

and ⊔x∈H(GV )px //

��

⊔x∈H(GV )γ∞,x

��
C◦∞,G

fG∞ // A, C◦V,G
fGV // A

The Cartesian square further implies a commutative diagram of underlying stacks

(5.39) ⊔x∈L(G)⊔E(G)px //

��

⊔x∈L(G)⊔E(G)γx

��
CG

fG
// A

where CG is an underlying curve marked by (G,g,deg) obtained by gluing underlying
curves

CG = C◦∞,G ∪
⋃

V ∈V0

C◦V,G, with pĥ
ι←− px

∼=−→ ph for all x = {h, ĥ} ∈ E(G)

where pĥ ⊂
⋃
V C◦V,G and ph ⊂ C◦∞,G are gerbes corresponding to ĥ and h, and px ⊂ CG is

the nodal gerbe of x. The factorization of the left triangle in (5.37) follows from the fact
that the evaluations evE and evGE are both induced by the gerbes px ∼= ph for h ∈ S∞.
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The morphism spllog is then the tautological morphisms such that (5.38) pulls back to
the two families (5.22) and (5.23), whose underlying families glue to the underlying of
(5.20). In particular, we obtain the factorization spl∞|0 = splG ◦ spllog as needed. □

Proposition 5.8. The morphism spllog in (5.37) is proper, representable and generically
finite of degree µ(τ⋏) as in (5.12).

Because the proof of this proposition requires a discussion on gluing punctured maps,
we will postpone it to §5.5.

5.2.7. The gluing formula of reduced virtual cycles. Combining (5.32) and (5.37), we obtain
a commutative diagram with all squares Cartesian in the fs category

(5.40)

U (P, τ⋏)
spllog

//

ev

��

spl∞|0

,,
U G(P, τ⋏)

evG
E

��

splG

// U (P, τ∞)×
∏
V ∈V0

R(P, τV )

ẽv

��
Uev(A, τ⋏)

spllog

// Uev,G(A, τ⋏)
splG

//

evGE
��

Uev(A, τ∞)×
∏
V ∈V0

Mev(A, τV )

evS

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ

The stack U G(P, τ⋏) parameterizes punctured R-maps marked by τ∞ and τV for V ∈ V0

with their underlying R-maps glued along E(G). Note that the three vertical arrows
ev, evGE and ẽv are all strict, hence the two upper squares are both Cartesian of the
underlying stacks.

By pulling back (5.34), we obtain a perfect obstruction theory

φred
evG

E
: TevG

E
−→ Ered

evG
E
= spl∗G Ered

ẽv .

of evGE. Note that evS is a fibration, hence is flat. Proposition 3.18 and Proposition B.28

imply that Uev(A, τ∞) ×
∏
V ∈bV0 M

ev(A, τV ) is pure-dimensional. Hence Uev,G(A, τ⋏) is

also pure-dimensional, defining the fundamental class [Uev,G(A, τ⋏)]. Let evG,!E,red be the

virtual pull-back of evGE defined by φred
evG

. We obtain a virtual cycle

[U G(P, τ⋏)]
red := evG,!E,red[U

ev,G(A, τ⋏)].

Since ∆E is a locally complete intersection, we have the Gysn pull-back

(5.41) ∆!
E[U

ev(A, τ∞)×
∏
V ∈V0

Mev(A, τV )] = [Uev,G(A, τ⋏)].

Denote by [∆τ⋏ ] ⊂ CH∗(
∏
{h,ĥ}∈E(G) γh × γĥ) the Chow class of ∆τ⋏ . Equivalently, we

have

(5.42) splG,∗[U
ev,G(A, τ⋏)] = [∆τ⋏ ] ∩ [Uev(A, τ∞)×

∏
V ∈V0

Mev(A, τV )].

Applying (5.42) and the virtual push-forward of [30], we obtain

(5.43) splG,∗[U
G(τ⋏)]

red = ẽv∗[∆τ⋏ ] ∩

[U (P, τ∞)]red ×
∏
V ∈V0

[R(P, τV )]
vir

 .
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On the other hand, by Proposition 5.6 (2) the perfect obstruction theory φred
evG

of evG
pulls back to the reduced perfect obstruction theory (4.38) of ev. Thus by Proposition
(5.8) and the virtual push-forward again, we have

(5.44) spllog,∗[U (P, τ⋏)]
red = µ(τ⋏) · [U G(P, τ⋏)]

red.

Combining (5.43) and (5.44), we obtain

Lemma 5.9.

spl∞|0,∗[U (P, τ⋏)]
red = µ(τ⋏) · ẽv∗[∆τ⋏ ] ∩

[U (P, τ∞)]red ×
∏
V ∈V0

[R(P, τi)]
vir

 □

5.3. Decomposing infinity contributions. To obtain an effective formula, we further
break [U (P, τ∞)]red to contributions from each individual vertex. However, there is no
morphism from U (P, τ∞) to U (P, τV ) for each V ∈ V∞ since punctured R-maps pa-
rameterized by U (P, τ∞) do not in general admit uniform maximal degeneracies along
the component of V . In §6, we will solve this issue by using log alignments §C and log
blow-ups to construct morphisms of log stacks

(5.45) Ûev(A, τ∞) := U⋎⋎
V(G∞)a|∅

(6.16)

tt ++
Uev(A, τ∞)

∏
V ∈V∞

Uev(A, τV )

where the right arrow will be given by (6.8) and (6.14).
On one hand, the left arrow of (5.45) leads to a Cartesian diagram

Û (P, τ∞)
F̂U //

êv∞
��

U (P, τ∞)

ev∞

��
Ûev(A, τ∞)

F̂U // Uev(A, τ∞)

with strict tautological arrows. The moduli interpretation of Ûev(A, τ∞), hence Û (P, τ∞)
will be given in §6.2.

Remark 5.10. Roughly speaking, the stack Û (P, τ∞) has the following properties.

(1) It admits a stable punctured R-map

f̂τ∞ : Ĉ◦τ∞ := ⊔V ∈V∞Ĉ
◦
τ∞,V → P

marked by τ∞ with uniform maximal degeneracies, defining the left arrow in (5.45).

(2) For each vertex V , the restriction f̂τ∞ |Ĉ◦
τ∞,V

is marked by τV with uniform maximal

degeneracy emax,V ∈MÛ (P,τ∞)
, defining the right arrow in (5.45).

(3) The set of degeneracies {emax,V }V ∈V∞ are geometric fiberwise totally ordered under
the natural monoid order.

The stack Û (P, τ∞) admits further configurations as in §6.1 in order for proving formulas
in Theorem 6.10 and Theorem 6.12 needed in the localization calculation of [17]. We refer
to §6.2 for further details.

Pulling back the perfect obstruction theory (5.17) of ev∞, we obtain the reduced perfect
obstruction theory

φred
êv∞

: Têv∞ −→ Ered
êv∞

:= F̂ ∗U Ered
ev∞ .
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of êv∞. In Lemma 6.5, we will verify that Ûev(A, τ∞) is pure-dimensional, and the mor-

phism F̂U, hence F̂U are proper and birational. These lead to the reduced virtual cycle

[Û (P, τ∞)]red of Û (P, τ∞) satisfying the virtual push-forward

(5.46) F̂U ,∗[Û (P, τ∞)]red = [U (P, τ∞)]red.

On the other hand, the right arrow of (5.45) leads to a Cartesian diagram

Û (P, τ∞)
ŝpl∞ //

��

∏
V ∈V∞

U (P, τV )∏
FV

��
Ûev(A, τ∞) //

∏
V ∈V∞

Uev(A, τV )

We will show that

Lemma 5.11 (Corollary 6.13).

ŝpl∞,∗[Û (P, τ∞)]red = (−r̃)|V (G∞)|−1
∏

V ∈V∞

[U (P, τV )]
red.

Consider the following commutative diagram

(5.47)

U (P, τ⋏)
spl∞|0 //

splτ⋏ ++

U (P, τ∞)×
∏
V ∈V0

R(τV )

spl∞×
∏

V idV

��

Û (P, τ∞)×
∏
V ∈V0

R(τV )oo

ŝpl∞×
∏

V idV
��∏

V ∈V(G) R(P, τV )
∏
V ∈V∞

U (P, τV )×
∏
V ∈V0

R(P, τV )
FV∞×

∏
V idV

oo

where idV : R(P, τV ) → R(P, τV ) is the identity, and FV∞ is the product of the tauto-
logical morphism U (P, τV )→ R(P, τV ) for V ∈ V∞.

For each V ∈ V(G), denote again by

evSV
:=

∏
h∈SV

evh : R(P, τV )→
∏
h∈SV

γh

the evaluation along half-edges in SV , and write

evS :=
∏

V ∈V(G)

evSV
:

∏
V ∈V(G)

R(P, τV ) −→
∏

{h,ĥ}∈E(G)

γh × γĥ.

We then compute that

splτ⋏,∗[U (P, τ⋏)]
red

= µ(τ⋏) · ev∗S[∆τ⋏ ] ∩

spl∞,∗[U (P, τ∞)]red ×
∏
V ∈V0

[R(P, τV )]
vir


= µ(τ⋏) · ev∗S[∆τ⋏ ] ∩

FV∞,∗ŝpl∞,∗[Û (P, τ∞)]red ×
∏
V ∈V0

[R(P, τV )]
vir


= (−r̃)|V (G∞)|−1µ(τ⋏) · ev∗S[∆τ⋏ ] ∩

FV∞,∗

( ∏
V ∈V∞

[U (P, τV )]
red

)
×
∏
V ∈V0

[R(P, τV )]
vir


= (−r̃)|V (G∞)|−1µ(τ⋏) · ev∗S[∆τ⋏ ] ∩

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir


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where the first equality is from Lemma 5.9, and second one follows from the commutativity
of Diagram (5.47), the third line is Lemma 5.11, and we recall the notation (5.7) for the
last line. To summarize, we have shown that

Theorem 5.12. For a decorated ⋏-type τ⋏ of rigid tropical curves as in (5.1), we have

splτ⋏,∗[U (P, τ⋏)]
red = (−r̃)|V (G∞)|−1µ(τ⋏)·ev∗S[∆τ⋏ ]∩

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir

 .

5.4. Proof of Theorem 5.2. Consider the commutative diagram

(5.48) U (P, τ⋏)

evE

''

splτ⋏

**

splGτ⋏

))
RG(P, τ⋏) //

��

∏
V ∈V(G) R(P, τV )

evS

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ

where the square is Cartesian. By construction, RG(P, τ⋏) parameterizes stable punctured
R-maps marked by ⊔V ∈V(G)τV with their underlying R-maps glued along E(G).

We have a commutative diagram

(5.49) U (P, τ⋏)
splGτ⋏ //

FM ''

RG(P, τ⋏)

FG
Mww

Mg,n(X , β)

By Theorem 5.12 and the commutativity of (5.48), we obtain that

splGτ⋏,∗[U (P, τ⋏)]
red = (−r̃)|V∞|−1µ(τ⋏)·∆!

τ⋏

 ∏
V ∈V∞

[R(P, τV )]
red ×

∏
V ∈V0

[R(P, τV )]
vir

 .

Further pushing forward to Mg,n(X , β) and applying the commutativity of (5.49), we
obtain Theorem 5.2. □

5.5. Proof of Proposition 5.8.

5.5.1. A reduction. We first establish the proper and representability in Proposition 5.8.
Observe that (5.37) extends to a commutative diagram

(5.50)

Uev(A, τ⋏)
spllog

//

spl∞|0

,,

Fτ

��

Uev,G(A, τ⋏)
splG

//

FG
τ

��

Uev(A, τ∞)×
∏
V ∈V0

Mev(τV )

FV:=
∏

V ∈V(G) FτV

��
Mev(A, τ)

spllog

//Mev,G(A, τ)
splG

//

evGE
��

∏
V ∈V∞

Mev(A, τV )×
∏
V ∈V0

Mev(A, τV )

evS

��∏
x∈E(G) γx ∆τ⋏

//
∏
{h,ĥ}∈E(G) γh × γĥ
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where the three top vertical arrows are the tautological ones given by (3.12), and the
two squares on the right are both Cartesian. By Proposition 3.13 both Fτ and FV are
proper and representable. Hence FGτ is also proper and representable. Therefore, we the
properness and representability of spllog follows immediately from the following.

Proposition 5.13. spllog is representable and proper.

The proof of this proposition will be postponed to the end of §5.5.2 after the discussion
on gluing of puncture maps below.

5.5.2. Gluing of punctured maps. Following [3, §5.2, §5.3], we discuss the gluing of punc-
tured maps in the setting of this paper. A similar discussion but in a different setting can
be found in [23].

For each V ∈ V(G), denote by M′(A, τV ) the moduli of punctured maps to A weakly
marked by τV as in §B.3.4. Using Lemma 2.6 and replacing markings by weak markings
in (2.53), we define the log evaluation stack M′,ev(A, τV ) with its universal family

(5.51)
⊔
x∈LV ∪SV

px,τV
evτV //

��

⊔
x∈LV ∪SV

γx

��
C◦τV

fτV // A

where fτV is weakly marked by τV , and px,τV → γx is defined by the sector γx given by
the sector decoration of τ⋏.

Remark 5.14. Note that the tautological morphism Mev(A, τV ) → M′,ev(A, τV ) given
by (B.35) is an isomorphism by Remark B.21. While for each vertex V we are mainly
interested in punctured maps marked by τV , Proposition 5.15 below suggests that gluing
of punctured maps occur naturally in the weakly marked setting. We refer to [3, §5.2, §5.3]
for the throughout discussions on this point.

Consider the fiber production over M′,ev(A, τV ) in the fs category

˜M′,ev(A, τV ) :=
∏
x∈SV

(px,τV )
S,

where (px,τV )
S → (px,τV ) is the saturation morphism. The calculation in [3, Proposition

5.7] implies that the morphism

(5.52) ˜M′,ev(A, τV )→
∏
x∈SV

px,τV ,

where the fiber product on the right is taken over M′,ev(A, τV ) in the category of usual
schemes, induces an isomorphism on the reduction of the underlying stacks.

Pulling back (5.51), we obtain the universal diagram over ˜M′,ev(A, τV )

(5.53)
⊔
x∈LV ∪SV

p̃x,τV
˜evτV //

��

⊔
x∈LV ∪SV

γx

��
C̃◦τV

f̃τV // A

together with a section sx : ˜M′,ev(τV )→ p̃x,τV for each x ∈ SV . Further composing sx with

ẽvτV , we obtain the evaluation ẽvx : ˜Mev(A, τV )→ γx. Taking products, we write

ẽvS :=
∏

x∈S∞⊔S0

ẽvx :
∏

V ∈V∞

˜M′,ev(A, τV )×
∏
V ∈V0

˜M′,ev(A, τV )→
∏

{h,ĥ}∈E(G)

γh × γĥ
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On the other hand, consider the stack of weakly marked punctured maps M′(A, τ) as
in §B.3.4. Using Lemma 2.6, Remark 2.12 and replacing markings by weak markings in
(2.53) with S = E(G), we define the log evaluation stack M′,ev(τ) with its universal family

(5.54)
⊔
x∈L(G)∪E(G) px,τ

⊔evx,τ //

��

⊔
x∈L(G)∪E(G) γx

��
C◦τ

fτ // A

where fτ is weekly marked by τ , and Px,τ → γx is defined by γx given by the sector

decoration of τ⋏. We follow the same notations as in (5.8) where for each x = {h, ĥ} ∈
E(G) with h ∈ S∞ we choose px,τ be the gerbe corresponding to h.

Consider the fiber production over M′,ev(A, τ) in the fs category

˜M′,ev(A, τ) :=
∏

x∈E(G)

px,τ .

The calculation in [3, Proposition 5.7] implies that the morphism

(5.55) ˜M′,ev(A, τ)→
∏

x∈E(G)

px,τ ,

where the fiber product on the right is taken over M′,ev(A, τ) in the category of usual
schemes, is an isomorphism of the underlying stacks.

Pulling back (5.54), we obtain the universal diagram over ˜M′,ev(A, τ)⊔
x∈L(G)∪E(G) p̃x,τ

ẽvτ //

��

⊔
x∈L(G)∪S(G) γx

��
C̃◦τ

f̃τ // A

together with a section sx : ˜M′,ev(A, τ) → p̃x,τ for each x ∈ E(G). We again obtain the

evaluation ẽvx : ˜M′,ev(A, τ)→ γx induced by ẽvτ . Denote by

ẽvE :=
∏

ẽvx : ˜M′,ev(A, τ)→
∏

x∈E(G)

γx.

Taking partial normalization along nodes of E(G) and repeating the discussions as in
Proposition 5.5, we obtain a canonical morphism

s̃pl
′
: ˜M′,ev(A, τ) −→

∏
V ∈V∞

M′,ev(A, τV )×
∏
V ∈V0

M′,ev(A, τV ).

For each x = {h, ĥ} ∈ E(G) with h ∈ S∞, consider the involuted diagonal of sectors

∆̃x := id× ιγ : γx → γh × γĥ

where ιγ is the involution as in (2.11). Taking fiber product, we have

∆̃τ⋏ :=
∏

x∈E(G)

γx →
∏

{h,ĥ}∈E(G)

γh × γĥ.

This is a finite and representable morphism. The following is an analogue of [3, Corollary
5.15].
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Proposition 5.15. There is a canonical Cartesian diagram in the fs category

˜M′,ev(A, τ)
s̃pl

′

//

ẽvE

��

∏
V ∈V∞

˜M′,ev(A, τV )×
∏
V ∈V0

˜M′,ev(A, τV )

ẽvS

��∏
x∈E(G) γx

∆̃E

//
∏
{h,ĥ}∈E(G) γh × γĥ

In particular, s̃pl
′
is finite and representable.

Proof. This follows from a similar proof as in [3, Theorem 5.8, Corollary 5.15] but with
orbifold structures and nodal involutions along evaluations. We recall the proof below and
refer to [3] for additional details.

Consider a morphism from an fs log scheme W to the fiber product in the fs category

(5.56) W →

 ∏
x∈E(G)

γx

×∏
{h,ĥ}∈E(G) γh×γĥ

 ∏
V ∈V∞

˜M′,ev(A, τV )×
∏
V ∈V0

˜M′,ev(A, τV )

 .

The goal is to show that this morphism factors through M̃′,ev(τ) canonically.
For each V , pulling back (5.53) we obtain over W a commutative diagram

(5.57)
⊔
x∈LV ∪SV

p̃x,W
˜evτV ,W //

��

⊔
x∈LV ∪SV

γx

��
C̃◦τV ,W

˜fV,W // A

together with a section sx,W : W → p̃x,τV for each x ∈ SV . These data further satisfy the

compatibilities that for any edge x = {h, ĥ} ∈ E(G) with h ∈ S∞ the following diagrams
on the logarithmic level and on the underlying level are commutative respectively

(5.58) W
sh,W //

sĥ,W ))

ph,W // γh //

ιγ

��

Pk

ιω

��

and ph,W //

ι

��

γh

ιγ

��
pĥ,W

// γĥ
// Pk pĥ,W

// γĥ

where ι is the involution inverting the band.
By the commutativity of the underlying diagram, the underlying of (5.57) glues to

(5.59)
⊔
x∈L(G)∪E(G) p̃x,W

ẽvτ,W
//

��

⊔
x∈L(G)∪S(G) γx

��
C̃◦τ,W

˜fτ,W
// A

together with underlying sections sh,W : W → p̃x,W := p̃h,W for each x = {h, ĥ} ∈ E(G).

Here C̃◦τ,W → W is a pre-stable curve obtained by gluing C̃◦τV ,W via the identification

ph,W
ι→ pĥ,W . To show that (5.56) factors through M̃′,ev(τ) canonically, we show that

(5.59) and sh,W can be lift to the logarithmic level determined uniquely by (5.57) and
sx,W .
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First we install log structures on the over curve C̃◦τ,W
◦
:= C̃◦τ,W \⊔x∈E(G)p̃x,W by pulling

back log structures from C̃◦τV ,W . This leads to a unique log map f̃τ,W
◦
: C̃◦τ,W

◦
→ A defined

on the open curve induced by f̃V,W for all V . It suffices to extend f̃τ,W
◦
across all nodal

sections.
As in [3, Proof of Thm 5.8, Step 2], the sections sh,W , sĥ,W for x = {h, ĥ} on the

logarithmic level further imply that

(1) C̃◦τ,W
◦
extends uniquely to a punctured curve C̃◦τ,W →W across all nodal sections.

(2) For each x = {h, ĥ}, let p̂h,W and p̂ĥ,W be the two gerbes of C̃◦τ,W corresponding to h

and ĥ respectively. Then we obtain sections ŝh,W : W → p̂h,W and ŝĥ,W : W → p̂ĥ,W
lifting sh,W and sĥ,W respectively.

Furthermore, these lifts on the logarithmic level have the following compatibilities

(5.60) Mgp

p̂h,W
=Mgp

ph,W , Mgp

p̂ĥ,W
=Mgp

pĥ,W

and

(5.61) (ŝh,W
♭)gp = (s♭h,W )gp, (ŝĥ,W

♭)gp = (s♭
ĥ,W

)gp.

Indeed, these logarithmic lifts C̃◦τ,W
◦
, ŝh,W , ŝĥ,W are constructed first étale locally along

nodal sections by applying [3, Lemma 5.10], then glued together thanks to the uniqueness
of [3, Remark 5.11]. The étale local construction can be applied in our setting with orbifold
domain curves as the orbifold isotropy groups act trivially on the characteristic monoids
involved in the construction of [3, Lemma 5.10].

Next we extend f̃τ,W
◦
across all nodal sections. By the strictness of ιω, the left diagram

in (5.58) extends to a commutative diagram

W
sh,W //

sĥ,W **

ph,W // γh //

ιγ

��

Pk

��
ιω

��
pĥ,W

// γĥ
// Pk

// A

where both arrows to A are strict. The compatibilities (5.60) and (5.61) hence imply a
commutative diagram

(5.62) W
̂sh,W //

̂sĥ,W ))

p̂h,W

ι

��

// γh //

ιγ

��

Pk

��
ιω

��
p̂ĥ,W

// γĥ
// Pk

// A

where ι is inverting the band. As in [3, Proof of Thm 5.8, Step 4], the above commutative

diagrams imply that the tropicalizations of ˜fν(h),W and ˜fν(ĥ),W can be glued along the edge

{h, ĥ} as follows.
Indeed, as explained in [3, Remark 5.12] the tropicalizations of sh,W and sŝ,W give sections

of the corresponding tropical curves

Σ(sh,W ) : Σ(W )→ Σ(C̃◦ν(h),W ), Σ(sĥ,W ) : Σ(W )→ Σ(C̃◦
ν(ĥ),W

)

Then we may glue Σ(C̃◦ν(h),W ) and Σ(C̃◦
ν(ĥ),W

) by identifying the two tropical sections for

all {h, ĥ}, and obtain Σ(C̃◦τ,W ). Similarly, the tropicalizations of ŝh,W and ŝĥ,W lead to two
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sections of the tropical curves

Σ(ŝh,W ),Σ(ŝĥ,W ) : Σ(W )→ Σ(C̃◦τ,W ).

Equation (5.61) implies that these two sections of tropical curves agree with Σ(sh,W ) and

Σ(sĥ,W ), hence is indeed the same section Σ(ŝh,ĥ,W ) ⊂ Σ(C̃◦τ,W ). Taking tropicalization of

the commutative diagram (5.62), we observe that the tropical maps

Σ(f̃νh,W ) : Σ(C̃◦ν(h),W )→ Σ(A), Σ(f̃νĥ,W ) : Σ(C̃◦
ν(ĥ),W

)→ Σ(A)

agree along Σ(ŝh,ĥ,W ). Thus we may glue Σ(f̃νh,W ) and Σ(f̃νĥ,W ) along Σ(ŝh,ĥ,W ) for all

{h, ĥ} to obtain the glued tropical map Σ(f̃τ,W ) : Σ(C̃◦τ,W )→ Σ(A).
By [2, Proposition 2.10], the tropical map Σ(f̃τ,W ) implies a unique punctured map f̃τ,W

extending f̃τ,W
◦
. This completes the proof. □

Consider the following commutative diagram

(5.63) Mev(A, τ)
spl=splG◦spllog //

��

∏
V ∈V∞

Mev(A, τV )×
∏
V ∈V0

Mev(A, τV )

��
M′,ev(A, τ)

spl′
//
∏
V ∈V∞

M′,ev(A, τV )×
∏
V ∈V0

M′,ev(A, τV )

where the vertical arrows are given by (B.35).

Corollary 5.16. Both morphisms spl and spl′ are finite and representable.

Proof. Since the vertical arrows in (5.63) are strict closed embeddings by Proposition B.27,
it suffice to prove spl′ is finite and representable. Consider the following commutative
diagram of the underlying stacks

˜M′,ev(A, τ)
s̃pl

′

//

(5.55)

��

∏
V ∈V(G)

˜M′,ev(A, τV )

(5.52)

��∏
x∈E(G) px,τ

��

∏
V ∈V(G)

∏
x∈SV

px,τV

��
M′,ev(A, τ)

spl′
//
∏
V ∈V(G)M

′,ev(A, τV )

Since (5.55) is an isomorphism of the underlying stacks, the composition on the left vertical
side is just rigidification of nodal gerbes. On the right vertical side, since (5.52) is isomor-
phic on the reduction, we may replace all stacks in the above diagram by their reductions.
Hence the composition on the right vertical side is again rigidification of gerbes from split-

ting half-edges. The statement follows from the fact that s̃pl
′
is finite and representable

by Proposition 5.15. □

Proof of Proposition 5.13. Noting the ∆E is finite and representable, the Cartesian squares
in (5.50) imply that spllog is also finite and representable. Further using the finiteness of

spl = splG ◦ spllog from Corollary 5.16 we conclude that splG is again finite and repre-
sentable. □
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5.5.3. The degree computation. It remains to show that spllog is generically finite of degree
µ(τ⋏) as in (5.12). By Remark 3.19, there is an open and dense substack Uev(A, τ∞)◦ ⊂
Uev(A, τ∞) parameterizing punctured maps with tropical type τ∞. Similarly, for each
V ∈ V0 there is an open and dense substack Mev(A, τV )◦ ⊂ Mev(A, τV ) parameterizing
non-degenerate log maps. Note again that in (5.37), evS hence evGE are both fiberations.

Thus we obtain an open and dense substack of Uev,G(A, τ⋏)

Uev,G(A, τ⋏)◦ := spl−1G

Uev(A, τ∞)◦ ×
∏
V ∈V0

Mev(A, τi)◦


over which each connected component of the domain curves is irreducible.
Similarly by Remark 3.19, we have an open and dense substack Uev(A, τ⋏)◦ ⊂ Uev(A, τ⋏)

parameterizing punctured maps of ⋏-type τ⋏. By construction observe that

Uev(A, τ⋏)◦ = spl−1log

(
Uev,G(A, τ⋏)◦

)
.

Consider any strict geometric point S → Uev,G(A, τ⋏)◦. Pulling back universal families
(5.38) over Uev,G(A, τ⋏)◦ along S → Uev,G(A, τ⋏)◦, we obtain families over S

⊔x∈H(G∞)px //

��

⊔x∈H(G∞)γ∞,x

��

and ⊔x∈H(GV )px //

��

⊔x∈H(GV )γ∞,x

��
C◦∞

fG∞,S // A, C◦V
fGV,S // A

where V runs through vertices in V0, and the underlying morphisms glue to

⊔x∈L(G)⊔E(G)px //

��

⊔x∈L(G)⊔E(G)γx

��
C◦G

fS // A

We will show that the pre-image

W = Uev,G(A, τ⋏)×Uev,G(A,τ⋏)◦ S

consists of µ(τ⋏) many reduced points, hence finishing the proof of Proposition 5.8. The
proof is divided into several steps.

Step 1. Choosing local sections over S. First observe that MS
∼= N with its

generator the degeneracy emax,S of components given by vertices in V∞. We fix ẽmax,S ∈
MS lifting emax,S . For each x = {h, ĥ} ∈ E(G) with h ∈ S∞ and ĥ ∈ S0, we fix a local
section δx of fS

∗MA defined in a neighborhood of the node px ⊂ C◦G. Choosing appropriate

local section sh of MC◦
ν(h)

(resp. sĥ of MC◦
ν(ĥ)

) defined in an étale neighborhood of the

gerbe ph ⊂ C◦ν(h) (resp. pĥ ⊂ C
◦
ν(ĥ)

) such that along px we have

(5.64) (fG∞,S)
♭(δx) = ẽmax + c(h) · sh (resp. (fGV,S)

♭(δx) = c(ĥ) · sĥ ).

Step 2. Choosing local sections over W . For any strict geometric point T → W ,
observe on the characteristic level thatMT = σ∨τ⋏,Z

∼= N. Let e ∈ σ∨τ⋏,Z be the generator,

and denote by l = lcm(c(x) | x ∈ E(G)). By (3.6), we have the maximal degeneracy
emax,W = l · e ∈ σ∨τ⋏,Z.

Consider a connected strict étale neighborhood U →W of T such that e lifts to a section
ẽU ofMU on U . Let fU : C◦U → A be the punctured map over U . Since fU is marked by τ ,
we have the image α(ẽU ) = 0 in OU . By choosing ẽU appropriately, we may assume that
the morphism U → S on the log structure level satisfy

(5.65) spl♭log(ẽmax,S) = l · ẽU .
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Step 3. Gluing parameters of the domain punctured curves. The underly-

ing curve C◦G → S admits a canonical log structures, denoted by C♯G → S♯, see §B.1.8.
Note that MS♯

∼= N|E(G)| with a set of generators {ℓ(x)}x∈E(G) given by the edge length

parameters. By (B.3), for x = {h, ĥ} as above we have a lift of ℓ(x)

(5.66) ℓ̃(x) = sh + sĥ ∈MS♯ .

Note that the underlying map fU is obtained by pulling back fS . Thus the corresponding

log curve C◦U → CU is obtained by the pull-back of C♯G → S♯ via a canonical arrow U → S♯.
On the characteristic level, we compute that

MS♯ →MU , ℓ(x) 7→ l

c(x)
e.

Hence on the log structures level, we have

(5.67) MS♯ →MU , ℓ̃(x) 7→ l

c(x)
ẽU + ux

for a unique invertible section ux ∈ O×U .
Conversly, note that C◦G is obtained by gluing the domain punctured curves over S along

edges in E(G). Thus the choices {ux}x∈E(G) uniquely determines C♯G. Thus, we may view
{ux}x∈E(G) as the collection of parameters for gluing domain curves.

Step 4. Constraints of gluing parameters. For an edge x = {h, ĥ} as above, let
px,U ⊂ C◦U be the corresponding node, and ph,U , pĥ,U → C◦U be the corresponding gerbes.

Then we have

(5.68) (fG∞,S)
♭(δx)|ph,U = f♭U (δx)|ph,U = f♭U (δx)|pĥ,U = (fGV,S)

♭(δx)|pĥ,U
where the two equalities on the two ends follow from that fU |px,U is obtained by gluing

fG∞,S |ph and fG
ν(ĥ),S

|pĥ along x. Since the punctured map fU is determined by gluing fG∞,S

and fGV,S for all V ∈ V0 along edges as above, we see that the gluing parameters {ux}x∈E(G)

determines not only the domain curve, but also the punctured map fU over U .
Combining the compatibility (5.68) along edges with (5.64), we obtain that

ẽmax + c(h) · sh = c(ĥ) · sĥ, inMC◦
U
|px,U

Further applying (5.66), (5.67) and c(x) = c(ĥ) = −c(h), we have

(5.69) ẽmax = c(x) · ℓ̃(x) = l · ẽ+ uc(x)x , inMU

Comparing with (5.65), we conclude that

(5.70) uc(x)x = 1 in O×U .

This is a set of further constraints on {ux}x∈E(G) obtained from gluing maps.

Thus ux ∈ k× is a c(x)-th root of unit for each x ∈ E(G). The connectedness of U
implies that it is a reduced point, hence W is a collection of reduced points.

Step 5. Counting fibers over S. Reversing the discussions in Step 3 and Step 4,
we observe that fixing ẽmax,S ∈MS , each points U ∈W together with a choice ẽU ∈MU

lifting ẽ satisfying (5.65) is classified by a set of roots of unit

(5.71) {ux ∈ k× | uc(x)x = 1, x ∈ E(G)}.

Thus we obtain the number of pairs

|{(U, ẽU ) | U ∈W and ẽU satisfies (5.65)}| =
∏

x∈E(G)

c(x)
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given by counting the number of sets (5.71). Further note that fixing a U ∈ W , there are
precisely l different liftings ẽU satisfying (5.65). Thus the number of points of W is∏

x∈E(G) c(x)

l
= µ(τ⋏)

as in (5.12). This completes the proof of Proposition 5.8. □

6. Reduction to connected invariants

In this section, we fix a ⋏-tropical type

(6.1) τ∞ = (G∞,g,deg,σ, c,Vmax(G∞) = V(G∞)).

where E(G∞) = ∅. We do not assume that τ∞ is of compact type unless we work with
the reduced theory. Furthermore, G∞ is not necessarily connected. For each V ∈ V(G∞),
denote by GV ⊂ G∞ the connected component with V(GV ) = {V }. Denote by τV the
tropical type obtained by restricting τ∞ to GV . Note that we do not view τV as a ⋏-tropical
type. For simplicity, we will write

UV := U(τV ), MV := M(τ̄V ).

For later use, denote by

emax,V ∈ Γ(MUV
,UV ), emax,∞ ∈ Γ(MU∞ ,U(τ∞)).

the corresponding uniform maximal degeneracies of UV and U(τ∞). The same notations
will be used to denote their pull-backs.

In this section we will develop an explicit formula expressing the fundamental class
[U(τ∞)] using [UV ], which will play an important role in both the tropical calculation of
this paper and in the localization calculation [17].

6.1. Punctured maps with uniform minimal degeneracy.

6.1.1. The log blow-up construction.

Definition 6.1. A punctured map f : C◦ →∞A (with possibly disconnected domain) over
an fs base S is said to have uniform minimal degeneracy if for each geometric point s ∈ S
the set of degeneracies of the geometric fiber fs has a unique minimum under the monoid
partial ordering.

Consider a punctured map f : C◦ → ∞A (with possibly disconnected domain) over an
fs base S. For each geometric point s ∈ S, define the subset D(fs) ⊂MS,s of degeneracies

of the geometric fiber fs, and D
m
(fs) ⊂ D(fs) the subset of minimal degeneracies under

the monoid partial ordering. Since ∞A is the target of fs, all components are degenerate.
Hence we have D(fs) ̸= ∅ and 0 ̸∈ D(fs). This implies

(6.2) D
m
(fs) ̸= ∅, and 0 ̸∈ D

m
(fs)

Since degeneracies and their partial orderings are stable under generization [20, §3.1.2],
the sets D(fs) (resp. D

m
(fs)) for all geometric point s ∈ S glue to a sub-sheaf of sets

D(f) ⊂ MS (resp. D(fs) ⊂ MS), called the sheaf of degeneracies (resp. sheaf of minimal

degeneracies). Thus if f has the uniform minimal degeneracy, then the sheaf D
m
(f) consists

of a unique element emin ∈ Γ(MS , S) called the minimal degeneracy of f.

Denote by KmS ⊂MS the sheaf of monoid ideals generated by D
m
(f), called the minimal

log-ideal. By (6.2), the monoid ideal KmS is nowhere trivial. Denote by KmS ⊂ MS the

log-ideal obtained by taking the pre-image of KmS along the quotientMS →MS . Consider
the log blow-up along the minimal log-ideal KmS in the fs category [31, III 2.6]:

(6.3) Bl : S⋎ → S.
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Note that Bl is projective and log étale [31, III 2.6.4, 2.6.5]. Denote by f⋎ : (C◦)⋎ →∞A
the punctured map over S⋎ obtained by pulling back f. It carries the following universal
property.

Proposition 6.2. Notations and assumptions as above, we have

(1) f⋎ is a punctured map over S⋎ with uniform minimal degeneracy.
(2) Let T → S be any morphism of fs log schemes, and fT : C

◦
T →∞A be the punctured

map over T obtained by pulling back f. If fT has uniform minimal degeneracy then
T → S factorizes Bl uniquely such that fT is obtained by pulling back f⋎.

In particular, if f has uniform maximal degeneracy then Bl is an identity.

Proof. Consider a punctured map fT : C
◦
T →∞A over T obtained by pulling back f along

h : T → S. Observe that KmT = h•KmS . Thus fT has uniform minimal degeneracy implies
that KmT is principal, hence h factors through Blm uniquely by the universal property of
log blow-ups [31, III 2.6.1 (1)].

It suffices to verify that f⋎ has uniform minimal degeneracy. For each geometric point
s ∈ S⋎, the monoid ideal KmS⋎,s is generated by an element e ∈ MS⋎ . By the local

construction of log blow-ups [31, III 2.6.4], the observation KmS⋎,s = Bl•KmS,s implies that

this element e is a pull-back of an element in D
m
(f) hence a degeneracy. Consequently, e

is the minimal degeneracy over s as it generates other elements in KmS⋎,s. This finishes the
proof. □

6.1.2. Vertex moduli with uniform minimal degeneracy. For each V ∈ V(G∞) consider the
square

(6.4) U⋎
V

BlV //

F⋎
V

��

UV

FV

��
M⋎

V

BlV //MV

where both horizontal arrows are defined as in (6.3) by taking log blow-ups of the corre-
sponding minimal log-ideals, hence are both denoted by BlV by abuse of notations. By
the functoriality of log blow-ups [31, III 2.6.3 (1)], Diagram (6.4) is Cartesian in the fs
category. By Proposition 6.2, the stack M⋎

V (resp. U⋎
V ) parameterizes punctured maps

marked by τ̄V with uniform minimal degeneracies (resp. marked by τV with both uniform
minimal and uniform maximal degeneracies).

Observe that τ̄V is realizable. Thus there is an open dense substack M◦V ⊂ MV pa-
rameterizing punctured maps with smooth irreducible domain curves. Thus the universal
punctured map over M◦V has both uniform maximal and minimal degeneracies, which both
equals the degeneracy of the unique component. In particular, all arrows in (6.4) restrict-
ing identities over M◦V . As all arrows in (6.4) are proper and log étale, all stacks contain
M◦V as open dense substacks. To summarize, we have the following observation.

Lemma 6.3. All arrows in (6.4) are proper and birational. In particular, the push-
forwards of the fundamental classes along the arrows in (6.4) are given by:

[U⋎
V ]

� BlV,∗ //
_

F⋎
V,∗
��

[UV ]_

FV,∗
��

[M⋎
V ]

� BlV,∗ // [MV ]

For later use, denote by
emin,V ∈ Γ(MM⋎

V
,M⋎

V )

the minimal degeneracy of M⋎
V and its pull-backs.
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6.1.3. G∞-Moduli with uniform minimal degeneracy. Consider the log blow-up

(6.5) Bl∞ : M⋎⋎
∞ := (

∏
V ∈V(G∞)

M⋎
V )

⋎ →
∏

V ∈V(G∞)

M⋎
V

along the minimal log-ideal Km∏
V M⋎

V
. Denote by f⋎⋎ : (C◦)⋎⋎ → ∞A the universal punc-

tured map over M⋎⋎
∞ . There is a decomposition to connected components

(C◦)⋎⋎ =
⊔
V

(C◦)⋎⋎
V , f⋎⋎

V := f⋎⋎|(C◦)⋎⋎
V

: (C◦)⋎⋎
V →∞A.

labeled by vertices V ∈ V(G∞) By Proposition 6.2, for each V ∈ V(G∞), f⋎⋎
V has the

uniform minimal degeneracy emin,V . Furthermore, f⋎⋎ has the uniform minimal degeneracy

emin,∞ ∈ Γ(MM⋎⋎
∞ ,M⋎⋎

∞ ).

As usual, we will also use emin,∞ to denote its pull-backs.

Lemma 6.4. The morphism Bl∞ is given by a composition

(6.6) M⋎⋎
∞

S // (
∏
V M⋎

V )
⋎,f Blf∞ //

∏
V M⋎

V

such that

(1) Blf∞ is the log blow-up along Km∏
V M⋎

V
in the fine category. In particular, the un-

derlying of Blf∞ is the projection

(6.7) (
∏
V

M⋎
V )

⋎,f ∼= P(
⊕
i

O(emin,V ))→
∏
V

M⋎
V ,

where O(emin,V ) is the line bundle associated to emin,V , §A.2.2.
(2) S is the saturation which is an isomorphism over the open dense substack M⋎⋎◦

∞ ⊂
M⋎⋎
∞ with smooth domain curves.

(3) There is an open dense substack M⋎⋎◦◦
∞ ⊂ M⋎⋎◦

∞ such that the degeneracies of
connected components are all identical.

In particular, MM⋎⋎◦◦
∞

∼= NM⋎⋎◦◦
∞ is globally constant. Furthermore, the universal punc-

tured map f⋎⋎|M⋎⋎◦◦
∞ admits both uniform minimal and maximal degeneracies, which coin-

cide over M⋎⋎◦◦
∞ .

Proof. The factorization Bl∞ = Blf∞ ◦S follows from the construction of log blow-ups in
the fs category [31, III 2.6.3]. Observe that the minimal monoid ideal Km∏

V M⋎
V
is generated

by the set of minimal degeneracies {emin,V | V ∈ V(G∞)}. Thus (3) follows from the local
description [31, III 2.6.4] of log blow-ups.

Consider the open dense substack M◦V ⊂MV as in §6.1.2. Note that the characteristic

sheafM∏
V M◦

V
is locally free with generators given by {emin,V }V . Let M⋎⋎◦

∞ be the pre-

image of
∏
V M◦V in (

∏
V M⋎

V )
⋎,f . A straightforward calculation shows that the saturation

is trivial over M⋎⋎◦
∞ . Since log blow-ups are log étale, M⋎⋎◦

∞ is open and dense in M⋎⋎◦
∞ ,

proving (2).
Finally, M⋎⋎◦◦

∞ ⊂ M⋎⋎◦
∞ is the open locus along which the sections {emin,V |M⋎⋎◦◦

∞ } are
identical, and are equal to emin,G∞ . This implies (3). □

6.1.4. G∞ moduli with both uniform minimal and maximal degeneracies. Consider the
following Cartesian squares in the fs category

(6.8) U⋎⋎
∞

Bl∞ //

F⋎⋎
∞
��

∏
V ∈V(G∞) U

⋎
V∏

F⋎
V

��

∏
BlV //

∏
V ∈V(G∞) UV∏

FV

��
M⋎⋎
∞

Bl∞ //
∏
V ∈V(G∞)M

⋎
V

∏
BlV //

∏
V ∈V(G∞)MV
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where the square on the right is given by the product of (6.4). By the base change of
log blow-ups [31, III 2.6.3 (1)], the top horizontal arrows are again log blow-ups along the
corresponding minimal log-ideals, hence are labeled by the same notations Bl∞,

∏
BlV as

in the bottom. Since the horizontal arrows of (6.8) are log étale, Lemma 6.3 and Lemma
6.4 implies that U⋎⋎

∞ is equidimensional of

(6.9) dimU⋎⋎
∞ =

∑
V ∈V(G∞)

dimMV + |V(G∞)| − 1.

Denote by f⋄ : (C◦)⋄ → ∞A the universal punctured map over U⋎⋎
∞ . There is a decom-

position to connected components

(6.10) (C◦)⋄ =
⊔
V

(C◦)⋄V , f⋄V := f⋄|(C◦)⋄V
: (C◦)⋄V →∞A.

labeled by vertices V ∈ V(G∞). For each V , as f⋄V is the pull-back of the universal
punctured map over U⋎

V , it admits both uniform minimal and maximal degeneracies emin,V

and emax,V respectively. Furthermore, f⋄ as the pull-back of f⋎⋎ admits a uniform minimal
degeneracy emin,∞.

6.2. Punctured maps with partially aligned maximal degeneracies. For a non-
empty subset V ⊂ V(G∞), consider the subgraph GV = ⊔V ∈VGV . Recall that GV ⊂
G∞ is the connected component with V(GV ) = {V }. Let τV be the ⋏-tropical type by
restricting τ∞ to GV with Vmax(GV) = V(GV). Let Vc = V(G∞)\V be the complement.
Write for simplicity

UV := U(τV), UV|Vc := UV ×
∏
V ∈Vc

UV .

Then over UV|Vc we have a collection of maximal degeneracies

(6.11) emax,V, {emax,V }V ∈Vc

by pulling back the maximal degeneracies of the corresponding components UV and UV .
Observe that UV|Vc = U(τ∞) if V = V(G∞), and UV|Vc =

∏
V ∈V(G∞) UV if |V| = 1.

However, there are no morphisms between UV|Vc for different choices of V unless |V| = 1.
We fix this issue by consider alignments of maximal degeneracies of vertices in V as follows.

Consider the set of maximal degeneracies

D
M
V = {emax,V ∈ Γ(MU⋎⋎

∞ ,U⋎⋎
∞ )}V ∈V

over U⋎⋎
∞ . Denote by U⋎⋎

Va|Vc := T
D

M
V

the stack of log alignments of D
M
V as in §C.2.2.

Pulling back universal objects along the tautological morphism

(6.12) U⋎⋎
Va|Vc → U⋎⋎

∞ ,

we obtain the universal punctured map fVa|Vc : (C◦)V|Vc → ∞A over U⋎⋎
Va|Vc . Further

pulling back (6.10), there is a decomposition to connected components

(C◦)Va|Vc =
⊔

V ∈V(G∞)

(C◦)Va|Vc,V , fVa|Vc,V := fVa|Vc |(C◦)Va|Vc,V
: (C◦)Va|Vc,V →∞A.

Moreover by §C.2.1, the set of maximal degeneracies (D
M
V )|s = {emax,V |s}V ∈V over each

geometric point s ∈ U⋎⋎
Va|Vc is totally ordered. Thus the punctured map with disconnected

domain
fVa|Vc,V :=

⊔
V ∈V

fVa|Vc,V : (C◦)Va|Vc,V =
⊔
V ∈V

(C◦)Va|Vc,V →∞A

has the uniform maximal degeneracy. This induces a natural morphism

(6.13) U⋎⋎
Va|Vc → UV|Vc ,
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where the maximal degeneracies emax,V , emax,V as in (6.11) pulls back to maximal degen-
eracies of fVa|Vc,V and fVa|Vc,V over U⋎⋎

Va|Vc respectively.

Now consider a sequence of non-empty subsets V(G∞) ⊃ V1 ⊃ V2. By (C.7), we obtain
a tautological morphism over U⋎⋎

∞

(6.14) alignV1⊃V2
: U⋎⋎

Va
1 |Vc

1
→ U⋎⋎

Va
2 |Vc

2
.

Lemma 6.5. The morphism alignV1⊃V2
is log étale, projective and birational. In partic-

ular for any non-empty subset V ⊂ V(G∞), the stack U⋎⋎
Va|Vc is equidimensional of

(6.15) dimU⋎⋎
Va|Vc =

∑
V ∈V(G∞)

dimMV + |V(G∞)| − 1.

Proof. The log étaleness and projectivity of alignV1⊃V2
follow from Proposition C.5. By

Lemma 6.4 (3), both the domain and target of alignV1⊃V2
contain M⋎⋎◦◦

∞ as an open and
dense substack. This proves the birationality of alignV1⊃V2

. The dimension calculation
follows from (6.9). □

Consider the case that V = V(G∞), hence Vc = ∅. Then over U⋎⋎
V(G∞)a|∅, the set of

maximal degeneracies {emax,V }V ∈V(G∞) are aligned. In particular, there is a tautological
morphism

(6.16) U⋎⋎
V(G∞)a|∅ → U(τ∞)

Lemma 6.6. The morphism (6.16) is proper and birational.

Proof. Indeed, we have a tautological commutative diagram

U⋎⋎
V(G∞)a|∅

//

))

U(τ∞)

vv∏
V ∈V(G∞)MV

The left downward arrow is projective by the projectivity of log blows, (6.8) and Lemma
6.5. The right downward arrow is proper and representable by Proposition 3.13. This
implies the properness of the horizontal arrow.

To see the birationality, observe that the same stack M⋎⋎◦◦
∞ in Lemma 6.4 (3) is open

and dense in both the domain and target of (6.16). □

6.3. Comparing maximal degeneracies. Consider non-empty subsets V(G∞) ⊃ V1 ⊃
V2 satisfying V1 \ V2 = {V }. We want to compare the three maximal degeneracies
emax,V1 , emax,V2 and emax,V over U⋎⋎

Va
1 |Vc

1
. where emax,V2 and emax,V are obtained by pulling

back the corresponding degeneracies over U⋎⋎
Va

2 |Vc
2
via (6.14). Observe that

(6.17) emax,V1,s = max(emax,V2,s, emax,V,s)

at every geometric point s ∈ U⋎⋎
Va

1 |Vc
1
. We thus obtain a global section

(6.18) δV1⊃V2 := (emax,V + emaxV2
− emax,V1) ∈ Γ(MU⋎⋎

Va
1 |Vc

1

,UVa
1 |Vc

1
),

measuring the differences between the degeneracies. As δV1⊃V2 plays a key role in the
reduction of reduced virtual cycles §6.6, we now study its structure as follows.

Consider following two global sections

(emax,V1 − emax,V2), (emax,V1 − emax,V ) ∈ Γ(MU⋎⋎
Va

1 |Vc
1

,U⋎⋎
Va

1 |Vc
1
).

By (A.2), we obtain canonical morphisms of line bundles over U⋎⋎
Va

1 |Vc
1

(6.19) O(−emax,V1) −→ O(−emax,V2), O(−emax,V1) −→ O(−emax,V )
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This induces a morphism of line bundles over U⋎⋎
V1|Vc

1

(6.20) O(−emax,V1) −→ O(−emax,V )⊕O(−emax,V2).

Lemma 6.7. The morphism (6.20) is injective, with cokernel O(−δV1⊃V2).

Proof. It suffices to show that fiberwise over U⋎⋎
Va

1 |Vc
1
the two morphisms in (6.19) cannot

vanish simultaneously. By (6.17) over each geometric point s → U⋎⋎
Va

1 |Vc
1
one has at least

one of the following

(emax,V1 − emax,V2)|s = 0 or (emax,V1 − emax,V )|s = 0.

This implies that at least one of the two morphisms in (6.19) is injective over s. This
proves the statement. □

Recall the minimal degeneracies

emin,∞ ∈ Γ
(
MU⋎⋎

∞ ,U⋎⋎
∞
)

and emin,V ∈ Γ
(
MM⋎

V
,M⋎

V

)
.

We introduce the tautological Chern classes

(6.21) ψmin := c1 (O(−emin,∞)) and ψmin,V := c1 (O(−emin,V )) .

The same notations will be used to denote their pull-backs.

Lemma 6.8. alignV1⊃V2,∗c1 (O(δV1⊃V2)) = −ψmin.

Proof. Consider the divisor D := c1 (O(δV1⊃V2)) + ψmin on U⋎⋎
Va

1 |Vc
1
. It suffices to show

that alignV1⊃V2,∗D = 0. By (6.18) we have a relation

c1 (O(δV1⊃V2)) = c1(O(emax,V )) + c1(O(emax,V2))− c1(O(emax,V1))

on U⋎⋎
Va

1 |Vc
1
. Write

D = D1 −D2 := c1
(
O(emax,V − emin,∞)

)
− c1

(
O(emax,V1 − emax,V2)

)
.

We observe that D1 and D2 can be represented by effective Cartier divisors. Indeed, the
relations

emin,∞ ≼ emax,V2 ≼ emax,V1 , emin,∞ ≼ emax,V ≼ emax,V1 ,

implies that (emax,V1 − emax,V2) and (emax,V − emin,∞) are global sections of MU⋎⋎
Va

1 |Vc
1

.

Furthermore, they vanish over the open dense substack of U⋎⋎
Va

1 |Vc
1
defined by

emax,V1 = emax,V = emax,V2 = emin,∞.

Hence, D1 and D2 are identified with effective Cartier divisors as in (A.4), supported along
the loci satisfying the following conditions respectively

0 ≺ (emax,V − emin,∞), 0 ≺ (emax,V1 − emax,V2).

By (6.17), D2 is supported along the locus emax,V2 ≺ emax,V . Also note that D1 is
supported along the locus emin,∞ ≺ emax,V . Since emin,∞ ≺ emax,V , we conclude that
D = D1 −D2 is represented by an effective divisor in U⋎⋎

Va
1 |Vc

1
.

Denote by D′1 ⊂ D1 and D′2 ⊂ D2 the components whose generic points are supported
along the locus emax,V2 = emin,∞. The local description in §A.2.2 implies that D′1 = D′2.
Thus, this effective divisor D = D1 −D2 is supported along the locus given by

(6.22) emin,∞ ≺ emax,V2 ≺ emax,V .

Finally the two strict inequality in (6.22) implies that the image of this locus in U⋎⋎
Va

2 |Vc
2
is

of codimension at least 2, hence alignV1⊃V2,∗D = 0 as desired. □
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6.4. Splitting of ψmin. Lemma 6.8 shows that on the cycle level the differences of maximal
degeneracies (6.18) is given by the Chern class ψmin defined on U⋎⋎

∞ . To further push-
forward ψmin along Bl∞ : U⋎⋎

∞ →
∏
V ∈V(G∞) U

⋎
V in (6.8), set

(6.23)
1

−t− ψmin
= −1

t

(
1 +

ψmin

−t
+
(ψmin

−t
)2

+ · · ·
)
.

where t is a formal parameter. We compute that

Lemma 6.9. Bl∞,∗
(

1
−t−ψmin

)
=
∏
V ∈V(G∞)

1
−t−ψmin,V

Proof. Consider the commutative diagram

(6.24) U⋎⋎
∞

S //

F ⋄
∞
��

(
∏
V U⋎

V )
⋎,f Blf∞ //

��

∏
V ∈V(G∞) U

⋎
V∏

FV

��
M⋎⋎
∞

S // (
∏
V M⋎

V )
⋎,f Blf∞ //

∏
V ∈V(G∞)M

⋎
V

where the bottom arrows are from (6.6), the right side square is Cartesian in the fine

category, and the arrows labeled by S are the saturation. Since Blf∞ on the bottom is the

log blow-up with respect to Km∏
V M⋎

V
. The functoriality of log blow-ups implies that Blf∞

on the top is the log blow-up with respect to Km∏
V U⋎

V
= (
∏
FV )

•Km∏
V M⋎

V
. Thus pulling

back (6.7), we obtain

(6.25) Blf∞ : (
∏

U⋎
V )

⋎,f ∼= P(
⊕
i

O(emin,V ))→
∏
V

U⋎
V ,

Note that the minimal degeneracy emin,∞ exists as a global section ofM(
∏

V U⋎
V )⋎,f , which

pulls back to emin,∞ over U⋎⋎
∞ . Hence the line bundle O(−emin,∞) and the class ψmin

exist over (
∏
V U⋎

V )
⋎,f , which pull back to O(−emin,∞) and ψmin over U⋎⋎

∞ . Thus, we have

Bl∞,∗
1

−t−ψmin
= Blf∞,∗

1
−t−ψmin

.

To prove the statement, set s1/t(
⊕

V O(emin,V )) and c1/t(
⊕

V O(emin,V )) be the Segre
and Chern polynomial of

⊕
V O(emin,V ) with variable 1/t. Observe that O(−emin,∞) is

the twisting sheaf O(1) of the projective bundle (6.25). Pushing forward (6.23), we have

Blf∞,∗
1

−t− ψmin
= −1

t
Blf∞,∗

(
(
ψmin

−t
)m−1 + (

ψmin

−t
)m + · · ·

)
=

(−1)m

tm
Blf∞,∗

(
ψm−1min +

ψmmin

−t
+
ψm+1
min

(−t)2
+ · · ·

)
=

(−1)m

tm
s−1/t

(⊕
V

O(emin,V )
)

=
(−1)m

tm
c−1−1/t

(⊕
V

O(emin,V )
)

=
(−1)m

tm

∏
V

1

1 + ψmin,V /t

=
∏
V

1

−t− ψmin,V
.

This proves the statement. □
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6.5. Reduction of the canonical virtual cycles. Consider a decorated ⋏-tropical type

(6.26) τ∞ = (τ∞,γ∞,β∞),

where τ∞ is the ⋏-tropical type as in 6.1. For the purposes of the canonical theory, we do
not assume the compactness of τ∞ in this section.

Let τV be the decorated tropical type by restricting τ∞ to the subgraph GV . For
simplicity, we write

U (τ∞) := U (P, τ∞), UV := U (P, τV ), RV := R(P, τV ).

for the stacks of stable punctured R-maps.
By (6.4), we obtain Cartesian squares in the fs category with strict vertical arrows

(6.27) U ⋎
V

BlV //

evV

��

UV
FR //

��

RV

��
U⋎,ev
V

//

��

Uev
V

//

��

Mev
V

��
U⋎
V

BlV // UV
FM //MV

where by abuse of notations we denote both top and bottom horizontal arrows by the
same notation BlV . The stack U ⋎

V parameterizes stable punctured R-maps with both
uniform maximal and uniform minimal degeneracies with discrete data specified by τV .
Pulling back the canonical perfect obstruction of RV → Mev

V as in (2.56), we obtain

the canonical perfect obstruction theories for U ⋎
V → U⋎,ev

V and UV → Uev
V . By Lemma

6.3, these perfect obstruction theories define canonical virtual cycles [U ⋏
V ]vir, [UV ]

vir and
[RV ]

vir, which satisfy the virtual push-forwards

(6.28) [U ⋎
V ]vir �

BlV,∗ // [UV ]
vir � FV,∗ // [RV ]

vir.

For a non-empty subset V ⊂ V(G∞), denote by τV the decorated ⋏-tropical type by
restricting τ∞ to GV with Vmax(GV) = V. In particular, the corresponding ⋏-tropical
type of τV is τV in §6.2. For simplicity, we write

(6.29) UV := U (P, τV), UV|Vc := UV ×
∏
V ∈Vc

UV .

Note that UV = UV and Uev
V = Uev

V when V = {V }.
Consider the diagram of Cartesian squares with strict vertical arrows

(6.30) U ⋎⋎
Va|Vc

//

��

UV|Vc

��

//
∏
V ∈V(G∞) RV

��
Uev,⋎⋎
Va|Vc

//

��

Uev
V|Vc

//

��

∏
V ∈V(G∞)M

ev
V

��
U⋎⋎
Va|Vc

(6.13)
// UV|Vc //

∏
V ∈V(G∞)MV

The canonical perfect obstruction theory of
∏
V ∈V(G∞) RV →

∏
V ∈V(G∞)M

ev
V as in (2.56)

pulls back to the canonical perfect obstruction theory of U ⋎⋎
Va|Vc → Uev,⋎⋎

Va|Vc . This defines

the canonical virtual cycle [U ⋎⋎
Va|Vc ]vir by the equidimensionality in Lemma 6.5.
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Now consider a sequence of non-empty subsets V(G∞) ⊃ V1 ⊃ V2. We obtain another
diagram of Cartesian squares with strict horizontal arrows

(6.31) U ⋎⋎
Va

1 |Vc
1

//

alignV1⊃V2

��

Uev,⋎⋎
Va

1 |Vc
1

//

��

U⋎⋎
Va

1 |Vc
1

alignV1⊃V2

��
U ⋎⋎

Va
2 |Vc

2

// Uev,⋎⋎
Va

2 |Vc
2

// U⋎⋎
Va

2 |Vc
2

As both arrows admit the canonical perfect obstruction theories pulled back from
∏
V ∈V(G∞) RV →∏

V ∈V(G∞)M
ev
V , Lemma 6.5 implies the virtual push-forward

(6.32) alignV1⊃V2,∗[U
⋎⋎
Va

1 |Vc
1
]vir = [U ⋎⋎

Va
2 |Vc

2
]vir.

Now we consider the following diagram of Cartesian squares

(6.33) U ⋎⋎
V(G∞)a|∅

align //

FU

yy ��

U ⋎⋎
∞

Bl∞ //

��

∏
V ∈V(G∞) U ⋎

V

��
U (τ∞)

��

Uev,⋎⋎
V(G∞)a|∅

yy

//

��

Uev,⋎⋎
∞ //

��

∏
V ∈V(G∞) U

ev,⋎
V

��
Uev(τ∞)

��

U⋎⋎
V(G∞)a|∅ (6.14)

//

(6.16)xx

U⋎⋎
∞ //

∏
V ∈V(G∞) U

⋎
V

U(τ∞)

where the bottom right horizontal arrow is from (6.8), and Uev,⋎⋎
∞ ∼= U⋎⋎

Va|Vc for any V

with |V| = 1.
While there is no morphism between U (τ∞) and

∏
V ∈V(G∞) U ⋎

V , their canonical virtual

cycles are related via [U ⋎⋎
V(G∞)a|∅]

vir as follows.

Theorem 6.10. We have the following virtual push-forwards along arrows in (6.33):

(6.34) FR,∗BlV,∗[U
⋎
V ]vir = [RV ]

vir, ∀ V ∈ V(G∞).

(6.35) FU ,∗[U
⋎⋎
V(G∞)a|∅]

vir = [U (τ∞)]vir,

(6.36) Bl∞,∗ align∗

(
[U ⋎⋎

V(G∞)a|∅]
vir

−t− ψmin

)
=

∏
V ∈V(G∞)

[U ⋎
V ]vir

−t− ψmin,V
.

Proof. The push-forward (6.34) is (6.28).
Note that the perfect obstruction theories of the four top vertical arrows in (6.33) are all

pulled back from
∏
V ∈V(G∞) RV →

∏
V ∈V(G∞)M

ev
V . Thus the virtual push-forward (6.35)

follows from Lemma 6.6.
Similarly applying Lemma 6.5, we obtain align∗[U

⋎⋎
V(G∞)a|∅]

vir = [U ⋎⋎
∞ ]vir. Further

applying the projection formula, we obtain the virtual push-forward

align∗

(
[U ⋎⋎

V(G∞)a|∅]
vir

−t− ψmin

)
=

[U ⋎⋎
∞ ]vir

−t− ψmin
.
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It remains to show that Bl∞,∗

(
[U ⋎⋎

∞ ]vir

−t−ψmin

)
=
∏
V

[U ⋎
V ]vir

−t−ψmin,V
. This follows from Lemma 6.9

and the projection formula of virtual pull-backs [30, Theorem 4.1]. □

Remark 6.11. Taking the t0-term from both sides of (6.36), we observe that

Bl∞,∗ align∗[U
⋎⋎
0 ]vir = 0.

Thus (6.28) and (6.36) imply that further pushing forward along F : U (τ∞) →
∏
V RV ,

we obtain F∗[U (τ∞)]vir = 0. However, t<0-terms do not vanish in general, and lead to
non-trivial localization contributions in the canonical theory. This will be investigated in
[17].

6.6. Reduction of the reduced virtual cycles.

6.6.1. Statement of the reduction. For the reduced theory, we now assume that τ∞ hence
τ∞ are of compact type. This implies that for a non-empty subset V ⊂ V(G∞), both τV
and τV are again of compact type.

Consider a non-empty subset V ⊂ V(G∞). By (4.35) we obtain a commutative diagram

(6.37) TUV/U
ev
V

φred
τV,ev

��

φτV,ev

$$
Ered

UV/U
ev
V

// EUV/U
ev
V

// FUV

[1] //

where the bottom sequence is a distinguished triangle, and the two arrows φτV,ev
and

φred
τV,ev

are the canonical and the reduced perfect obstruction theory of UV → Uev
V .

Recall that UV = UV and Uev
V = Uev

V when V = {V }. In this case we will replace V by
V in Diagram (6.37) to emphasize the single vertex case.

The morphisms over UV|Vc

(6.38) φred
V|Vc := φred

τV,ev
⊕
⊕
V ∈Vc

φred
τV,ev

, φV|Vc := φτV,ev
⊕
⊕
V ∈Vc

φτV,ev ,

define the reduced and canonical perfect obstruction theories of UV|Vc → UV|Vc , hence

the corresponding virtual cycles [UVa|Vc ]red and [UVa|Vc ]vir.
By (6.30), we may further pull-back (6.38) and obtain the reduced and canonical perfect

obstruction theories φred
Va|Vc and φVa|Vc of U ⋎⋎

Va|Vc → Uev,⋎⋎
Va|Vc , hence the corresponding

reduced and canonical virtual cycles [U ⋎⋎
Va|Vc ]red and [U ⋎⋎

Va|Vc ]vir.

By (6.37), we have a commutative diagram over U ⋎⋎
Va|Vc

(6.39) TU ⋎⋎
Va|Vc/U

ev,⋎⋎
Va|Vc

φred
Va|Vc

��

φVa|Vc

''
Ered

U ⋎⋎
Va|Vc/U

ev,⋎⋎
Va|Vc

// EU ⋎⋎
Va|Vc/U

ev,⋎⋎
Va|Vc

// FU ⋎⋎
Va|Vc

[1] //

where the bottom is a distinguished triangle, and

(6.40) FU ⋎⋎
Va|Vc

∼=

(
O(r̃emax,V)⊕

⊕
V ∈Vc

O(r̃emax,V )

)
[−1].
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Recall the Cartesian squares from (6.33)

(6.41) U (τ∞)

��

U ⋎⋎
V(G∞)a|∅

FUoo Bl∞ ◦ align //

��

∏
V ∈V(G∞) U ⋎

V

��
Uev(τ∞) Uev,⋎⋎

V(G∞)a|∅
oo //

∏
V ∈V(G∞) U

ev,⋎
V

The reduced virtual cycle [U (τ∞)]red can be decomposed to the vertices contributions
[UV ]

red as follows.

Theorem 6.12. We have the following reduced push-forwards:

(6.42) FU ,∗[U
⋎
V ]red = [UV ]

red, ∀ V ∈ V(G∞).

(6.43) FU ,∗[U
⋎⋎
V(G∞)a|∅]

red = [U (τ∞)]red,

(6.44) Bl∞,∗ align∗

(
r̃t[U ⋎⋎

V(G∞)a|∅]
red

−t− ψmin

)
=

∏
V ∈V(G∞)

r̃t[U ⋎
V ]red

−t− ψmin,V
.

Consider the composition

spl∞ : U ⋎⋎
V(G∞)a|∅ −→

∏
V ∈V(G∞)

U ⋎
V −→

∏
V ∈V(G∞)

UV

Taking coefficients of the t0-terms in (6.44) and further applying (6.42), we obtain

Corollary 6.13. spl∞,∗

(
(−r̃)[U ⋎⋎

V(G∞)a|∅]
red
)
=
∏
V ∈V(G∞)

(
(−r̃)[UV ]

red
)
.

6.6.2. Proof of Theorem 6.12. Note that the reduced perfect obstruction theory defining
[U ⋎⋎

V(G∞)a|∅]
red is pulled back from U (τ∞) via the left Cartesian square in (6.41). Thus

(6.43) follows from Lemma 6.6 and the virtual push-forward. The push-forward (6.42) can
be viewed as a special case of (6.43) when |V(G∞)| = 1. It remains to verify (6.44).

Consider non-empty subsets V1 ⊃ V2 of V(G∞) such that V1 \V2 = {Ṽ }. Recall the
Cartesian square from (6.31)

(6.45) U ⋎⋎
Va

1 |Vc
1

alignV1⊃V2 //

��

U ⋎⋎
Va

2 |Vc
2

��
Uev,⋎⋎
Va

1 |Vc
1 alignV1⊃V2

// Uev,⋎⋎
Va

2 |Vc
2

We have the following reduced virtual push-forward.

Lemma 6.14. alignV1⊃V2,∗[U
⋎⋎
Va

1 |Vc
1
]red = −r̃ψmin · [U ⋎⋎

Va
2 |Vc

2
]red.

Proof. The reduced perfect obstruction theory φred
Va

2 |Vc
2
pulls back to a perfect obstruction

theory φred,′
Va

1 |Vc
1
of U ⋎⋎

Va
1 |Vc

1
→ Uev,⋎⋎

Va
1 |Vc

1
, defining a virtual cycle [U ⋎⋎

Va
1 |Vc

1
]red,′. By Lemma 6.5,

we have the virtual push-forward

(6.46) alignV1⊃V2,∗[U
⋎⋎
Va

1 |Vc
1
]red,′ = [U ⋎⋎

Va
2 |Vc

2
]red.
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To compare the two virtual cycles [U ⋎⋎
Va

1 |Vc
1
]red and [U ⋎⋎

Va
1 |Vc

1
]red,′, consider the complex

F′U ⋎⋎
Va

1 |Vc
1

over U ⋎⋎
Va

1 |Vc
1
given by

F′U ⋎⋎
Va

1 |Vc
1

[1] = align∗V1⊃V2
FU ⋎⋎

Va
2 |Vc

2

[1] ∼= O(r̃emax,V2)⊕
⊕
V ∈Vc

2

O(r̃emax,V ).

By (6.20), we obtain an exact sequence of line bundles over U ⋎⋎
Va

1 |Vc
1

0 −→ O(r̃δV1⊃V2) −→ O(r̃emax,V2)⊕O(r̃emax,Ṽ
) −→ O(r̃emax,V1) −→ 0,

hence a distinsuihed triangle

(6.47) F′U ⋎⋎
Va

1 |Vc
1

−→ FU ⋎⋎
Va

1 |Vc
1

−→ O(r̃δV1⊃V2)
[1]−→

Further observe a commutative diagram over U ⋎⋎
Va

1 |Vc
1

(6.48) EU ⋎⋎
Va

1 |Vc
1
/Uev,⋎⋎

Va
1 |Vc

1

// F′U ⋎⋎
Va

1 |Vc
1

��
EU ⋎⋎

Va
1 |Vc

1
/Uev,⋎⋎

Va
1 |Vc

1

// FU ⋎⋎
Va

1 |Vc
1

Combining (6.39), (6.47) and (6.48), we obtain the following commutative diagram

Ered,′
U ⋎⋎

Va
1 |Vc

1
/Uev,⋎⋎

Va
1 |Vc

1

//

��

EU ⋎⋎
Va

1 |Vc
1
/Uev,⋎⋎

Va
1 |Vc

1

// F′U ⋎⋎
Va

1 |Vc
1

[1] //

��
Ered

U ⋎⋎
Va

1 |Vc
1
/Uev,⋎⋎

Va
1 |Vc

1

//

��

EU ⋎⋎
Va

1 |Vc
1
/Uev,⋎⋎

Va
1 |Vc

1

//

��

FU ⋎⋎
Va

1 |Vc
1

[1] //

��
O(r̃δV1⊃V2)[−1] //

[1]

��

0 //

[1]

��

O(r̃δV1⊃V2)
[1] //

[1]

��

where both rows and columns are distinguished triangles. Taking the long exact sequence
of the left column, we obtain a short exact sequence relating the obstructions of the two
reduced theories:

0→ H1(Ered,′
U ⋎⋎

Va
1 |Vc

1
/Uev,⋎⋎

Va
1 |Vc

1

)→ H1(Ered
U ⋎⋎

Va
1 |Vc

1
/Uev,⋎⋎

Va
1 |Vc

1

)→ O(r̃δV1⊃V2)→ 0.

This implies the following relation

(6.49) [U ⋎⋎
Va

1 |Vc
1
]red = c1(O(r̃δV1⊃V2)) · [U ⋎⋎

Va
1 |Vc

1
]red,′.

Together with Lemma 6.8 and (6.46), we obtain

alignV1⊃V2,∗[U
⋎⋎
Va

1 |Vc
1
]red = alignV1⊃V2,∗

(
c1(O(r̃δV1⊃V2)) · [U ⋎⋎

Va
1 |Vc

1
]red,′

)
= −r̃ψmin · [U ⋎⋎

Va
2 |Vc

2
]red

where the second step uses [30, Thm. 4.1 (i)]. This finishes the proof. □

Set m = |V(G∞)|. Now consider a sequence of non-empty subsets

(6.50) V(G∞) = V1 ⊃ V2 ⊃ · · · ⊃ Vm = {Vm}
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such that Vi \Vi+1 = {Vi}. We have the morphism align in (6.33) decomposes to

align = alignV1⊃V2
◦ alignV2⊃V3

◦ · · · ◦ alignVm−1⊃Vm
,

where alignVi⊃Vi+1
: U ⋎⋎

Va
i |Vc

i
→ U ⋎⋎

Va
i+1|Vc

i+1
is as in (6.31). Repeatedly applying Lemma

6.14 and the projection formula, we obtain

(6.51) align∗[U
⋎⋎
V(G∞)a|∅]

red = (−r̃ψmin)
m−1 · [U ⋎⋎

Va
m|Vc

m
]red = r̃m−1(−ψmin)

m−1 · [U ⋎⋎
∞ ]red.

Further observe that

t(−ψmin)
m−1

−t− ψmin
=
(
t(−ψmin)

m−2 + t2(−ψmin)
m−3 + · · ·+ tm−1

)
+

tm

−t− ψmin
.

As Bl∞ factors through (6.25), we have Bl∞,∗ ψ
k
min = 0 for k ≤ m− 1. We compute that

(6.52)

Bl∞,∗ align∗

(
r̃t[U ⋎⋎

V(G∞)a|∅]
red

−t− ψmin

)
= Bl∞,∗

(
r̃mt(−ψmin)

m−1[U ⋎⋎
V(G∞)a|∅]

red

−t− ψmin

)

=
∏

V ∈V(G∞)

r̃t[U ⋎⋎
V ]red

−t− ψmin,V

where the first equality follows from (6.51), and the second equality follows from Lemma
6.9. This finishes the proof of (6.36). □

7. Applications

7.1. Gromov–Witten invariants of hypersurfaces. Let Z be a smooth hypersurface
defined by a section s of a line bundle E1 on an ambient space X . For simplicity, we will
assume that X is a smooth projective variety, but a similar discussion applies to the case
that X is a Deligne–Mumford stack with projective coarse moduli.

We will work in cohomology, so that we have a decomposition of the diagonal of X

[∆] =
∑
i

ϕi ⊗ ϕi,

where {ϕi} is a homogeneous basis of H∗(X ;Q) and {ϕi} is the Poincaré dual basis.
To study the Gromov–Witten theory of Z via log GLSM, we consider the following

special case of the setup §2.1.1:

(1) X is the ambient projective variety;
(2) E = E1 is the line bundle defining the hypersurface;
(3) we set L = OX ;
(4) we set r = 1 and a = 1.

This defines a target PX ,E1 → BC∗ω.
Let β be an effective curve class of X , and let α1, . . . , αn ∈ H∗(X ). Then, by [18,

Corollary 1.10], the Gromov–Witten invariants of Z may be computed in terms of log
GLSM invariants via the formula

(7.1)
∑
i∗γ=β

∫
[Mg,n(X ,γ)]vir

n∏
j=1

ev∗j (i
∗αj) = (−1)1−g+

∫
β c1(E1)

∫
[Rg,1n (PX ,E1

,β)]red

n∏
j=1

ev∗j (αj),

where i : Z → X is the inclusion, and where 1n stands for n markings, each with contact
order 0 and the trivial 0-sector 0Pk

.
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2 1

1

(1, 0) (1, 0)

1

1

1

(1, 0)

1 1

0

(1, 0) (2, 0)

0 0

2 2

0

3

(2, 0)

0

∞

Figure 2. List of the partitions τ⋏ of (2,10, β) by decorated bipartite
graphs, assuming for simplicity that there does not exist any β ̸= 0 such that∫
β E ≥ 2. The number at each edge denotes the contact order. The numbers

at each vertex V ∈ V0 denote g(V ) and β(V ), respectively. The single
number at each vertex V ∈ V∞ denotes g(V ), with β(V ) left arbitrary.
We exclude graphs which have a vertex V ∈ V0 with a unique half-edge
h ∈ H(V ), and such that c(h) = 1.

The tropical decomposition formula, Theorem 1.1, allows to decompose the right hand
side of (7.1) as a sum over partitions τ⋏ of (g,1n, β) by bipartite graphs

(7.2)

∫
[Rg,1n (PX ,E1

,β)]red

n∏
j=1

ev∗j (αj) =
∑

τ⋏⊢(g,1n,β)

∑
iE : E∈E(G)

(−1)|V∞|

|Aut(τ⋏)|
·
∏

E∈E(G)

c(E)

·
∏

V ∈V∞(G)

∫
[Rg(V ),ς⃗(V )(∞P,β(V ))]red

∏
h∈H(V )

ev∗h(αh)

·
∏

V ∈V0(G)

∫
[Rg(V ),ς⃗(V )(P,β(V ))]vir

∏
h∈H(V )

ev∗h(αh),

where

αh =


αi if h corresponds to the ith marking;

ϕiE if h ∈ E ∩H0;

ϕiE if h ∈ E ∩H∞.

More explicitly, if V ∈ V∞(G), then ς⃗(V ) consists of the ∞-sector with negative contact
orders. When V ∈ V0(G), then ς⃗(V ) consists of copies of 1 for the legs and the ∞-sector
with positive contact orders.

We further note that the stack Rg(V ),ς⃗(V )(∞P,β(V )) is empty unless the balancing
condition

(7.3)
∑

h∈H(V )

c(h) = 2g − 2 + n−
∫
β(V )

c1(E).

holds, see (2.20). Hence, in (7.2), it suffices to sum only over partitions τ⋏ of (g,1n, β) by
decorated bipartite graphs that satisfy (7.3) for every V ∈ V∞. In similar vein, by the
stability condition (2.8), we may impose that for every V ∈ V0(G) with β(V ) = 0 and a
single half-edge h ∈ H(V ), the contact order c(h) is strictly larger than 1.

In Figure 2, we list partitions of (g,10, β) excluding graphs that do not satisfy the
balancing condition. We further exclude graphs which have a vertex V ∈ V0 with a
unique half-edge h ∈ H(V ), and such that c(h) = 1. For any partition in Figure 2, we may
obtain many additional examples of partitions by adding such vertices, see for instance
Figure 3. The stability condition ensures that for a fixed value of β, there are only finitely
many partitions.
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(1, 0)

1

1

1

0

1

0

1

0

1

0

Figure 3. A partition τ⋏ of (2,10, β) by decorated bipartite graphs, with
four vertices V ∈ V0 with a unique half-edge h ∈ H(V ) with c(h) = 1. We
follow the same notation as in Figure 2.

All in all, by combining (7.1) and (7.2), we see that the Gromov–Witten invariants of Z
with insertions from X may be effectively computed in terms of integrals of the two shapes∫

[Rg,ς⃗(∞P,β)]red

n∏
i=1

ev∗i (αi),

∫
[Rg,ς⃗(P,β)]vir

n∏
i=1

ev∗i (αi).

The first type of integral is an effective invariant in the sense of [19, §9]. This completes
the proof of Corollary 1.3.

7.2. The Calabi–Yau threefold case. We now specialize to the case that Z is a Calabi–
Yau hypersurface in a Fano fourfold X . In this case, E1 = K∨X . For instance, if Z is a
quintic threefold, then X = P4 and E1 = OP4(5). We further set n = 0. For simplicity, we
will work in cohomology. Note that since X is a Fano variety, we have H1(X ) = 0, but
not necessarily H1(Z) = 0. Note that by the Lefschetz hyperplane principle, push-forward
with respect to the inclusion yields an isomorphism H2(Z;Z) ∼= H2(X ;Z), and we can thus
freely identify curves classes on Z and X .

The genus g ≥ 2 Gromov–Witten invariants of Z may be assembled into a generating
series

Fg(Q) =
∑
β

Qβ deg[Mg,n(Z, β)]vir ∈ Λ,

which is valued in the Novikov ring Λ. The series Fg(Q) is called the genus g Gromov–
Witten potential.

By (7.1), we have

Fg(Q) = (−1)1−g
∑
β

Q̃β deg[Rg(PX ,E1 , β)]
red,

where Q̃β = (−1)
∫
β c1(KX )Qβ.

We now specialize the tropical decomposition formula (7.2) to the Calabi–Yau case.
Further simplification is possible due to the properties of effective invariants of [19, §9], see
[19, §9.6]. First, any effective invariant with a contact order −3 or lower vanishes. Hence,
it suffices to consider bipartite graphs where every edge has contact order 1 or 2. We thus
get a decomposition H0 = H1 ⊔H2 into half-edges with contact order 1 and contact order
2, respectively. Similarly, we may decompose H∞ = H1 ⊔H2 into half-edges with contact
order −1 and contact order −2, respectively. We let Gg be the set of partitions of (g, β)
by decorated bipartite graphs for all choices of β such that the balancing condition (7.3)
holds, such that every edge has contact order 1 or 2, and such that β(V ) = 0 for every

V ∈ V0. As a second simplification, if E = {h, ĥ} with c(ĥ) = −2, then we need to have

degC ϕ
iE = 0 in order to have a nonzero contribution to (7.2). Similarly, if E = {h, ĥ}

with c(ĥ) = −2, then we need to have degC ϕ
iE = 1.
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We form the following generating series corresponding to 0-vertices. For any g, n, l with
2g − 2 + 2n+ 3l > 0 and α1, . . . , αn ∈ H6(X ), define

Ωg,n,l(α1, . . . , αn) =
∑
β

Qβ
∫
[R

g,ςn1 ⊔ςl2
(PX ,E1

,β)]vir

n∏
i=1

ev∗i (αi)
n+l∏

i=n+1

ev∗i (p) ∈ Λ,

where p is the Poincaré dual class of a point. We may define Ω0,1,0(α1) ∈ Λ in the same way
noting that R0,ς1(PX ,E1 , 0) is empty, and thus the series has vanishing β = 0 coefficient.

With this, we may rewrite (7.2) in a generating series form

(7.4)

Fg(Q) = (−1)1−g
∑

τ⋏∈Gg

∑
iE : E∈E(G)

(−1)|V∞|

|Aut(τ⋏)|
·
∏

E∈E(G)

c(E)

·
∏

V ∈V∞(G)

Q̃β(V )

∫
[Rg(V ),ς⃗(V )(∞P,β(V ))]red

∏
ĥ∈H(V )∩H1

ev∗
ĥ
(ϕ
i{h,ĥ})

·
∏

V ∈V0(G)

Ωg(V ),|H(V )∩H1|,|H(V )∩H2|(ϕi{h,ĥ} : h ∈ H(V ) ∩H1),

where the indices iE only index classes ϕi ∈ H6(X ) and Poincaré dual classes in ϕi ∈
H2(X ).

By the divisor equation [19, Theorem 1.16(2)], for g ≥ 2, we may further simplify

(7.5)

∫
[R

g,ςn−1⊔ςl−2
(∞P,β)]red

n∏
i=1

ev∗i (αi) =

(
n∏
i=1

∫
β
αi

)
· ceffg,β,

where ς−1 and ς−2 are the ∞-sectors with contact orders −1 and −2, respectively, where
we have n = 2g − 2 +

∫
βKX by the balancing condition, and where the numbers

ceffg,β = deg[R
g,ς2g−2

−2
(∞P, β)]

red

are called the basic effective invariants discussed in [19, §9.6]. Furthermore, when g = 1,
the integral (7.5) vanishes unless n = 1, l = 0 and β = 0, in which case we have an explicit
formula∫

[R1,ς−1 (∞P,0)]red
ev∗1(α1) =

∫
X×M1,1

π∗1(α1)c(TX ⊠ E∨)c(OX ⊠ E∨)
c(K∨X ⊠ E∨)

=: ceff1 (α1),

where E denotes the Hodge line bundle on M1,1, and where π1 : X ×M1,1 → X is the first
projection, see [19, Proposition 9.9].

We now proceed to prove the connection to mirror symmetry, Theorem 1.7. In particu-
lar, we will assume that Conjecture 1.4 holds for Z, so that there are series I0(q), I1(q) ∈ Λ′

that define a “mirror map” isomorphism of Novikov rings:

(7.6) Λ ∼= Λ′, Qβ = qβ exp

(∫
β

I1(q)

I0(q)

)
We also note that the series

K(Q) :=
∑
β ̸=0

Qβ ev1,∗
(
[R0,ς1(P, β)]

vir
)
∈ H2(X )⊗ Λ,

contains the same information as Ω0,1,0. By the assumptions of Theorem 1.7, we know
that

(7.7) K(Q) = log(I0(q))−
I1(q)

I0(q)
,

and that for all g, n, l and α1, . . . , αn, we have

Ωg,n,l(α1, . . . , αn) ∈ (I0(q))
2g−2+2n+3lR
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for a finitely generated Q-algebra R ⊆ Λ′ which contains the elements qβ for every effective
curve class β. From here, our goal is to prove that

(7.8) Fg(Q) ∈ (I0(q))
2g−2R.

Note that the sum in (7.4) over elements of Gg is infinite, see the discussion at the end
of §7.1. Note further that there is a finite subset G′g ⊂ Gg of bipartite graphs that do not
have any vertices V ∈ V0 such that g(V ) = 0 and |H(V )| = 1, and such that for every
V ∈ V∞ such that g(V ) = 1, we have |H(V )| = 1. We may use the divisor equation [19,
Theorem 1.16(2)] to reduce the sum over Gg to a finite sum over G′g:

(7.9)

Fg(Q) = (−1)1−g
∑

τ⋏∈G′g

∑
iE : E∈E(G)

(−1)|V∞|

|Aut(τ⋏)|
·
∏

E∈E(G)

c(E)

·
∏

V ∈V∞(G)

g(V )=1,H(V )={ĥ}

ceff1 (ϕ
i{h,ĥ})

·
∏

V ∈V∞(G)
g(V )≥2

Q̃β(V ) exp

(∫
β(V )

K(Q)

)(
n∏
i=1

∫
β
αi

)
· ceffg,β

·
∏

V ∈V0(G)

Ωg(V ),|H(V )∩H1|,|H(V )∩H2|(ϕi{h,ĥ} : h ∈ H(V ) ∩H1),

Now, note that by (7.7), we have

Q̃β(V ) exp

(∫
β(V )

K(Q)

)
= (−1)

∫
β(V ) c1(KX )

qβ(V )(I0(q))
∫
β(V ) c1(K

∨
X )

Thus, to prove (7.8), it suffices to check that each summand in (7.9) has the correct power
of I0(q). This follows by the computation∑
V ∈V∞(G)
g(V )≥2

∫
β(V )

c1(K
∨
X ) +

∑
V ∈V0(G)

(2g(V )− 2 + 2|H(V ) ∩H1|+ 3|H(V ) ∩H2|)

=
∑

V ∈V∞(G)

(2g(V )− 2− |H(V ) ∩H2|) +
∑

V ∈V0(G)

(2g(V )− 2 + 2|H(V ) ∩H1|+ 3|H(V ) ∩H2|)

=
∑

V ∈V∞(G)

(2g(V )− 2 + |H(V )|) +
∑

V ∈V0(G)

(2g(V )− 2 + |H(V )|)

=2g − 2,

where in the first step we used the balancing condition (7.3). This completes the proof of
Theorem 1.7.

Appendix A. Basic notions from log geometry

A.1. Cones and their complexes. A rational polyhedral cone is a pair σ = (σR, N)
where N ∼= Zn is a lattice and σR is an n-dimensional strongly convex rational polyhedral
cone in N ⊗Z R. We write σZ := σR ∩ N for the toric monoid associated to σ. Given
two cones σi = (σi,R, Ni) for i = 1, 2 (not necessarily of the same dimension), a morphism
φ : σ1 → σ2 is a homomorphism of lattices N1 → N2 such that φ(σ1,R) ⊂ σ2,R. We call
such φ a face morphism if φ is injective, the image φ(N1) is saturated in N2, and φ(σ1,R)
is a face of σ2,R. The category of rational polyhedral cones is denoted by Cones.

We frequently view R≥0 as an object in Cones with the lattice Z ⊂ R. Note that
the cone R≥0 has exactly two faces 0 and R≥0. With these conventions, for any σ ∈
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Cones its dual σ∨ := HomCones(σ,R≥0) is again a cone in Cones, with the monoid
σ∨Z = Hom(σZ,N).

For later use, note that for any σ ∈ Cones its monoid σZ is a partially ordered set
such that m1 ≼σ m2 iff m2 −m1 ∈ σZ, for any m1,m2 ∈ σZ. We may write m1 ≼ m2 for
simplicity when there is no confusion of the cone σ.

A generalized cone complex is a topological space with a presentation as the colimit of
a finite diagram in the category Cones with all morphisms being face morphisms. For
example, a cone σ ∈ Cones is naturally a cone complex of all its faces. For a generalized
cone complex Σ, we write σ ∈ Σ if σ is a cone in the diagram defining Σ, and write |Σ| for
the underlying topological space. A morphism of generalized cone complexes f : Σ→ Σ′ is
a continuous map |Σ| → |Σ′| such that for each σ ∈ Σ, the induced map σR → |Σ′| factors
through a morphism σ → σ′ ∈ Σ′.

A.2. Deligne–Faltings log structures of rank one. In this paper, the notion of Deligne–
Faltings log structures will play a crucial role. We recall them below.

A.2.1. The stack of Deligne–Faltings log structures of rank one. Recall that a log stack X
is Deligne-Faltings type of rank 1 (or simply DF1) if there is a morphism N→ Γ(X,MX)
which locally lifts to a chart ofMX .

The universal DF1 target is the log stack A with A = [A1/Gm] and its divisorial log
structure given by the origin [0/Gm], denoted by ∞A with its log structure pulled back
from A. Note that the natural morphism N ∼= Γ(A,MA) → MA smooth-locally lifts to
a chart of MA. A log stack X is of DF1 iff there is a natural strict morphism X → A.
In particular, ifMX is the divisorial log structure associated to a smooth divisor D ⊂ X,
then the natural strict morphism ϕ : X → A is defined such that the ϕ−1(∞A) = D.

Let X be a DF1 log stack with the natural morphism X → A. Consider the generator
1A ∈ NA with image 1X ∈ Γ(X,MX). The pre-image T := 1X ×MX

MX ⊂ MX is an
O∗-torsor. The restriction of the structural morphism α :MX → OX to T extends to a
morphism s∨ of line bundles on X:

(A.1) T ⊂ O(−1X)
s∨−→ OX ,

where s∨ vanishes precisely along the pre-image of ∞A ⊂ A. Conversely, by [27, Comple-
ment 1] the dual s ∈ Γ(X,O(1X) := O(−1X)∨) of s∨ determinesMX .

A.2.2. Line bundles associated to global sections of characteristic sheaves. Let M be a log
stack and e ∈ Γ(M,MM) be a global section. Similar to (A.1), the section e induces

(A.2) MM ×MM
{e} ⊂ OM(−e) s∨e−→ OM,

extending the O∗-torsorMM ×MM
{e} to a line bundle OM(−e) with a morphism s∨e .

Denote by OM(e) := OM(−e)∨, and the section se := s∨e⊗ ∈ Γ(M,OM(e)) By [27,
Complement 1], the pair (OM(e), se) defines a rank one Deligne–Faltings log structure,
denoted byM. Consequently, we obtain a strict morphism

(A.3) (M,M)
(OM(e),se) // A.

with OM(e) ∼= O(∞A)|M. The vanishing locus of se is

(A.4) Div(e) = M×A∞A ⊂M

which is also set-theoretically the non-vanishing locus of e. Locally on a strict smooth
chart U →M, the locus Div(e) can be described as follows. Choose a lift ẽU ∈ Γ(U,MU )
of e|U . Then Div(e) ×M U is the substack defined by the vanishing of α(ẽU ). Note that
Div(e) ×M U hence Div(e) does not depend on the choices of local liftings ẽU . In case
e|M◦ = 0 over an open dense substack M◦ ⊂M, the locus Div(e) ⊂M is a Cartier divisor.
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When the section se vanishes identically, we write

(A.5) (M,M)
(OM(e),0) // A or simply (M,M)

OM(e) //∞A
as the left morphism factors through the strict closed substack ∞A ⊂ A.

Further observe thatM is the sub-log structure ofMM generated byMM ×MM
{e} ⊂

M. Hence we obtain the composition

(A.6) M // (M,M)
(OM(e),se) // A.

with the left arrow is given by the inclusionM⊂MM.

Appendix B. Punctured maps and their tropicalizations

In this appendix, we review the theory of punctured logarithmic maps, or simply punc-
tured maps of Abramovich-Chen-Gross-Siebert [3], which provides the logarithmic frame-
work needed in this paper. Most of the basic results will be stated in a setting with
domains (not necessarily connected) orbifold curves and targets with Deligne–Faltings log
structures of rank 1 — the setting that is necessary for our applications in log GLSM. Since
almost all results follow from identical proofs as in [3], to avoid unnecessary repetition, we
will refer the readers to the relevant parts in [3] and only point out the differences.

B.1. Pre-stable curves with log structures.

B.1.1. Pre-stable curves. In this paper, a pre-stable curve over a scheme S means a twisted
n-pointed curve in the sense of [6] and consists of the following data

(B.1) (C → Cc → S, {pi}ni=1)

where

(1) C is a proper Deligne–Mumford stack, and is étale locally a nodal curve over S.
(2) pi ⊂ C are disjoint closed substacks in the smooth locus of C → S.
(3) pi → S are étale gerbes banded by the multiplicative group µmi for some positive

integer mi.
(4) the morphism C → Cc is the coarse moduli morphism.
(5) along each nodal locus of C → S, the group action of µmi is balanced.
(6) C → Cc is an isomorphism over Cgen, where Cgen is the complement of the mark-

ings and the stacky locus of C → S.

In the above definition, we allow C hence Cc to be disconnected. Given a twisted curve
as above, by [6, 4.11] the coarse space Cc → S is a family of (possibly disconnected)
n-pointed usual pre-stable curves over S with the markings determined by the images of
{pi}. The genus of the twisted curve C is defined as a tuple of non-negative integers, with
each integer specifying the arithmetic genus of a connected component of Cc.

When there is no danger of confusion, we will simply write C → S, and the terminologies
twisted curves and pre-stable curves are interchangeable in this paper.

B.1.2. Log curves. An n-pointed log curve over a fs log scheme S in the sense of [34] consists
of a pair

(B.2) (π : C → S, {pi}ni=1),

such that

(1) The underlying data (C → Cc → S, {pi}ni=1) is a pre-stable curve as in (B.1).
(2) π is a proper, logarithmically smooth and integral morphism of fine and saturated

logarithmic stacks.
(3) If U ⊂ C is the non-singular locus of π, then MC |U ∼= π∗MS ⊕

⊕n
i=1Npi where

Npi is the constant sheaf over pi with fiber N.
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For simplicity, we may refer to π : C → S as a log curve when there is no danger of
confusion. The pull-back of a log curve π : C → S along an arbitrary morphism of fs log
schemes T → S is the log curve πT : CT := C ×S T → T where the fiber product is taken
in the fs category.

For a log curve (B.2), its log cotangent bundle is ωlog
C/S
∼= ωC/S(

∑
i pi) where ωC/S is the

relative dualizing line bundle of the underlying C → S.

B.1.3. Characteristic sheaves of log curves. For the reader’s convenience, we recall the
local combinatorial structure of log curves following [20, §2.1.5]. Let C → S be a family of
log curves,MC andMS the corresponding characteristic sheaves, and p ∈ C a geometric
point. There are three cases.

If p is a smooth non-marked point, then we have the fiberMC |p ∼=MS .

If p is a marked point, then we have the fiberMC |p ∼=MS ⊕ N. Indeed, let x ∈ MC |p
be pre-image of the element (0, 1) ∈ MS ⊕ N. Then the image α(x) via the structural
morphism α :MC → OC is a local coordinate, whose vanishing defines the marking p.

If p is a node, then we have the fiber MC |p ∼=MS ⊕N N2 given by the diagonal N →
N2, 1 7→ (1, 1) and an inclusion N → MS , 1 7→ ℓ. Similar to the case of markings, the
two generators (1, 0), (0, 1) of the factor N2 correspond to the local coordinates of the two
components of the node. Thus, we have the relation

(B.3) (1, 0) + (0, 1) = ℓ, inMC .

The element ℓ is called the smoothing parameter of the node p. Indeed, shrinking S, we
may choose any chart β : MS,s → MS for s the image of p via the projection C → S.
Then the closed subscheme V ⊂ S defined by α◦β(ℓ) = 0 is the locus where the connected
component of nodes containing p persists.

B.1.4. Punctured curves. Given a log curve C → S, there is a natural splitting of the log
structureMC = NC ⊕O∗ PC , where PC ⊂MC is the divisorial log structure given by the
markings. In particular, the characteristic monoid is given by PC =

⊕n
i=1Npi .

A punctured curve over a fine and saturated log scheme S in the sense of [3, §2.1.4]
consists of

(B.4) (C◦
p−→ C

π−→ S, {pi}ni=1),

where (C
π−→ S, {pi}ni=1) is a log curve as in (B.2), and p: C◦ → C is a morphism of fine

log stacks (MC◦ is not necessarily saturated) satisfying

(1) The underlying morphism p: C◦ → C is an isomorphism.

(2) p♭ :MC →MC◦ is an isomorphism away from the collection of markings.

(3) p♭ induces a sequence of inclusions of sheaves of fine monoids

(B.5) MC
p♭

↪→MC◦ ⊂ NC ⊕O∗ Pgp.
(4) For any marking p ⊂ C and any element s ∈ MC◦,p be such that s ̸∈ MC,p, we

require the vanishing αC◦(s) = 0.

The morphism p is called the puncturing of C along P (or along the markings). Markings
of a punctured curve are called punctured markings, or simply punctures. If p|pi is an
isomorphism, we say that the puncturing is trivial along pi, and pi is a log marking. For
a marking pi, denote by pi ⊂ C◦ the corresponding strict closed substack. For simplicity,
we may refer to (C◦ → S, {pi}) or even C◦ → S as a punctured curve when there is no
danger of confusion.

Remark B.1. Consider a puncture p and an element s ∈ MC◦,p satisfying s ̸∈ MC◦ as in
(4) above. We may write s in the form

(B.6) s = (m, y) ∈ NC,p ⊕O∗ Pgpp ,
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By [3, Remark 2.2], we necessarily have the vanishing αC(m) = 0. This is a local ob-
struction for deforming punctured curves, and is captured by the idealized log structure
in §B.1.5 below.

The pull-back of a punctured curve (B.4) along a morphism of fs log schemes T → S
consists of the following data

(B.7) (C◦T
p−→ CT

π−→ T, {pi,T }ni=1),

where (CT
π−→ T, {pi,T }ni=1) is the pull-back of the corresponding log curve, and C◦T =

CT ×C C◦ with the fiber product taken in the fine category.
It is a non-trivial fact that the pull-back of punctured curves defined as above is again

a punctured curve, see [3, Proposition 2.7].

B.1.5. Puncturing log-ideals. Let S be a log scheme or a log stack. A log-ideal over S
is a sheaf of monoid ideals K ⊂ MS . The sheaf of monoid ideals K is coherent if it is
locally finitely generated, see [31, II.2.6.1]. In this article, we will assume that all sheaves
of monoid ideals are coherent. The pair (S,K) is called an idealized log scheme (or stack)
if αS(K) = 0.

For a punctured curve π : C◦ → S, it admits a natural idealized structures from its
punctures as follows. For each puncture p ⊂ C◦, consider the composition

vp :MC◦ |p →MS ⊕ Z→ Z
where the first arrow is given by (B.5) and the local structure at the marking §B.1.3, and
the second arrow is the projection. Denote by Kp ⊂ MC◦ |p the sheaf of monoid ideals
generated by v−1p (Z<0). The puncturing log-ideal K◦S ⊂MS is the monoid ideal generated

by
⋃
p(π

♭)−1(Kp) ⊂ MS where p runs through all punctures, and π : C◦ → S is the

projection. It is shown in [3, §2.5.2] that K◦S is a coherent log ideal satisfying α(K◦S) = 0.
In particular, the base (S,K◦S) is naturally an idealized log scheme.

Indeed, the pull-back log-ideal π•K◦S is generated by all such m ∈ NC,p as in (B.6). Thus
the idealized structure α(K◦S) = 0 captures precisely the vanishing in Remark B.1.

It is further proved in [3, Prop. 2.51] that the puncturing log-ideals are well-behaved
under pull-backs of punctured curves. Suppose C◦T → T is a punctured curve obtained
by pulling back pulled back C◦ → S along a morphism h : T → S, then the puncturing
log-ideal over T is the pull-back K◦T = h•(K◦S).

B.1.6. Graphs and their contractions. The combinatorial structures of pre-stable curves
can be conveniently encoded in their dual graphs. We recall the notion of graphs following
[9, §3.1], and introduce extensions needed in this paper.

A graph G consists of the following data:

(1) A finite set V(G)⊔H(G), where V(G) is the set of vertices of G, and H(G) is the
set of half-edges (or sometimes called flags) of G.

(2) A root map νG : V(G) ⊔H(G) −→ V(G) which is an idempotent.
(3) An involution ιG : V(G) ⊔H(G) −→ V(G) ⊔H(G) whose fixed point set contains

V(G).

The vertex νG(h) ∈ V(G) stands for the vertex the half-edge h ∈ H(G) emanates from.
A half-edge h is called a leg if ιG(h) = h. Otherwise, a pair E = {h, ιG(h)} of distinct

half-edges is called an edge. An edge E = {h, ĥ} is called a loop if νG(h) = νG(ĥ). We
will denote by L(G) and E(G) the sets of legs and edges respectively. For each V ∈ V(G),
denote by H(V ) = {h ∈ H(G) | νG(h) = V } the set of half-edges incident to V .

A graph G can be geometrically realized as a 1-complex in a natural way such that
each edge E = {h, ĥ} joins the vertices νG(h), νG(ĥ), and each leg L ∈ L(G) is a half-edge
emanating from the vertex νG(L). A graph G is connected if its geometric realization is
connected, or equivalently any pair of vertices of G is connected by a path of edges.
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A morphism of graphs ϕ : G′ → G is a map of sets ϕV : V(G′)⊔H(G′)→ V(G)⊔H(G)
such that

(1) ϕ ◦ νG′ = νG ◦ ϕ and ϕ ◦ ιG′ = ιG ◦ ϕ;
(2) ϕ induces a bijection of legs L(ϕ) : L(G′)→ L(G);
(3) For each half-edge h ∈ H(G), the preimage ϕ−1(h) consists of a unique element in

H(G′);
(4) For each vertex V ∈ V(G), the preimage ϕ−1(V ) is a connected subgraph of G′.

A morphism ϕ is called a contraction if it is surjective. Such a contraction restricts to a
surjection of the set of vertices V(ϕ) : V(G′)→ V(G), and induces an injection of the set
of edges E(ϕ) : E(G)→ E(G′).

B.1.7. Decorated graphs. For a graph G, we further introduce the following data.

(1) A leg labeling of G is a bijection of sets m : {1, 2, · · · , k} → L(G).
(2) A genus decoration of G is a function g : V(G)→ N.
(3) A degree decoration of G is a map deg : H(G) → { 1

m | m ∈ N \ {0}} satisfying

deg ◦ ιG = deg. Thus for an edge E = {h, ĥ}, we may define its degree to be

deg(E) = deg(h) = deg(ĥ).

In this paper, a triple (G,g,deg,m) will be called a decorated graph. The genus of a
connected decorated graph (G,g,deg,m) is

(B.8) g(G) = h1(G) +
∑

V ∈V(G)

g(V ).

A morphism ϕ : (G′,g′,deg′,m′) −→ (G,g,deg,m) of decorated graphs is a morphism
of the underlying graphs ϕ : G′ → G which preserves the leg labelings, and satisfies addi-
tional compatibilities

g(V ) = h1(ϕ−1(V )) +
∑

V ′∈V(ϕ)−1(V )

g′(V ′), for any V ∈ V(G),

deg′(L) = deg(L(ϕ)(L)), for any L ∈ L(G′),

deg(E) = deg′(E(ϕ)(E)), for any E ∈ E(G).

A contraction of a decorated graph is a morphism of decorated graphs which is a contraction
of the underlying graphs.

B.1.8. Curves marked by decorated graphs. Let C be a (possibly disconnected) pre-stable
curve over a geometric point. Let G′ be its dual graph, whose set of vertices V(G′) consists
of the irreducible components of C, and whose set of legs L(G) corresponds to the marked

points. For each irreducible component ZV ⊂ C corresponding to a vertex V , let Z̃V → ZV
be the normalization. The set of half-edges H(V ) incident to V is given by the pre-image

of the special points in Z̃V . In particular, the set of edges E(G′) corresponds to nodes.
The dual graph G′ is naturally equipped with the genus decoration g′ and the degree

decoration deg′ defined as follows. For each V , its genus g′(V ) is the genus of the corre-
sponding irreducible component ZV → C. Furthermore deg′(h) = 1

rh
if Zh ∼= Bµrh ↪→ C

is the node or marked point given by h ∈ H(G′).
A marking of C by G = (G,g,deg,m) is a contraction ϕ : (G′,g′,deg′,m′) → G of

decorated graphs. A log or a punctured curve is said to be marked by G if the correspond-
ing underlying curve is marked by G. Pre-stable curves marked by G form an algebraic
stack, denoted by M(G). By [34], the stack M(G) is a log stack with a canonical log struc-
ture MM(G) and a universal log curve C(G) → M(G) satisfying the following universal
property.
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Let C → S be any log curve marked by G. Then there exists a unique morphism of log
stacks S →M(G) such that C → S is the pull-back of the universal family C(G)→M(G).
Thus M(G) represents the category of log curves marked by G.

Notation B.2. Let C◦ → S be a punctured curve marked by G = (G,g,deg,m). For
a half-edge h ∈ H(G), we denote by ph ⊂ C◦ the strict substack corresponding to h as
follows. If h ∈ L(G) is a leg, then ph is the corresponding marking.

If E = {h, ĥ} ∈ E(G) forms an edge, then consider the strict morphism C̃◦ → C◦ with
its underlying given by the partial normalization along the node pE ⊂ C◦ corresponding

to E. The pre-image of pE has two components ph ⊔ pĥ ⊂ C̃◦ with ph ⊂ ZνG(h) and
pĥ ⊂ ZνG(ĥ). Note that there is an isomorphism of log stacks over S

(B.9) ιh : ph → pĥ,

whose underlying is inverting the band of gerbes over S.

B.1.9. Nodal log-ideals. As in [3, 3.1.2], the stackM(G) admits a natural log-idealKnM(G) ⊂
MM(G), called the nodal log-ideal defined as follows. For each geometric point [C → w] ∈
M(G) with the dual graph G′, recall that MM(G)|w ∼= N|E(G′)| with generators corre-
sponding to the smoothing parameters of nodes, see §B.1.3. Define the nodal monoid
ideal

(B.10) KnM(G)|w = NE(ϕ)(E(G)) \ {0} ⊂ MM(G)|w
where ϕ is the G-marking. This fiberwise construction glues to a sheaf of monoid ideals
KnM(G) ⊂ MM(G), hence a log-ideal KnM(G) = MM(G) ×MM(G)

KnM(G), called the nodal

log-ideal. Since the nodes labeled by edges of G are not allowed to be smoothed out over
M(G), this implies α(KnM(G)) = 0. Thus the pair (M(G),Kn

M(G)) is an idealized log stack.

LetG = ⊔iGi be the decomposition into connected components. LetGi be the decorated
graph obtained by restricting decorations of G to the component Gi. We observe that

M(G) =
∏
i

M(Gi)

as a product of fs log stacks.

B.1.10. Moduli of punctured curves. Consider the stackM(G) of log curves marked byG =

(G,g,deg,m) as in §B.1.8. Let M̆(G) be the fibered category over schemes parameterizing
punctured curves marked by G, see [3, Definition 3.2]. There is a tautological commutative
diagram

(B.11) M̆(G)
F̆ //

LogF̆ %%

M(G)

LogM(G)

99

where F̆ sends a punctured curve to the corresponding log curves, and LogM(G) is Olsson’s

log stack [32] parameterizing log structures over M(G). The morphism LogF̆ is strict,
locally of finite type, quasi-separated, representable, and unramified.

For pre-stable curves with no orbifold structures at nodes and markings, these properties
of LogF̆ are established in [3, Proposition 3.3]. In this case, the stack M̆(G) is constructed
locally over M(G) by taking into account all possible puncturings along markings. Since
twisted curves admit étale local covers by schemes, the same proof can be applied to the
case of pre-stable curves with orbifold structures as in this paper. In particular, M̆(G) is
a log algebraic stack.
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Denote by K◦
M̆(G)

⊂ MM̆(G) the puncturing log-ideal as in §B.1.5, and consider the

nodal log-ideal KnM(G) ⊂ MM(G) as in §B.1.9. Define the canonical log-ideal over M̆(G)

to be
KM̆(G) := F̆ •KnM(G) +K

◦
M̆(G)

.

Then [3, Proposition 3.3] further implies that F̆ is naturally an idealized log étale morphism
of idealized log stacks

(B.12) F̆ : (M̆(G),KM̆(G))→ (M,KnM(G)).

Geometrically, this means that the obstruction to deforming punctured curves while keep-
ing G-marking is encoded in the puncturing log ideal K◦

M̆(G)
.

B.1.11. Tropical punctured curves. Recall that for any geometric log point x, its tropical-
ization is the cone

σx := Hom(Mx,R≥0).
Now consider a punctured curve C◦ → S over a geometric log point S withMS = σ∨.

For each strict geometric point z → C◦, we take the associated cone σz := Hom(MC◦,z,R≥0).
These cones are locally constant along logarithmic strata of C◦, and glue to a cone com-
plex Σ(C◦) via face morphisms, called the tropicalization of C◦, see [3, Appendix C].
Furthermore, the functoriality of tropicalization yields a morphism of cone complexes

(B.13) Σ(C◦)→ Σ(S) = σ

which we will describe explicitly in Construction B.4 below.

Definition B.3. A (possibly disconnected) tropical punctured curve (or simply tropical
curve) over a cone σ ∈ Cones consists of a decorated graph G = (G,g,deg,m), a subset
L◦(G) ⊂ L(G), and a map

ℓ : E(G) ∪ L◦(G)→ Map(σ,R≥0),
where ℓ(E) ∈ σ∨Z \ {0} for each edge E ∈ E(G), and ℓ(L) : σ → R≥0 is non-zero, concave,
piece-wise linear, continuous with rational slopes for each leg L ∈ L◦(G). Legs in L◦(G)
are referred to as punctured legs, while legs in L(G)\L◦(G) are referred to as log legs. The
above family is called a tropical log curve if L◦(G) = ∅.

Noting that the subset L◦(G) ⊂ L(G) is determined by ℓ, we will use the notation (G, ℓ)
to denote a tropical curve over a cone σ.

Construction B.4. We recall from [3, §2.2.1] how to construct a morphism of cone
complexes

(B.14) π : Γ(G, ℓ)→ σ

from the data (G, ℓ) of a tropical curve (G, ℓ) as in Definition B.3. The fibers of this
morphism are tropical curves in a more traditional sense.

To each V ∈ V(G), assign a cone σV ∼= σ with π|σ : σV → σ the identity. To each
E ∈ E(G), assign the cone

(B.15) σE = {(s, λ) ∈ σ × R≥0 | λ ≤ ℓ(E)(s)}
with π|σE : σE → σ the obvious projection. If V and V ′ are the two vertices attached to E
(in some arbitrarily chosen order), define two face morphisms σV → σE and σV ′ → σE via

s 7→ (s, 0) and s 7→ (s, ℓ(E)(s)),

respectively. These two face maps identify σV and σV ′ with two facets of σE .
For each leg L ∈ L(G) \ L◦(G) attached to a vertex V , assign the cone σL = σ × R≥0

with the obvious projection π|σL : σL → σ, and the face morphism σV → σL identifying
σV with the facet σ × {0}.
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For each punctured leg L ∈ L◦(G) attached to a vertex V , define

(B.16) σL = {(s, λ) ∈ σ × R≥0 | λ ≤ ℓ(L)(s)}.

By [3, Lemma 2.21], σL is a cone. We further associate a face morphism σV → σL
identifying σV with the facet σ×{0} ⊂ σL, and define π|σL : σL → σ the projection to the
first factor. Punctured legs are precisely the legs with bounded length.

The cone complex Γ(G, ℓ) is defined as the colimit gluing cones {σV , σE , σL} via the
above face morphisms. Furthermore, the morphisms {π|σV , π|σE , π|σL} defined above glue
to the morphism of cone complexes (B.14).

Note that the cone complex Γ(G, ℓ) and the morphism π do not depend on the data
g,deg and m.

Construction B.5. Consider a punctured curve C◦ → S over a geometric log point S with
MS = σ∨Z . Its associated tropical curve (G, ℓ) over σ as in Definition B.3 is constructed as
follows.

Let G = (G,g,deg,m) be the decorated graph of the underlying pre-stable curve
C → S. For each E ∈ E(G) its length ℓ(E) ∈ σ∨Z =MS is the smoothing parameter of the
corresponding node as in §B.1.3. Finally, for a punctured leg L ∈ L◦(G) corresponding
to a marking p ⊂ C◦, by [3, Lemma 2.21] there is a unique non-zero, concave, piecewise
linear function

ℓ(p) : σ → R≥0

with rational slopes such that

(MC◦ |p)∨R = {(s, λ) ∈ σ × R≥0 | 0 ≤ λ ≤ ℓ(p)}.

Then we set ℓ(L) = ℓ(p).

Given a punctured curve C◦ → S over a geometric log point S, we may construct the
associated tropical curve (G, ℓ). Then, by [3, §2.2.1], the morphism of cone complexes
(B.13) is the morphism (B.14) from Construction B.4 applied to the tropical curve (G, ℓ).

B.2. Punctured maps and their tropicalizations. Punctured maps extend the no-
tion of log maps by allowing possibly negative contact orders along markings. They are
introduced in [3] to study boundaries of moduli of log maps, and are a key for us to study
boundaries of the moduli of log R-maps.

B.2.1. Punctured maps and the universal target A. A punctured map to a log stack X over
an fs log scheme S is the data

(C◦ → S, f : C◦ → X)

where C◦ → S is a punctured curve, and f is a morphism of log stacks. Pull-backs of
punctured maps along morphisms of log schemes are defined via pull-backs of punctured
curves.

For a punctured map f : C◦ → X with DF1 target X as in §A.2.1, the composition
f : C◦ → X → A, is called the associated punctured map to A. As the morphism X → A
is strict, properties of f on the level of log structures is entirely captured by f. Thus
for simplicity, we will focus on the universal target A. Contact orders, degeneracies, the
tropicalization and basicness of a punctured map f : C◦ → X with X a DF1 target are
defined and constructed in the same way as the corresponding notions for its associated
punctured map to A.
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B.2.2. Contact orders along markings. Consider a punctured map f : C◦ → A over a log
point S. Let pi ⊂ C◦ be its i-th marking. By (B.5), along pi we have

MC |pi ∼=MS ⊕ N ⊂MC◦ |pi ⊂MS ⊕ Z.

Consider the composition

upi : N = Γ(A,MA)
f̄♭−→MC◦ |pi ⊂MS ⊕ Z −→ Z

where the last arrow is the projection. Note that the map upi and the integer c(pi) :=
upi(1) ∈ Z determine each other, and are both referred to as the contact order at pi.

We say that f is pre-stable along pi if MC◦ |pi is the fine (not necessarily saturated)

monoid generated by MC |pi and f♭(1), see [3, Definition 2.6]. We call f pre-stable if it is
pre-stable along all markings.

Note that when c(pi) ≥ 0, the pre-stability forcesMC◦ |pi =MC |pi . Consequently, the
two log structures MC and MC◦ only differ at markings with strictly negative contact
orders. Thus we call pi a punctured marking if c(pi) < 0, or a log marking if c(pi) ≥ 0.

A punctured map to A over an fs log scheme S is said to be pre-stable if each geometric
fiber is pre-stable. As shown in [3, Prop. 2.16] pre-stability is an open condition and is
stable under pull-backs along morphisms of fs log schemes. In this paper, all punctured
maps are assumed to be pre-stable unless otherwise specified.

B.2.3. Contact orders along nodes. Consider a punctured map f : C◦ → A over a log point
S. Let p ⊂ C◦ be a node. By §B.1.3, along p we have

up : N = Γ(A,MA)
f̄♭−→MC◦ |p ∼=MS ⊕N N2 −→MC/S |p ∼= Z

whereMC/S =MC/MS is the relative characteristic.

Note that MC/S |p is generated by the images (1, 0), (0, 1) of (1, 0), (0, 1) ∈ MS ⊕N N2

respectively, subject to the relation (1, 0) + (0, 1) = 0 by (B.3). Thus the isomorphism

MC/S |p ∼= Z depends on a choice of (1, 0) 7→ 1 or (1, 0) 7→ −1. In case up(1) ̸= 0, we make

the canonical choice MC/S |p ∼= Z such that up(1) > 0. In any case the map up and the
non-negative integer up(1) determine each other, and will be referred to the contact order
along the node p. This definition is compatible with the previous papers [16, 18, 20].

Let G be the dual graph of the underlying curve C, and E = {h, ĥ} be the edge
corresponding to the node p. The positive integer up(1) is also referred to as the contact
order of E, denoted by c(E).

We may also define contact orders corresponding to the half-edges. First, if up(1) = 0

we define the contact orders of h and ĥ to be c(h) = c(ĥ) = 0.
Now assume up(1) > 0. Without loss of generality, we may assume that the canonical

choiceMC/S |p ∼= Z above identifies (1, 0) with 1 ∈ Z. Note that (1, 0), (0, 1) come from the
local coordinates of the two irreducible components intersecting at p, hence are naturally
labeled by the two half-edges h and ĥ such that the two irreducible components are labeled
by νG(h) and νG(ĥ), respectively. Then we define c(h) = up(1), and c(ĥ) = −up(1).

In particular, for every half-edge h belonging to an edge E, we have c(h) = −c(ιG(h)).

B.2.4. Tropical maps to R≥0. Abstractly, a tropical punctured map (or simply tropical
map) to R≥0 over σ ∈ Cones is the data

(B.17) (G, ℓ, f trop : Γ(G, ℓ)→ R≥0)

where (G, ℓ) is a (possibly disconnected) tropical curve as in Definition B.3, and f trop is
a morphism of cone complexes. We may also refer to f trop : Γ(G, ℓ) → R≥0 as a tropical
map when there is no danger of confusion.
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Recall that Σ(A) = Hom(N,R≥0) ∼= R≥0. Consider a punctured map f : C◦ → A over a

log point S with σ =M∨S . Tropicalizing f, we obtain

(B.18) Σ(f) : Σ(C◦)→ Σ(A) = R≥0.

Thus the associated tropical map to f is defined to be the data (B.17) where (G, ℓ) is the
tropical curve associated to C◦ → S, and f trop = Σ(f).

B.2.5. Tropical types. A type is a collection of the data

(B.19) (G,σ, c)

consisting of a decorated graph G = (G,g,deg,m), together with

(i) an image cone map σ such that σ(x) is a face of R≥0 for any x ∈ V(G) ∪H(G)
satisfying σ(x) = σ ◦ ιG(x), and

(ii) a contact order map c : H(G) → Z such that c(h) = −c(ĥ) for each edge E =

{h, ĥ}.

Remark B.6. For an edge E = {h, ĥ} note that σ(h) = σ(ĥ). Hence we may define
σ(E) := σ(h). In particular, the above definition is compatible with [3, §2.2.1].

For a tropical map (B.17) over σ, its tropical type (B.19) is defined as follows:

(1) G is the decorated graph of the domain tropical curve as in §B.1.11.
(2) For any x ∈ V(G) ∪ L(G), σ(x) is the minimal face of R≥0 containing f trop(σx).

(3) For any edge E = {h, ĥ}, σ(h) = σ(ĥ) is the minimal face of R≥0 containing
f trop(σE).

(4) For each leg h, its contact order c(h) ∈ Z is defined as the image of the tangent
vector (0, 1) ∈ σ × R≥0 by f trop.

(5) For each half-edge h forming an edge {h, ĥ} with νG(h) = V , the contact order
c(h) is defined as the image of the tangent vector (0, 1) ∈ σ × R≥0 by f trop.

A type (B.19) is called realizable if it is a type of a tropical map to R≥0. For a punctured
map f : C◦ → A over a log point S, we define its tropical type to be the type of its
associated tropical map. It is straightforward to check that the contact orders of half-
edges is compatible with the definitions in §B.2.2 and §B.2.3.

Remark B.7. Let h be a half-edge forming an edge E = {h, ĥ}. If c(h) = 0 then c(ĥ) = 0,
in which case we define c(E) = 0 as well. If c(h) ̸= 0, then by §B.2.3 we have c(E) is equal

to the unique positive integer in {c(h), c(ĥ)}. Thus, we observe that the contact orders

c(h), c(ĥ) and c(E) determine each other.

Notation B.8. Since R≥0 has only two faces, an element x ∈ V(G) ∪ H(G) is called
non-degenerate if σ(x) = 0, and is called degenerate otherwise. We will frequently use
these terminologies without specifying σ.

B.2.6. Degeneracies and their partial ordering. Consider a tropical map f trop : Γ(G, ℓ) →
R≥0 over σ. For each V ∈ V(G), the restriction eV := f trop|σV : σV → R≥0 is called the
degeneracy of the vertex V . Since σV ∼= σ, the morphism eV is naturally an element of
the monoid σ∨Z . The finite set of degeneracies {eV }V ∈V(G) as a subset of σ∨Z is partially
ordered with respect to ≼σ∨ . This defines a partial order on V(G) such that V1 ≼ V2
if eV1 ≼σ∨ eV2 . Note that if E is an edge joining V1 to V2 such that V1 ≼ V2 and not
contracted by f trop, then the contact order c(E) > 0 by §B.2.3.

Consider a punctured map f : C◦ → A over a log point S with MS = σ∨Z . Let
Σ(f) : Γ(G, ℓ) → R≥0 be the corresponding tropicalization over σ. The degeneracy eV
of a vertex V ∈ V(G) can be also described directly as follows.
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Let ZV ⊂ C◦ be the irreducible component corresponding to V , and x ∈ ZV be a smooth
unmarked point. Then eV is the image of 1 via the above composition

N −→ f∗MA|x
f♭−→MC◦ |x ∼=MS .

We recall that degeneracies and their partial orderings are stable under generizations:

Lemma B.9. Consider a punctured map f : C◦ → A over a connected log scheme S.
For each geometric point t ∈ S, denote by Σ(f)t : Γ(Gt, ℓt) → A over σt = MS |∨t the
tropicalization of the fiber f|t. Suppose there is a chart ϕ : MS,t → MS for a strict log
point s→ S. Then

(1) For any pair e1, e2 ∈ MS |s satisfying e1 ≼ e2, we have ϕ(e1)|t ≼ ϕ(e2)|t for any
t ∈ S.

(2) If e ∈ MS |s is a degeneracy, then there is a strict étale neighborhood U → S of s
such that ϕ(e)|t is a degeneracy for any t ∈ U .

Proof. This is proved in [20, Lemma 3.4, 3.6] for log maps. As the proof relies only on
the smooth non-marked locus of C◦ → S, it applies identically to the punctured maps
case. □

B.2.7. Pre-stability and the puncturing log-ideal. A tropical map f trop : Γ(G, ℓ) → R≥0
over σ is called pre-stable if, in the notations of (B.16), any L ∈ L◦(G) satisfies c(L) < 0
and f trop((s, ℓ(L)(s))) = 0 for any (s, ℓ(L)(s)) ∈ σL. This means that if L ∈ L◦(G) then
L is degenerate, and the image f trop(σL) as a finite ray of non-zero length extends to the
boundary 0 ∈ R≥0. In this paper, all tropical maps are assumed to be pre-stable unless
otherwise specified. Note that the prestability implies that the subset L◦(G) ⊂ L(G) is the
collection of legs with negative contact orders, hence is specified by c. For any L ̸∈ L◦(G),
we necessarily have c(L) ≥ 0 as log legs are unbounded.

Consider a punctured map f : C◦ → A over a log point S with MS = σ∨Z , and let
Σ(f) : Γ(G, ℓ) → R≥0 over σ be the associated tropical map of f. By [3, Prop. 2.23], the
pre-stability of f translates to the pre-stability of the associated tropical map. Assuming
prestability, the puncturing log-ideal K◦S has a nice description:

Define the puncturing monoid ideal ofMS :

K◦S := ⟨eV | V ∈ V(G) and V has a punctured leg L ∈ L◦(G)⟩.
By the description of the puncturing log-ideal in §B.1.5, the pre-stability of §B.2.2 implies
that the puncturing log ideal is given by K◦S =MS ×MS

K◦S . Furthermore, the condition

ℓ(L) ̸= 0 for each L ∈ L◦(G) forces eV ̸= 0 for degeneracies eV ∈ K
◦
S . We refer to [3, §2.5]

for a more comprehensive discussion on this.

B.2.8. The balancing condition. The balancing condition is an important constraint that
controls the combinatorial structure of punctured maps.

Consider a tropical map (G,g,deg,m, ℓ, f trop) over a cone σ. The function deg can be
extended to vertices via

(B.20) deg(V ) =
∑

h∈H(V )

c(h)deg(h)

for any V ∈ V(G), defining a function deg : V(G) ⊔H(G) −→ Q.
Let f : C◦ → A be a punctured map over a log point S, and (G,g,deg,m, ℓ,Σ(f)) be

the corresponding tropical map over σ :=M∨S . For any vertex V ∈ V(G), let ZV ⊂ C◦

be the corresponding irreducible component. As shown in [3, §2.2.3], the restriction f|ZV

induces an isomorphism of line bundles

(B.21) f∗O(∞A)|ZV
∼= OZV

( ∑
h∈H(V )

c(h)ph

)
.
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Taking the degree on both sides, we obtain the balancing condition

(B.22) deg f∗O(∞A)|ZV
= deg(V ).

B.3. Stacks of punctured maps to A. The stacks of punctured maps to A interpolates
between the moduli of R-maps and their tropical counterparts, and play important roles
in the tropical study of this paper.

B.3.1. Basicness. The key to the stack of punctured maps is the notion of basic punctured
maps, which translates to the notion of universality on the tropical side.

Definition B.10. A tropical map (G, ℓ, f trop) over σ ∈ Cones is basic if it is universal
among all tropical maps with the same type. More precisely, if another tropical map
(G′, ℓ′, f trop,′) over a cone σ′ is of the same type, then there is a unique morphism of cones
σ′ → σ realizing (G′, ℓ′, f trop,′) as the pull-back of (G, ℓ, f trop).

Construction B.11. For a tropical map (G = (G,g,deg,m), ℓ, f trop) over σ ∈ Cones,
its associated basic tropical map is constructed in [3, §2.3]. We summarize it in our
situation as follows.

The associated basic cone σbas is defined by its lattice points

(B.23) σbas,Z := {((pV )V , (eE)E) ∈
∏

V ∈V(G)

σ(V )Z ×
∏

E∈E(G)

N
∣∣ pV − pV ′ = c(E′) · eE′}

where the equation holds for all triples (E′, V ′, V ) where E′ is an edge with two ends V ′ and
V . The associated basic monoid is defined to be its dual σ∨bas,Z. The above construction
leads to a natural morphism

(B.24) σ → σbas, m 7→ ((eV (m))V , (ℓ(E)(m))E) ,

hence a dual on the monoid level

(B.25) σ∨bas,Z → σ∨Z .

By [3, Proposition 2.32], there is a well-defined basic tropical map

f tropbas : Γ(G, ℓbas)→ R≥0
over σbas with the domain tropical curve (G, ℓbas), whose pullback along the natural mor-
phism (B.24) is f trop.

We briefly review the construction of f tropbas in our situation. We first define the edge
lengths

ℓbas : E(G)→ Hom(σbas,N) \ {0}, ℓbas(E) ((pV )V , (eE′)E′) = eE .

For any V ∈ V(G), its degeneracy with respect to f tropbas is

eV := f tropbas |σbas,V : σbas,V = σbas → R≥0, ((pV ′)V ′ , (eE)E) 7→ pV .

For any E ∈ E(G) attached to a vertex V , the restriction f tropbas |σbas,E is constructed
from eV , c(E), and ℓ(E). First, recall that σbas,E is defined from its facet σbas,V and

the edge length ℓ(E) via (B.15). Furthermore, the restriction of f tropbas |σbas,E to the facet

σbas,V ⊂ σbas,E must be eV . We then extend f tropbas |σbas,E linearly to the whole cone σbas,E
with slope c(E).

Similarly for a log leg L ∈ L(G) attached to a vertex V , since L is unbounded, we

construct the restriction f tropbas |σbas,L by extending eV = f tropbas |σbas,V linearly over σbas,L with
slope c(L).

For a punctured leg L ∈ L◦(G) attached to a vertex V , the cone σL and the restriction

f tropbas |σL are uniquely determined by the degeneracy f tropbas |σbas,V of V and the contact order
c(L) thanks to the prestability in §B.2.7. In particular, this defines the length ℓbas(L) for
the punctured leg L.
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Remark B.12. Note that the basic cone (B.23) and the natural morphism (B.24) depend
only on the data (G,σ, c), and are independent of g and deg.

Definition B.13. A punctured map f : C◦ → A over S is basic if for every geometric fiber,
the associated tropical map is basic.

The nice properties enjoyed by basic punctured maps are summarized in Propositions
B.14, B.15 and B.16 below.

Proposition B.14. For any pre-stable punctured map f : C◦ → A over S, the locus with
basic fibers forms an open subset of S.

Proof. Note that basicness is a property of the characteristic sheaf MS over the base S.
The proposition then follows by the same proof as in the case of log maps [16, Prop. 3.5.2],
see also [3, Prop. 2.34]. □

Proposition B.15. Any pre-stable punctured map to A arises as the pull-back from a
basic pre-stable punctured map to A with the same underlying pre-stable map. Both the
basic pre-stable punctured map and the morphism are unique up to a unique isomorphism.

Proof. When there are no punctures, this is [20, Prop. 2.8]. In the presence of punctures
but no stacky structures on the domain curve, this is a special case of [3, Prop 2.35]. We
here observe that the same proof applies to the case of twisted curves:

First, to produce the basic family, we do not modify the underlying structure, but we
modify the characteristic sheaves of monoids on both the domain curves and their bases.
The proof of [3, Prop 2.35] constructs basic families by modifying the base characteristic
monoids using étale local constraints from the characteristic monoids of domain curves
and targets. As the log structures of the domain curves admit charts étale locally, the
corresponding characteristic sheaves are étale sheaves. Hence the proof of [3, Prop 2.35]
applies to our situation of orbifold domain curves identically. □

Lemma B.16. An automorphism of a basic punctured map fixing the underlying curve,
is trivial.

Proof. This is identical to the case of log maps [16, Lem. 3.8.3] and [24, Prop. 1.25], see
also [3, Prop. 2.37]. □

B.3.2. Contractions. Next, we recall contractions of types following [3, §2.2.2]. Geometri-
cally, they correspond to smoothing of punctured maps.

Consider two types (B.19) of tropical maps

τ = (G = (G,g,deg,m),σ, c) and τ ′ = (G′ = (G′,g′,deg′,m′),σ′, c′).

A contraction ϕ : τ ′ → τ is a contraction of decorated graphs ϕ : G′ → G as in §B.1.6,
satisfying the additional compatibilities

(i) The cone σ(ϕ(x)) is a face of σ′(x) for any x ∈ V(G′) ∪H(G′).
(ii) c(L(ϕ)(L)) = c′(L) for any L ∈ L(G′), and c(E) = c′(E(ϕ)(E)) for any E ∈ E(G).

Note that (i), is equivalent to the condition that for any x ∈ V(G′) ∪H(G′), ϕ(x) is
degenerate only if x is degenerate.

Let ϕ : τ ′ → τ be a contraction of types, and let σ and σ′ be the basic cones of τ and
τ ′ respectively. By [3, Remark 2.46] the contraction ϕ induces a natural face morphism of
basic cones

(B.26) χ∨ϕ : σ → σ′

such that a point (pV , eE)V,E ∈ σ′ is contained in σ iff

(1) pV ∈ σ(V(ϕ)(V )) for any V ∈ V(G′),
(2) eE = 0 for any E ∈ Eϕ.
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Taking duals, this leads to a morphism of basic monoids [3, (2.20)]

(B.27) χϕ : (σ
′
Z)
∨ → σ∨Z

satisfying

(1∨) χϕ(eV ) = 0 if σ(V (ϕ)(V )) = {0} ⊂ R≥0,
(2∨) χϕ(ℓ(E)) = 0 if E ∈ Eϕ.

The τ -basic monoid ideal is defined to be

(B.28) Kϕ := χ−1ϕ (σ∨Z \ {0}) ⊂ (σ′)∨Z

Definition B.17. Let τ be a type. A τ -marking of a basic tropical map of type τ ′ is a
contraction ϕ : τ ′ → τ of types.

Notation B.18. We may use the notation τ ′ ⊢ τ for a contraction ϕ : τ ′ → τ when we
want to emphasize the types without specifying ϕ.

B.3.3. Punctured maps marked by types. Fix a type τ = (G = (G,g,deg,m),σ, c). A
basic punctured map f : C◦ → A over S is said to be weakly marked by τ if

(1) The underlying of the domain curve C◦ → S is marked by G.
(2) For any x ∈ V(G)∪H(G) let Zx ⊂ C◦ be the corresponding substack. Then f(Zx)

factors through 0A ⊂ A if x is degenerate, see Notation B.8.
(3) For any geometric point s ∈ S, let τs = (Gs,σs, cs) be the tropical type of the fiber

f|s. The contraction Gs → G given by the marking of the domain curves induces
a contraction of types ϕτs,τ : τs → τ .

A weak marking of f by τ is said to be a marking by τ if the further condition hold:

(4) For any geometric point s→ S as above, the log-ideal Kϕτs,τ ⊂MS,s defined as the

pre-image of the basic monoid ideal Kϕτs,τ ⊂MS,s maps to 0 under the structure
morphismMS,s → OS,s.

Remark B.19. The difference between weakly markings and markings by types are very
subtle, and is explained carefully in [3, Remark 3.5]. The reason for introducing weakly
markings is because they naturally appear in the gluing of punctured maps. In this paper,
weakly markings will be only used in §5.5 but in a crucial way. In what follows, we will
include discussions regarding weakly markings, markings and their relations. Readers who
wish to skip the technical details may skip the notion of weakly markings for the moment,
and return back to this section when needed.

As in [3, §3.5.1], a marking and a weak marking by τ lead to different idealized structures
on the base S. Consider a strict geometric point s ∈ S, with Σ(fs) : Γ(Gs, ℓs) → R≥0 the
tropicalization of the fiber fs. For any x ∈ V(Gs) ∪ E(Gs) ∪ L(Gs), denote by Zx ⊂ C◦

the corresponding substack, and z ∈ Zx a geometric point. If x is a vertex, we require z
to be a smooth unmarked point of C. We have a sequence of morphisms of monoids

MS |s ∼=MS |z
π̄♭
s //MC |z σ(x)∨Z

f̄♭soo χx // σ(ϕτs,τ (x))
∨
Z

where χx is the dual of the face map in §B.3.2 (i). Define the set of target stratum generators
with respect to x to be

(B.29) (π̄♭s)
−1
(
f̄♭s
(
σ(x)∨Z \ χ−1x (0)

))
The weak τ -marking monoid ideal KwS,τ is a sheaf of ideals inMS with stalk at a strict

geometric point s ∈ S generated by

(1′) the nodal monoid ideal by pulling-back (B.10);
(2′) the target stratum generators as in (B.29) for any x ∈ V(Gs) ∪E(Gs) ∪ L(Gs).
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The τ -marking monoid ideal KS,τ is a sheaf of ideals in MS with stalk at a strict
geometric point s ∈ S generated by (1′), (2′) above and

(3′) the basic monoid ideal Kϕτs,τ as in §B.3.2.
The weak τ -marking log-ideal KwS,τ and the τ -marking log-ideal KS,τ are defined to be

the preimage of KwS,τ and KS,τ via the quotientMS →MS , respectively. By [3, Remark
2.36, Lemma 2.47], sinceMS is fs, the log-ideals KwS,τ and KS,τ are both coherent.

The same calculation as in [3, Def. 3.20] shows that

(B.30) α(KwS,τ ) = 0, (resp. α(KS,τ ) = 0)

if f : C◦ → A over S is a weakly τ -marked (resp. τ -marked) basic punctured map. In
particular (S,KwS,τ ) (resp. (S,KS,τ )) becomes an idealized log scheme.

Remark B.20. The vanishing in (B.30) corresponding to elements in (2′) enforces the fac-
torizations of (2). In particular, if ϕτs,τ (x) is non-degenerate, then the set (B.29) is empty.
In general, the idealized structures (B.30) are constraints imposed by the combinatorial
data of types.

Further recall the puncturing log-ideal K◦S of the family C◦ → S. The canonical idealized
structure of a weak τ -marking (resp. τ -marking) of a basic punctured map f : C◦ → A over
S is the log ideal generated by

(B.31) KwS,τ +K◦S , (resp. KS,τ +K◦S).

Remark B.21. It is useful to observe that when E(G) = ∅, the two log-ideals in (B.31)
agrees, hence the notions τ -marking and weakly τ -marking coincide. Indeed, in this case
one checks that the basic monoid ideal in (3′) above is generated by the target stratum
generators in (B.29).

In case τ is realizable, condition (3′) governs both (1′) and (2′):

Lemma B.22. If τ is realizable, then the sheaf of monoid ideals KS,τ+K
◦
S given by (B.31)

is fiberwise generated by basic monoid ideals as in (3′) above.

Proof. The case of non-stacky domain curves is established in [3, Prop. 3.24] by analyzing
the generization of basic monoids. By Remark B.12, the same proof applies identically to
stacky domain curves. □

B.3.4. Stacks of punctured maps marked by types. Let τ = (G,σ, c) be a type. Consider
the categories fibered over fs log schemes

(B.32) M(A, τ), M′(A, τ)
parameterizing punctured maps to A marked and weakly marked by τ respectively. The
next few propositions summarize properties of M(A, τ) and M′(A, τ).

Proposition B.23. (1) Both M(A, τ) and M′(A, τ) are represented by algebraic stacks
locally of finite type with their basic fs log structures.

(2) The tautological morphisms

M(A, τ)→M(A), M′(A, τ)→M(A),
to the stack M(A) of usual pre-stable maps to A are representable.

Proof. Statement (1) follows from applying Step 1 of [3, Theorem 3.10] to the case of
orbifold domain curves. The representability in (2) is a consequence of Lemma B.16. □

Remark B.24. Let τ = (G,σ, c) be a type with G = (G,g,deg,m), and let G = ∪Gi
be the decomposition into connected components. Then τ naturally induces a collection
of types {τi}i with τi obtained by restricting τ to Gi. Note that any punctured map
f : C◦ → A over S marked (resp. weakly marked) by τ , is equivalent to a collection of
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punctured maps {fi : C◦i → A} over S such that C◦ = ⊔iC◦i , and fi = f |C◦
i
is marked

(resp. weakly marked) by τi. Consequently, we have isomorphisms of log stacks

M(A, τ) −→
∏
i

M(A, τi), M′(A, τ) −→
∏
i

M′(A, τi).

Remark B.25. A (not necessarily realizable) type τ = (G,g,deg,m,σ, c) is called a class
of tropical maps to A if V(G) = {V0}, E(G) = ∅, and σ(x) = {0} for any x ∈ G. Note
that the condition σ(x) = {0} for any x ∈ G implies that the constraint §B.3.3 (2) is
trivial.

For a class τ as above, we may write ς = (deg, c) so that ς(G) = (deg(L), c(L)) for
each L ∈ L(G), and write g := g(V0). Then the tropical class τ is equivalent to the data
of (g, ς). Further observe that τ has the basic cone σ = {0}, hence the constraint §B.3.3
(4) is trivial and M′(A, τ) = M(A, τ). We introduce

(B.33) Mg,ς(A) := M(A, τ),
which is the stack of punctured maps with connected genus g domain curves with orbifold
structure and contact orders specified by ς.

Indeed, for any punctured map f : C◦ → A over S of tropical type τ ′ with genus g con-
nected domain satisfying the constraints ς = (deg(L), c(L)), there is a unique contraction
τ ′ → τ by contracting all edges. Now observe that f satisfies §B.3.3 (1), (3), hence is
obtained by a unique morphism S →Mg,ς(A).

B.3.5. Idealized structures on stacks of punctured maps. Let G = (G,g,deg,m) and con-
sider the idealized log stack (M(G),KnM(G)) of pre-stable curves marked by G as in §B.1.8.
Consider the tautological morphisms of idealized log stacks

(B.34)
(M(A, τ),KM(A,τ))→ (M(G),KnM(G)),

(M′(A, τ),KM′(G)(A,τ))→ (M(G),KnM(G))

by removing the data of punctured maps, where the log-ideals KM(A,τ) and KM′(A,τ) are
the log-ideals defined in (B.31) respectively.

Proposition B.26. Both morphisms in (B.34) are idealized log étale.

Proof. The proof is identical to [3, Thm. 3.25]. Indeed, a key is the observation of [7] that
A is log étale over SpecC. In particular, punctured maps to A even with orbifold domains,
are unobstructed, except the obstructions to preserving the combinatorial structures of τ -
marking or weak τ -marking, which are encoded precisely by the corresponding idealized
structures. □

Proposition B.27. The tautological morphism

(B.35) M(A, τ)→M′(A, τ)
is a strict closed embedding defined by a nilpotent ideal. In particular, the two stacks have
the same reduced log stack.

Proof. Note that marking and weak marking by τ differ by the monoid ideal in §B.3.3 (3′).
This statement follows from [3, Prop. 3.33], which shows that the τ -marking log ideal is
contained in the radical of the weak τ -marking log ideal. □

We are mostly interested in the case that τ is realizable. In this case, the idealized log
étaleness of (B.34) allows us to compute the dimensions.

Proposition B.28. Suppose that τ is realizable with connected underlying graph G. Then
M(A, τ) is non-empty, reduced, and pure-dimensional of dimension

(B.36) dimM(A, τ) = 3g(G)− 3 + |L(G)| − dimσ

where σ is the basic cone associated to the realizable type τ .
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As M(A, τ) and M′(A, τ) have the same reduced stack, M′(A, τ) is non-empty and
pure-dimensional of the same dimension (B.36) for a connected and realizable type τ .

Proof. This follows from the same analysis as in [3, Remark 3.27 and Prop. 3.29]. The
key is to apply [2, Prop. 2.10] and observe that punctured maps to A are determined by
the corresponding tropical maps. □

B.4. Punctured maps to a log stack. Let X be a separated log Deligne-Mumford stack
with a strict morphism X → A. A punctured map to X over an fs base S is a morphism
f : C◦ → X where C◦ → S is a punctured curve. The associated punctured map to A is
f : C◦ → A over S obtained by composing f with X → A. We call f stable if the underlying
pre-stable map f is stable in the usual sense. In particular, f is representable.

Fix a type τ as in (B.19), consider the categories of stable punctured maps to X

M (X, τ), M ′(X, τ)

whose associated punctured maps to A are marked and weakly marked by τ respectively.
We collect various properties of these two stacks as needed in this paper.

B.4.1. Representability.

Proposition B.29. Both M (X, τ) and M ′(X, τ) are represented by log Deligne-Mumford
stacks locally of finite type.

Proof. Lemma B.16 implies that stable punctured maps have only finite automorphisms.
Thus it remains to prove the algebraicity of both M (X, τ) and M ′(X, τ).

Consider the Cartesian diagram

(B.37) M (X, τ) //

��

M ′(X, τ)

��
M(A, τ)

(B.35) //M′(A, τ)

where the vertical arrows are obtained by taking the associated punctured maps to A,
hence are strict. Since the bottom arrow is a strict closed embedding, the top arrow is
representable. Thus it suffices to prove the algebraicity of M ′(X, τ).

Denote by M (X) the moduli of usual stable maps to X, equipped with the canonical
log structure of its domain universal curve. Similarly, let M(A) be the moduli of usual pre-
stable maps to A with its canonical log structure from its domain. We arrive at another
Cartesian diagram

M ′(X, τ) //

��

M (X)

��
M′(A, τ) //M(A)

where the two horizontal arrows are the tautological ones, and the right vertical arrow is
induced by the underlying of X → A, hence is strict. Since all the three stacks M (X),
M(A) and M(A, τ) are algebraic and locally of finite type, we conclude that M ′(X, τ) is
algebraic and locally of finite type. □

B.4.2. Relative boundedness. For a curve class β ∈ H2(X), consider the open substacks

M (X, τ, β) ⊂M (X, τ), M ′(X, τ, β) ⊂M ′(X, τ), M (X,β) ⊂M (X)
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parameterizing punctured maps with curve class β. Consider the commutative triangle

(B.38) M (X, τ, β) //

F ''

M ′(X, τ, β)

F ′
ww

M (X,β)

where the two arrows F, F ′ are the forgetful morphisms, and the horizontal arrow is a
strict closed embedding induced by (B.37). For any strict morphism W → M (X,β), we
obtain pull-backs

FW : M (X, τ, β)×M (X,β) W →W, F ′W : M ′(X, τ, β)×M (X,β) W →W.

Similar to [20, §2.5], we introduce the following relative version of combinatorial finite-
ness which will be convenient in the situation of this paper. An absolute version with
general targets can be found in [3, §3.3.1].

Definition B.30. The data (τ, β) is F -combinatorially finite (resp. F ′-combinatorially
finite) overW if the collection of tropical types of punctured maps in M (X, τ, β)×M (X,β)W
(resp. M ′(X, τ, β)×M (X,β) W ) is finite.

Proposition B.31. Suppose that (τ, β) is F -combinatorially finite (resp. F ′-combinatorially
finite) over W . Then FW (resp. F ′W ) is of finite type.

Proof. The proof is analogous to [3, Prop. 3.16], briefly summarized below. As the state-
ment is local on W , we may assume that W is of finite type. We will only consider the
case that (τ, β) is F -combinatorially finite, as the other case is similar.

We first stratify the stack M (X, τ, β)×M (X,β)W , such that each stratum parameterizes
punctured maps of the same tropical type. The combinatorial finiteness implies that there
are only finitely many strata. Hence it remains to show that each stratum is of finite type.

Consider a type τ = (G,σ, c) given by a stratum Mτ ⊂ M (X, τ, β) ×M (X,β) W . The
image of Mτ in W necessarily factors through a stratum Wτ ⊂W determined by the data
(G,σ) imposed on the level of underlying maps. It remains to show that punctured maps
lifting the underlying map of Wτ and having contact order c form a bounded family. To
achieve this, we may first follow [3, Prop. 3.16] to parameterizes all punctured curves with
the underlying pre-stable curve given by the family over Wτ . Then similar to [24, §3.2]
and [16, §5.4], one may further construct a finite type scheme parameterizing all possible
punctured maps from these punctured curves. This leads to the boundedness of Mτ , hence
the finite type property of FW . □

B.4.3. Valuative criterion.

Proposition B.32. The morphism F ′ in (B.38) satisfies the valuative criterion. More
precisely, for any discrete valuation ring R with the quotient field K and the maximal ideal
m, consider a commutative diagram of solid arrows of underlying stacks

SpecK

��

//M ′(X, τ, β)

F ′

��
SpecR //

55

M (X,β)

Then, possibly after replacing R by a finite extension of DVRs, and K by the induced finite
field extension, there exists a unique dashed arrow making the above diagram commutative.
The same property holds for F .

Proof. As the horizontal arrow in (B.38) is a strict closed embedding, it suffices to prove
the statement for F ′. For X a log scheme with a Zariski log structure, the statement
is proved in [3, Thm. 3.18]. While in our situation we allow the target X and domain



TROPICAL DECOMPOSITION OF LOG GLSM 103

curves to be Deligne-Mumford stacks, the log structure on the target X is only of DF1,
the simplest possible Zariski log structure. Thus, the proof is analogous to [3, Thm. 3.18].
We briefly summarize the idea below.

Denote by f : C → X the stable map over SpecR given by the bottom arrow, and
fη : C

◦
η → X the basic stable punctured map over η given by the top arrow with η = SpecK.

The commutativity of the above diagram means that the underlying map of fη is f |η. The
goal is to extend fη to a punctured map f : C → X over S with S = SpecR such that the
underlying of f is f , and f |η = fη.

The first step is to show that the central fiber f |s if exists, its tropical type is uniquely
determined by fη and f . Note that given the underlying map f , to determined the tropical
type of f |s, it suffices to determine the contact orders along nodes. Thus we may apply
[16, §6.2] and [24, §4.1] to obtain the tropical type of f |s.

In the second step, we construct a unique punctured curve C◦ → S as the domain
curve. Away from the punctures, the construction of C◦ is identical to [24, §4.2] using the
tropical type from the first step. Furthermore as explained in the proof of [3, Thm. 3.18],
the tropical type uniquely determines the log structure along the punctures.

Finally, one can extend fη to f over SpecR following [16, §6.3] and [24, §4.3]. □

Appendix C. Logarithmic alignments

We recall logarithmic alignments introduced in [1], and establish some basic properties.
The results of this section are used crucially in §6 for comparing virtual cycles.

C.1. Alignments of locally free log structures.

C.1.1. Aligned log structures. Recall from [1, §8.1] that an aligned log structure on a scheme
S is a locally free log structureMS , together with a sheaf of finite subsets AS ⊂MS such
that for each geometric point s ∈ S the fiberMS |s ∼= Nm has a basis {e1, e2, · · · , em} and

(C.1) AS |s = {0, e1, e1 + e2, e1 + e2 + e3, · · · , e1 + · · ·+ em}.

Denote by Tlog the stack of aligned log structures. By [1, Proposition 8.1.2], Tlog is
an algebraic stack. We view Tlog as a log stack with its universal aligned log structure

Mlog and the universal subset Alog ⊂ Mlog. Then Tlog is smooth and log smooth by [1,
Proposition 8.2.2 and 8.3.1].

We introduce three types of alignments to be applied to log GLSM.

C.1.2. The universal alignment. Let Ma
log ⊂ Mlog be the free submonoid generated by

Alog. Denote by Ma
log =Ma

log ×Mlog
Mlog ⊂ Mlog the corresponding sub-log structure,

and by T alog = (T log,Ma
log) the log stack.

Let S → Tlog be a strict morphism given by an aligned log structure (MS ,AS) as in

§C.1.1. Then fiberwise the non-zero elements in AS form a set of generators of the pull-
back log structure Ma

S =Ma
log|S . By (C.1), we observe that Ma

S , hence Ma
log is locally

free.
Let Logfr ⊂ Log be the open substack parameterizing locally free log structures. Then

we obtain a composition, called the universal alignment:

(C.2) align: Tlog
Ma

Tlog
⊂MTlog

// T alog
strict // Logfr .

C.1.3. Truncated alignments. Let Logfr≤m ⊂ Logfr be the open dense substack over which

the fibers of MLogfr have rank ≤ m. Let Logfr=m ⊂ Logfr≤m be the reduced strict closed

substack over which the fibers ofM
Logfr≤m

have rank precisely m.



104 QILE CHEN, FELIX JANDA, AND YONGBIN RUAN

The morphism (C.2) restricts to truncated alignments:

(C.3) align• := align |T• : T• := Tlog ×Logfr Log
fr
• −→ Logfr•

where • represents ≤ m or = m. For later use, denote byMa
• := align∗•MLogfr•

.

We call T≤m resp. T=m the stack of aligned log structures of length ≤ m (resp. = m).

We also obtain the universal subsets A≤m = Alog|T≤m
and A=m = Alog|T=m .

C.1.4. Labeled alignments. We are also interested in the case where all elements in (C.1)
are labeled. Consider Am ∼=

∏
i∈[m]Ai with the m copies of Ai ∼= A labeled by the

set [m] := {1, 2, · · · ,m}. Taking base change along the strict étale surjective morphism

Am → Logfr≤m, we obtain the [m]-labeled alignment:

(C.4) align[≤m] := align≤m×Logfr≤m
Am : T[≤m] := T≤m ×Logfr≤m

Am → Am.

For any strict morphism S → T[≤m] induced by an aligned log structure (MS ,AS), non-

zero sections in AS are labeled by [m]. Pulling back align[≤m] along the strict closed

imbedding ∞m
A → Am, we obtain the [m]-labeled alignment of length m:

(C.5) align[m] : T[m] := T[≤m] ×Am ∞m
A →∞m

A .

C.1.5. Properties of logarithmic alignments.

Proposition C.1. The morphism (C.4) is birational, projective and log étale.

Proof. We first check the log étaleness. By [1, §8.3], T[≤m] admits a cover given by strict
étale morphisms An → T[≤m] for n ≤ m. It suffices to show that the composition

An // T[≤m]

align[≤m] // Am

is log étale. However, this is a morphism between two Artin fans, whose log étaleness
follows from the local criterion [27, Theorem (3.5)].

The birationality follows from the fact that align[≤m] |T[≤1]
= align[≤1] is the identity on

the open dense substack T[≤1] ⊂ T[≤m].
It remains to show the projectivity. In the following, we will show that T[≤m] is the

moduli X [m] of degree m stable configurations of points in the pair X = (A,∞A) with
align[≤m] the evaluation given by the m sections labeled by [m], see [4, Definition 1.5.2].

Then the projectivity follows from [4, Proposition 1.5.4].

We view X [m] as a log stack with the canonical log structure given by its universal
expansions. For any strict morphism S → X [m], denote by S[m] → S the family of
expansions. Over each geometric point s ∈ S, we have the fiber of length k ≤ m (see [4,
Convention 1.4.1])

S[m]s = X ∪∞=∞− P1 ∪∞+=∞− · · · ∪∞+=∞− Pk.

The fiberMS |s ∼= Nk is a free monoid with generators e1, · · · , ek such that ei corresponds
to the smoothing parameter of the node given by ∞− ⊂ Pi.

Recall that the family of stable expansions S[m]→ S admits m sections ϵk : S → S[m]
for k = 1, · · · ,m. Each Pi has a unique open dense point, which contains at least one
section by stability [4, Definition 1.5.1]. For the kth section ϵk : S → S[m], we define
an element δk,s = e1 + e2 + · · · + eki if the fiber ϵk|s lands in Pki . This defines a set

AS,s := {δk,s | k ∈ [m]} ∪ {0} of length ≤ m since sections can intersect. Observe that

the fiberwise defined AS,s glues to a sheaf of totally ordered subsets AS ⊂MS labeled by

[m]. This defines a morphism S → T[≤m], hence X
[m] → T[≤m].

To obtain the inverse T[≤m] → X [m], note that T[≤m] carries a natural family of expan-
sions of length ≤ m by [1, Proposition 8.1.2]. The log structureM[≤m] is the canonical log
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structure of the expansions. For a strict morphism S → T[≤m], let S[m]→ S be the family
of expansions pulled back from T[≤m]. The section ϵk : S → S[m] is constructed using the

section in A[≤m] labeled by k ∈ [m] by reversing the above construction.
This completes the proof. □

Corollary C.2. The morphism (C.2) is proper, representable, birational, and log étale.

Proof. We may check this on a strict étale cover. Note that the collection of compositions

Am → Logfr≤m → Logfr of strict étale morphisms for all m form an étale cover of Logfr.
Thus the statement follows from Proposition C.1. □

Corollary C.3. The morphism align[m] is projective and log étale. It is birational iff
m = 1.

Proof. This follows from Proposition C.1 by taking the base change of (C.2) along ∞m
A →

Am. For birationality, note that align[1] is an isomorphism by the definition of aligned log
structures. □

C.2. General alignments. In general, the log structures that we will need to deal with
are rarely locally free. Next generalize the alignments from §C.1, as required for §6.

C.2.1. The A-alignments. Let S be an fs log stack with a sheaf of finite subsets A ⊂MS

containing 0. A morphism h : T → S is called an alignment of A if the image of

h−1A→ f−1MS →MT

is geometric fiberwise totally ordered with respect to ≼MT
. Note that if T → S is an

alignment of A, then any composition T ′ → T → S from an fs log scheme T ′ is also an
alignment of A.

LetMA
S be the sheaf of locally free monoids over S whose fiberwise generators are labeled

by non-zero elements of A. The inclusion A ⊂MS induces a morphismMA
S →MS hence

a log structureMA
S =MS ×MS

MA
S over S with the structure morphism defined by the

compositionMA
S →MS → OS . Consider the composition

S
MS←MA

S // (S,MA
S )

MA
S // Logfr

Pulling back (C.2), we obtain the projection

(C.6) alignA : TA := Tlog ×Logfr S → S,

called the A-alignment.

Denote byMa
TA

the pull-backMa
log|TA

∼=MA
S |TA . The sheaf Alog|TA is fiberwise given

by the set of generators ofMa
TA

, hence we have an identification Alog|TA = A|TA . There-
fore, the image of the composition

A|TA = Alog|TA →M
a
TA
→MTA

is totally ordered with respect to ≼MT
A

. This shows that the projection TA → S is an

alignment of A. Indeed TA is the universal alignment:

Proposition C.4. For any h : T → S and an alignment of A, there is a unique factor-
ization

T
h′ //

h **

TA
alignA
��
S.
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Proof. Consider the sequence of morphisms of log structures MA
S |T −→ MS |T

h♭−→ MT .

We construct a sub-sheaf of monoidsM′ ⊂ (MA
S |T )gp over T as follows.

For a geometric point t ∈ T , let {δ1, · · · , δm} be the set of generators ofMA
S |t. Denote

by δ′i ∈MT |t the image of δi. After reordering, we may assume that

δ′1 ≼MT
δ′2 ≼MT

· · · ≼MT
δ′m.

Define the fiberM′|t ⊂ (MA
S |t)gp to be the free monoid generated by

δ1, δ2 − δ1, · · · , δm − δm−1.

This fiberwise construction glues to a subsheaf of monoidsM′ ⊂ (MA
S |T )gp.

The fact that h is an alignment ofA implies that (δ′i+1−δ′i) ∈MT . Thus the composition

M′ ⊂ (MA
S |T )gp →M

gp
T factors throughM′ →MT . This defines a log structureM′ :=

MT ×MT
M′ with the structure morphism given by M′ → MT → OT . In particular,

we obtain a morphism of log schemes T → (T ,M′). By construction, the pair (AT ,M′T )
defines an aligned log structure on T , inducing a strict morphism (T ,M′) → Tlog. This
leads to a commutative diagram

T
h //

��

S

��
Tlog

align // Logfr

with the left vertical arrow given by T → (T ,M′) → Tlog. This leads to a unique factor-
ization h′ as in the statement, finishing the proof. □

C.2.2. alignA in the labeled case. Consider a sheaf of finite subsets A ⊂MS over S as in

§C.2.1. An [m]-labeling of A is a strict morphism (S,MA
S ) → Am ∼=

∏
i∈[m]Ai with the

m copies of Ai ∼= A labeled by [m]. In particular each non-zero (local) section of A is
uniquely labeled by an element of [m].

In case (S,MA
S )→ Am factors through∞m

A , note thatA\{0}, as the sheaf of generators
ofM∞m

A
|S , is the constant sheaf with m elements.

Proposition C.5. Suppose A is [m]-labeled. Then alignA in (C.6) is projective and log
étale.

Proof. This follows from Corollary C.3 and the following Cartesian squares in the fs cate-
gory:

TA //

alignA
��

T[≤m]
//

align[≤m]

��

Tlog
align
��

S // Am // Logfr

□

C.2.3. Order removing. Suppose the sheaf of subsets A ⊂ MS over S is [m]-labeled.

Consider the subset [m′] ⊂ [m] for some m′ ≤ m. This induces a subsheaf A
′ ⊂ A by

taking elements labeled by [m′]. Since any alignment of A is automatically an alignment

of A
′
, by Proposition C.4 we obtain a natural morphism over S:

(C.7) align
A⊃A′ : TA → TA′ .

By Proposition C.5, the morphism align
A⊃A′ is projective over S.
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