STRUCTURAL FORMULAE IN LOGARITHMIC GAUGED LINEAR
SIGMA MODELS I: THE TROPICAL DECOMPOSITION FORMULA

QILE CHEN, FELIX JANDA, AND YONGBIN RUAN

ABSTRACT. We prove a tropical decomposition formula for the reduced virtual cycle in
log GLSM. This allows to express Gromov—Witten invariants of complete intersections
or Fan—Jarvis-Ruan—-Witten invariants in terms of two ingredients: (1) integrals against
the canonical virtual cycle of log R-maps and (2) effective invariants.
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1. INTRODUCTION

1.1. Background on logarithmic Gauged Linear Sigma Models. This and the sub-
sequent works [19, 17] form the geometric foundation for computations using logarithmic
Gauged Linear Sigma Models (log GLSM), as introduced in [18] using the logarithmic
machinery of [2, 3].

A key concept from [18] is the notion of log R-maps. Consider the torus C} = G,,
and the stack BC}, = [Speck/C}] parameterizing line bundles. Let £, = [C,/C] be the

universal line bundle over BC}, where C,, is the C} -representation of weight 1. A log

R-map over a log scheme S is a (2-)commutative triangle
(1.1) RY
/ l
C - BC]
Weys

where g — BC is a proper, DM-type morphism of log stacks (the symbol 8 is the fraktur
letter “P”), and C' — S is a log curve, the bottom arrow is induced by the log cotangent

bundle wlc?/gs, and f is a log map. Removing all log structures from (1.1), defines underlying
R-map over the underlying scheme S.

To allow applications to both Gromov—Witten theory and Fan—Jarvis—Ruan—-Witten
(FJRW) theory, we consider the hybrid targets P8 — BC, as in introduced in [1%] and
reviewed in §2.1.1. Roughly speaking, B8 is constructed from a smooth Deligne-Mumford
stack X with projective coarse moduli by taking a weighted projective compactification
of a vector bundle twisted by powers of wlgg. Indeed the log structure Mgy over B is the
divisorial log structure defined by a smooth divisor co C P such that PB° := P \ co is the
vector bundle (2.4). Denote by O C B° its zero section. Furthermore, there is a canonical
projection 8 — X as in (2.6), which on the Gromov—Witten side is crucial for relating log
GLSM with the Gromov—Witten theory of complete intersections in X.
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As shown in [18], by imposing a certain stability condition (see §2.1.4), stable log R-maps
with given discrete data (g, <, 3) form a proper log Deligne-Mumford stack %, (B, 5). The
discrete data consists of the genus g € N, the curve class 5 € Hy(X), and the discrete data
at the markings ¢'= {(¥,, c(p))}p, which assigns to each marking p an orbifold sector 7,
parameterizing cyclotomic gerbes in Py := P xpcx Speck and a contact order c(p) € N,
such that f is required to be tangent to 0o of order ¢(p). The most important case is when
(9,<, B) is of compact type, which means that c(p) = 0 and %, is a sector in the zero section
Op, = Op XBCy, Speck for all markings. In particular stable R-maps parameterized by
Rq (B, ) factors through Oy along all markings.'

Similar to the case of Gromov—Witten theory, the smoothness of X leads to a canonical
perfect obstruction theory of %y (B, 3), hence the canonical virtual cycle (%, B, B)]'™",
see (2.6). This canonical perfect obstruction theory solely depends on the geometry of .
To recover FJRW theory and the Gromov-Witten theory of complete intersections in X,
the extra key ingredient is a superpotential, that is a C}-equivariant holomorphic function
W: B, — C,, or equivalently a morphism of stacks PB° — L. A superpotential W is said
to have proper critical locus if its critical locus is supported on Oy, , see §4.1.

Given discrete data (g,<, 3) of compact type, a superpotential W with proper critical
loci can be used to modify the canonical theory of %Z, +(*B, 3), defining a reduced perfect
obstruction theory hence the reduced virtual cycle [ %, (B, B)]"4 of Z, (B, B), see [18] and
§4. The reduced theory is of primary interest — depending on the choice of target B, it
recovers both FJRW invariants, and Gromov-Witten invariants of complete intersections
in X.

1.2. The tropical decomposition formula. In this article, we study the structure of
[%y.(B, B)]™*¢ from a tropical point of view. Let n be the number of markings labeled by
¢. Consider the stack .#; ,,(X, B) of twisted stable maps. There is a tautological morphism

E///: '@g,f(maﬁ) — M, ,n(‘X?B)

obtained by composing stable log R-maps (1.1) with the canonical morphism B — X,
removing the log structures and stabilizing.

Theorem 1.1 (“Tropical decomposition formula”, see Theorem 5.3). Let [%Z, AP, B)]¢
be the reduced virtual cycle defined by the compact-type discrete data (g,<,3) and a super-
potential W with proper critical locus. Then, we have the decomposition

— Vool
12) Faol@, o= Y SO T o)

rrees Al g

FG . 0AL T Zeo)con(oom BN x [T Zev)eon (B, BV
VEV o (G) VeVo(G)

where the sum ranges over partitions of (g,<,3) by decorated bipartite graphs
(1.3) 7. =(G,V(G) = Vo(G) U V(G),g,s,3).

We briefly explain the main result and refer to §5.1 and Theorem 5.3 for more details.
1.2.1. Combinatorial partitions. The partitions (1.3) naturally arise as decorated A-types

of a rigid tropical maps (5.1), hence the name “tropical decomposition”. As explained in
§5.1.1, they are equivalent to the following combinatorial data.

1The notation %;"; (B, B) is used in [18] to emphasize the compact type condition of (g,¢, ). In this
paper we drop this supscript for simplicity noting that the compact type condition is built into ¢
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FiGURE 1. Example of a partition of (¢ = 5,(0,0g,),0) by a bipartite
graph for the target 8 = BC]. We indicated the genus at each vertex,
leaving out the curve classes, which are all zero. The numbers at the half-
edges indicate the contact orders.

First, G is a non-empty connected graph consisting of the set of vertices V(G), the set
of half edges H(G) and an involution (¢: V(G) UH(G) — V(G) UH(G) fixing V(G), see
§B.1.6. As usual, we define

L(@)={h € H(G) | (k) =h},  E(G)={{h.h} | hh e H(G) | tc(h) = h # h},

to be the set of legs and the set of edges of G respectively. Furthermore, the legs L(G)
correspond to the markings in ¢ and are labeled 1, ..., n.

The partition V(G) = Vo(G) U V& (G) divides V(G) to a set Vo(G) of 0-vertices and
a set Voo (@) of co-vertices. Note that both V(G) and V(G) are allowed to be empty,
but not simultaneously.

The genus decoration g: V(G) — N assigns a non-negative integer to each vertex,
forming a partition of g in the following sense:

g=n'(G+ > &)

VEV(G)

The curve class decoration f: V(G) — Hy(X) assigns a curve class to each vertex,
forming a partition of 3:
B= > BV)
Vev(a)
The data ¢ = {(c(h),¥}) }hen(q) specifies for each h € H(G) a contact order c(h) € Z
and a sector 7;, such that

(1) The set L(G) is labeled by the markings in ¢’such that {(c(h),¥}) }hera) = <
(2) For any edge {h,h} € E(G), the two sectors 7, and 7j, are oo-sectors related by
the nodal involution (2.11).
(3) For any edge E = {h,h} € E(G), we require c(h) = —c(h), and define ¢(F) =
c(h)] = [e(h)]-
(4) If h € H(G) satisfying c(h) > 0, then h is attached to a O-vertex. Furthermore, we
requre c(h) = 0 iff h € L(G).
In particular, half edges attached to oo-vertices have strictly negative contact orders. We
give an example of a partition by a bipartite graph in Figure 1.

1.2.2. Vertex contributions. For each vertex V' € V(G), denote by (V') = {(c(h),¥},) }her(v)
the subset of ¢, where H(V') C H(G) is the set of half edges attached to V. We distinguish
the following two cases.

If V€ Vo(G), we obtain the stack Zg(v).c(v) (B, B(V)) of stable log R-maps with the
corresponding discrete data, hence the canonical virtual cycle [Zgv),cv) (B, B(V))]"".
If V € Voo(G), then Zg(v) gy (oo, B(V)) is the stack Z (%, 7v) of stable punctured

R-maps associated to V' as introduced in (5.5). Note that the half edges attached to V' have
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negative contact orders in general, and hence a theory of punctured R-maps is necessary to
describe these vertex moduli spaces. In this paper we will construct the stack of punctured
R-maps in general. In particular, we will see that Zg vy c(v)(coq, B(V)) is a log DM stack

admitting a reduced virtual cycle [Zg(v) &) (0o, B(V))Jred.

1.2.3. Morphisms involved in the tmpzcal decomposition. For each edge z = {h, h} € E(G)

with h attached to an co-vertex V and h attached to a 0-vertex V we obtain two evaluation
morphisms

evi: Zgv).v)(oop, BV)) — T,
evy: %g(f/),e(f/) (B,B(V)) —7;,
as in (2.16). These evaluation morphisms are determined by the orbifold structure of the

underlying R-maps along the markings corresponding to h and h. Set Y. = Yp, and
consider the involuted diagonal

Ay =1d X175, =7, Xj,
see (5.8). Taking products, we obtain

Ay = H H "Yx — H Yh X Y

z={h,h}€E(G) z€E(G {h,h}eE(Q)
Define the stack 2% (%8, 7,) via the Cartesian diagram
X (P, 70) [Ivev. () Zsv)cv)(0op, BV)) X [Ivevya) Zev).con) (B, B(V))
[Leerc) Ve A Hiniyer@ Tn X7

This stack 2% (B, 7)) carries a universal underlying R-map obtained by gluing universal
R-maps from each vertex. Hence we obtain the tautological morphism

FG: %P, 7.) = Myn(X,B),

defined similarly to F 4.
This explains the morphisms involved in the tropical decomposition 1.2.

Remark 1.2. Tt should be emphasized that a similar formula replacing reduced virtual
cycles by canonical virtual cycles in 1.2 is false. While this paper builds upon the theory
of punctured maps [3], to establish 1.2 extra ingredients are required. One of the ingredient,
discussed in §6, is a careful study of punctured R-maps to cogp from disconnected domains.

In particular, this gives rise to the special factor (—7)/Veel.

1.3. Applications. In Section 7.1, we specialize the tropical decomposition formula, The-
orem 1.1, to the case of Gromov—Witten invariants of smooth hypersurfaces Z in smooth
projective varieties X'. Let 8 — BC], be the log GLSM target corresponding to this
geometry.

Corollary 1.3. The Gromov-Witten invariants of Z with ambient insertions may be
effectively computed in terms of two ingredients:

(1) The effective invariants of Z C X, see [19, §9]. _
(2) Tautological integrals against the canonical virtual cycle %y (B, B)]"".

The effective invariants are defined as integrals against the reduced virtual cycle of
Rgn(0oxp, B). The work [19] is dedicated to the axiomatic study of the effective invariants.
In particular, it is shown that effective invariants vanish in many cases, and when they do
not vanish, they often may be computed in terms of finitely many basic effective invariants
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in each genus. On the other hand, we expect the non-vanishing effective invariants to
be the most challenging part of computing higher genus Gromov—Witten invariants of
hypersurfaces, and more generally, complete intersections.

By [18, Corollary 1.10], the Gromov—Witten invariants of Z are equal to integrals against
the reduced virtual cycle of %y ,(B,3). On the other hand, the second ingredient in
Corollary 1.3 is formed by the integrals against the canonical virtual cycle of the same
moduli space.

The canonical virtual cycle is not only much easier to define than the reduced one
but also has significant advantages from the computational point of view. One of the
advantages of the canonical perfect obstruction theory is that, as discussed in [17], it often
is equivariant for a larger torus than the reduced perfect obstruction theory. For instance,
if Z is a quintic threefold in P, then the canonical perfect obstruction theory is equivariant
with respect to a (C*)® acting on the base P* as well as a C}, acting by scaling R-maps
in the projective bundle direction. In contrast, any suitable superpotential, and thus the
reduced perfect obstruction theory, is only equivariant for the latter C -action (also called
the R-action).

The additional equivariance is used crucially in the proof [25] of several predictions from
physics about the structure of higher genus Gromov—Witten invariants of quintic three-
folds, including Yamaguchi—Yau’s finite generation (see also §1.4 below) and the holomor-
phic anomaly equations. More specifically, combining the tropical decomposition formula
with the localization formula of [17] for the canonical virtual cycle, allows to compute
the Gromov—Witten invariants of Z in terms of the (C*) x C-equivariant O(5)-twisted
Gromov-Witten invariants of P4. Having the (C*)® x C¥-equivariance, then allows to make
the following specialization of equivariant parameters

Aoy ALy s Ay t) = (N CN, ..., CIN0),

where A is a single equivariant parameter, and ( is a primitive 5th root of unity. Under
this specialization, the twisted Gromov-Witten theory recovers the “formal quintic” in the
sense of Lho—Pandharipande [28], for which finite generation and holomorphic anomaly are
well-understood.

A second advantage of the canonical perfect obstruction theory is that, as its name
suggests, it is the canonical obstruction theory from the point of view of logarithmic
Gromov—Witten theory, and we should thus expect many results from log Gromov—Witten
theory to translate to the log R-map setting. One specific result we have in mind is Tseng—
You’s work [35], which computes the log Gromov—Witten invariants of a smooth projective
variety X with divisorial log structure along a smooth divisor D in terms of orbifold
Gromov—Witten invariants of the root stacks {/(X, D). Applying a similar approach to
log R-maps has the potential to provide a uniform treatment of Yamaguchi—Yau’s finite
generation and the holomorphic anomaly equations even in cases where a “formal theory”
does not exist. We hope to explore this direction in future works.

We conclude by pointing out log GLSM is only one of several approaches to the structure
of higher genus Gromov-Witten invariants of quintic threefolds. One other approach is
via the technique of mixed spin p-fields of Chang—Guo—Li-Li—Liu [10, 11, 12, 14, 15].

1.4. Connection to mirror symmetry. We outline how even by itseflf, the tropical
decomposition formula interacts nicely with higher genus mirror symmetry, in particular
with Yamaguchi—Yau’s finite generation property.

We begin by recalling two generating series of the Gromov—Witten invariants of a Calabi—
Yau threefold Z. The genus g > 2 Gromov—Witten invariants of Z may be assembled into
a generating series

Fy(Q) =Y Q% deg[ My n(Z, B)]'™" € A,
B
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which is valued in the Novikov ring A. The series Fy(Q) is called the genus g Gromov—
Witten potential of Z.
For genus g = 0, we instead consider the (small) J-function of Z

J(Q,Z):Z-1+ZQ’BGV1*< !
340 T

which contains the information of all genus zero Gromov—Witten invariants of Z.

N [//071(2,5)]"”> c H (2)® Al 1],

Conjecture 1.4 (Genus zero mirror theorem). There exists a “mirror Calabi-Yau three-
fold” of Z whose associated series of periods I has an expansion

1(g,2) = zIo(q) + I (q) + O(=7") € zH*(Z) @ N'[z 7]
where A is a Novikov ring in a second set of variables q°, where Iy(q) € A’ and I,(q) €
H2(Z)® N.
Furthermore, the J-function may be computed from the I-function via the formula

o [ 1(2,2)
@0 =en () 7

under the “mirror map”

, @ =ioe (] )

isomorphism A = A\’

There is an extensive literature on special cases cases of the genus zero mirror conjecture.
Here, we contends ourselves with mentioning Lian—Liu—Yau’s proof [29] in the case of
complete intersections in projective space and Givental’s proof [22] in the case of complete
intersections in toric varieties. Furthermore, Coates—Givental have developed a “quantum
Lefschetz principle”, which implies a general genus zero mirror theorem for hypersurfaces,
see [21, Corollary 7].

Higher genus mirror symmetry concerns formulas for Fy(Q) for g > 2 similar to Con-
jecture 1.4. The following is the fundamental structural prediction for Fy(Q).

Conjecture 1.5 (Yamaguchi—Yau polynomiality /finite generation [30]). Assume that Con-
jecture 1./ holds for Z. Then, there exists a finitely generated Q-algebra R C A’ such that

Fy(Q) € (In(9))**R
for every g > 2.

We may apply the tropical decomposition formula for log GLSM to Yamaguchi—Yau’s
finite generation. We now let Z be a smooth Calabi—Yau hypersurface in a Fano fourfold
X. Let P — BC, be the corresponding log GLSM target. Form the following generating
series

K(Q) =Y Q% evi (%P, B))'™) € H(X) ® A,
B#0
where ¢ consists of a single co-sector with contact order 1, and for any g,n,l > 0 such that
29 — 2+ 2n+ 30 > 0 and any ar,...,q, € H5(X), we define

n+l
Qgnilar, ..., op Z / Hev ;) H evy A,

g< +l i=n+1

where &,4; consists of n many oco-sectors with contact order 1 and ! many oco-sectors with
contact order 2, and p € H8(X) denotes the Poincaré dual class of a point. We expect
that these series satisfy the following Yamaguchi—Yau-type polynomiality:
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Conjecture 1.6. Assume that Conjecture 1.4 holds for Z. Then, under the mirror map
(1.4), we have

K(Q) = og(la(a) ~ 71

and for all g,n,l such that 29 — 2+ 2n+ 31 > 0 and aq,...,qa,, we have
Qgni(ar,...,an) € (Io(q)I 2R

for a finitely generated Q-algebra R C A'.

Theorem 1.7. If Conjecture 1.6 holds for Z and we have ¢° € R for every effective curve
class B, then Conjecture 1.5 holds for Z.
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2. PUNCTURED R-MAPS AND THE CANONICAL PERFECT OBSTRUCTION THEORY

2.1. Punctured R-maps. Log R-maps are at the heart of log GLSM [158]. To compute
their boundary contributions in log GLSM, we combine the theory of punctured logarithmic
maps [3] and R-structure to extend the notions of log R-maps to punctured R-maps, which
allow negative contact orders along markings. For reader’s convenience, a review of [3] in
the setting needed in this paper is provided in the appendix §B.

2.1.1. Hybrid targets. The hybrid targets of [18] are targets for both log R-maps and punc-
tured R-maps of this paper. They are constructed using the following data:

(1) A proper Deligne-Mumford stack X with a projective coarse moduli scheme X.
(2) A vector bundle E over X of the form

where E; is a vector bundle with the grading i. Write d := ged (z | E; # O).
(3) A line bundle L over X.
(4) A positive integer r.
For later use, fix an ample line bundle H over X, and denote by H its pull-back to X.
Denote by BC}, := BG,,, with the trivial log structure and the universal line bundle L,,.
The inertial torus of BC}, will be denoted by C}. The data (X,L,r) leads to a cartesian
diagram

(2.1) X = BG,,
BCH x & — P BG,y.,

defining the stack X, where v, is the rth power map, the bottom arrow is defined by
L,XLY, and the top arrow is defined by £y — the universal r-th root of £, KLY, called
the r-spin structure.

To construct the target P (the symbol B is the fraktur letter “P”), we fix a twisting
choice a € % - Z~q, or equivalently a rational number 7 = a - r. The underlying P is the
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weighted projective stack bundle over X:

(2.2) P =DPv (EB(EX;E ® LY @ (’)x) ,

i>0
with w the collection of the weights of the G,,-action such that the weight on the i-th
factor is the positive integer « - ¢, while the weight of the last factor Oy is 1. Here, for any
vector bundle V = @,;V; with a G,,-action of weight w, we use the notation

(2.3) PY (V) = KVb(V) \ ov) /Gm] :

where Vb(V') is the total space of V, and Oy is the zero section of Vb(V').
Note B is a compactification of

(2.4) PB° := Vb (@(Exx ® ﬁ%")) CP.

i>0
The boundary cop = B\ PB° is the Cartier divisor defined by the vanishing of the Ox-
coordinate in (2.2). We make P into a log stack P by equipping it with the log structure
corresponding to the Cartier divisor oogs. In particular, there is a canonical strict morphism
of log stacks

(2.5) PB— A,

see §A.2.1. Furthermore, we have the following commutative diagram

(2.6) pL-x .BC

N

X

where ( is the composition X — BC}, x X — BC, with the second arrow the projection
to BCY,. By construction, ( op is proper of DM-type. For later use, denote by Oy the zero
section of the vector bundle J3°.

2.1.2. Punctured R-maps. Fix a target f — BC} asin (2.6). A punctured R-map over an
fs log scheme S is a 2-commutative triangle

(2.7) RY
/ \LCOP
c° BC,
wlog
co/s

where C° — S is a punctured curve as in (B.4), f is a morphism of log stacks, and the
bottom morphism and the 2-morphism define an isomorphism wlcof /s = Li|ce. It is called
a log R-map if C° — S is a family of log curves.

For simplicity, we may denote a punctured R-map by f: C° — B. Removing log
structures from (2.7), we obtain the corresponding underlying R-map f: C — ‘B over S.

2.1.3. The associated punctured maps to A. For a punctured R-map f: C° — B over S,
further composing with (2.5) we obtain the associated punctured map f: C° — A over
S. Since the arrow B — A is strict, the logarithmic data of f is encoded in §f. We call f
pre-stable if § is pre-stable as in §B.2.2. Unless otherwise specified, punctured R-maps we
consider are always assumed to be pre-stable.

The tropical type of f is defined to be the tropical type of f as in (B.19). A punctured
R-map is said to be marked by a type 7 if its associated punctured map to A is marked
by 7, see §B.3.3. We call f basic if | is basic.
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2.1.4. Stability. A punctured R-map f: C° — P over S is stable if it is representable and
satisfies the following positivity condition

(2.8) (WeE)9)' P ® (to f) H @ f*O(Fooy) > 0,
for k > 0 and arbitrarily small § > 0. This is identical to [18, §1.3.4] for log R-maps.

2.2. Orbifold sectors along markings and nodes. Next we discuss the constraints
from orbifold structures along nodes and markings of punctured R-maps. They impose
important conditions on gluings of underlying R-maps.

2.2.1. An involution of the target. Consider the base change
Pk := P xBcr Speck, Xk := X xBcy, Speck

along the quotient Speck — BC], by C,. This leads to a natural C}-action on both Py
and Xk making the projection Pk — X equivariant. This C} -action is called the R-action,
and will be studied in more detail in [17].

Consider the strict closed substacks of Py

Oy, := Op xBCy, Speck, 0o, 1= 00 XBCy, Speck.

Note that the R-action on By naturally restricts to a C}-action on Ogp, and oo, , since
they are stable under the R-action. Multiplication by —1 € C; via the R-action defines a
strict involution

(2.9) L Px — P,

restricting to involutions O, — Ogp, and oog, — oog, , denoted again by ¢, .

Remark 2.1. As discussed above and in [17, §3], both Og, and ocog, are fixed loci of the
C;,-action. Despite this, in case of non-trivial stacky structure of By, the C;-action on Oy,
and oog, is only trivial after passing to a reparameterization of C,. As a consequence, the
involutions ¢y, : O, — O, and ¢, : ooy, — ooy, are 2-isomorphic to the identity, however
not canonically unless Oy, and ooy, are schemes, see [17, Corollary 3.8(c)].

It follows that one may identify ¢, with the identity, but doing so would lead to diagrams
that are 2-commutative in a non-canonical way. On the contrast, in this paper, we will not
identify ¢, with the identity, and in this way, all 2-commutative diagrams that we consider
have a canonical 2-morphism.

2.2.2. Orbifold sectors. Since ¢op is proper of DM-type, the underlying Og, , ooy, and Px

are proper DM-stacks. Denote by qumk,fuoomk and TM‘Bk the rigidified inertia stacks of
the corresponding underlying stacks as in [5], with their corresponding universal cyclotomic
gerbes

ZuOp, = Oqy.s Zuoog, = oo, P = P
Here we equip Z,,0sp, ,Z,,003, and Z, By with the log structures pulled back from By, and
equip qumk,f#oomk and f/f,Bk with trivial log structures.

Definition 2.2. A 0-sector (resp.ﬁoo-sector or P-sector) is an irreducible component 7 C
7,0y, (resp. ¥ C Z 00y, or ¥ C Z,Pxk).”

In the following, by a sector 7 we mean either a 0-sector, an oco-sector or a JB-sector.
For a sector 7 with the universal gerbe evs: v — Py, denote by ﬁ the degree of v — 7.

Thus v — 7 is a py,-gerbe. Note that v is equipped with the log structure pulled back
from Py.

2In [19, Definition 2.13], O-sectors are also called sectors of compact type, and a sector is called a log
sector if it is either an co-sector or a B-sector.
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The involution (2.9) induces a natural involution on the set of sectors as follows. Let 7
be a sector with the universal gerbe evs: v — Pi. We consider the morphisms

/ ev. Lw
v <y —= P P

where ¢/ is an isomorphism of stacks inverting the band over 7. This leads to another

family of gerbes ev., 1= 1, 0 evy 0 (/)7 : 4/ — Py over 7. If 7 is a 0-sector (resp. oo-sector
or PB-sector), then by [5, §3] there is a unique O-sector (resp. oo-sector or B-sector) 71
with the universal gerbe ev,-1: v~ L 9By fitting in a commutative diagram
E’I)W/
— {
(2.10) e

y—=7
where the square on the left is Cartesian.

Proposition 2.3. The arrow [ is an isomorphism fitting in a commutative diagram

(2.11) P ) 5
T
ev__1
P! 7!
where the square on the right is Cartesian. Furthermore, both arrows i, and % are strict
tnvolutions. We will call I the nodal involution.

evy

Proof. Observe a commutative diagram

o 7 P
"k
()t ev
v — P
Thus, if we apply the same discussion with (7, ev. ) replaced by (771, ev.,-1), we obtain the
inverse ¥~ 1 — 7 of I. O

2.2.3. Sectors along half-edges. Consider a representable punctured R-map f: C° —
over a connected fs base S with the domain underlying curve marked by G = (G, g, deg, m)
as in §B.1.8. For a half-edge h € H(G), let pp, — C° be the strict closed embedding given
by Notation B.2. We have two possibilities.

If h € L(G) is a leg, then p, C C° is the corresponding marking. The canonical residue
isomorphism wlg%|ph = O, induces a natural commutative diagram

(2.12) Ph Px
L,
c° DY

Furthermore, the representability of f implies that evj, is also representable.
If 2 = {h,h} € E(G) forms an edge, let C° — C° be the strict partial normalization

along the node p, C C°. Consider the composition f: C° — C° i) B. It is representable
since f is so. Similar to the case of legs, the canonical isomorphisms

~

I 1 =
(2.13) Wc();;s’ph =yl o = Op,,s wC(')/S|ph Sw — Oy,

c/s C/S|pi
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induce a pair of canonical commutative diagrams

(2.14) pf = ‘T{ pj ——" ‘T{
c° ! B ce ! B

where both evy, and ev; are representable by the representability of f Note that the fibers
log

c/slv
—1. The two morphisms ev;, and ev; are related by the following commutative diagram

(2.13) along pj and pj, are canonically isomorphic wlc?%\ph =% by multiplication by

evp,

(2.15) Pr Ph S
T
P . Dj, ;

where ¢y, is the isomorphism inverting the band (B.9).
For each h € H(G), we are interested in one of the following cases:

(1) evy, factors through Ogp, .
(2) evy, factors through ocogp, .
(3) evy, factors through Py.

By [5, §3], in all three cases the connectedness of S implies a commutative diagram

evp,

(2.16) O —
L
S Th

for 7,, a 0-sector, co-sector or B-sector respectively. We call 7, the sector associated to h.

Now assume z = {h,h} € E(G). As both er;, and ev;, are induced by the restriction
flp., we will assume that if 7, is a O-sector, oo-sector or B-sector, then 7;, should be a
sector of the same type. By Proposition 2.3 and (2.15) we observe that the two sectors
h» 7, are naturally related by the nodal involution

(2.17) L2, =7

Remark 2.4. In Case (1), we call that f is of compact type along h. In this case we neces-
sarily have c(h) = 0. Compact type condition along legs will be an important ingredient
in the construction of the reduced theory in §4.

In Case (2), we will be mainly interested in the case that c(h) # 0, which automatically
forces the factorization of ev;, through oo, .

In Case (3), it is natural to assume that c(h) = 0, as otherwise evj, factors through
ooy, as above. Case (3) is neither directly involved in the tropical decomposition formula,
Theorem 1.1, nor the virtual localization for log GLSM [17]. However, we expect that a
better understanding of this case will be crucial for a cohomological field theory structure
for log GLSM. In this paper we will construct both the canonical and reduced perfect
obstruction theory with nodal Case (3) sectors, and will leave further study of this case
for further work.

2.3. Combinatorial data of punctured R-maps.
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2.3.1. Decorated types. A decorated type consists of

(2.18) T =(7,%.8)
where 7 = (G = (G, g,deg, m), 0, c) is a type as in (B.19) together with additional data:
(1) The sector decoration 7 assigns to each half-edge h € H(G) a sector 7, as in §2.2.2.

(2) The curve class decoration B: V(G) — Ha(X) assigns to each V € V(G) an
effective curve class B(V).

We further require 7 and % are compatible in the following sense:
(i) If z = {h,h} € E(G), then the pair 7, := (¥h,7j,) are related by the nodal
involution (2.17).
(ii) deg(h) = ﬁ for each h € H(G).
(iii) For any h € H(G) with c(h) # 0, 7}, is an oo-sector.
(iv) For a non-degenerate half-edge h € H(G), 7}, is either a 0-sector or a JB-sector.
A decorated type (2.18) is of compact type if for any h € L(G) one of the following hold:

either c(h) = 0 and %), is a 0-sector; or c(h) < 0. This compact type condition is necessary
in the construction of the reduced theory in §4.

2.3.2. Decorated tropical types. Consider a stable punctured R-map f: C° — 3 over an fs
base S with f: C° — A the associated punctured map to A.

For each geometric point s € S, denote by 75 the type of the fiber f;: C7 — P with
graph G5. We define the curve class decoration 35 of fs such that for each V € V(Gy),
Bs(V) = (to fs)«[Zv] where Zy C C? is the irreducible component corresponding to V.

We say that f is marked (resp. weakly marked) by a decorated type T = (1,7, 3) as in
(2.3.1) if
(1) §is marked by 7, see §B.3.3.

(2) For each h € H(G), the corresponding gerbe pp, — Bx over S is given by 7.
(3) For each geometric point s € S with the tropical type 75, the contraction ¢s: 74 — 7
of types §B.3.2 is compatible with curve class decoration in the sense that

BV) = > B((V)
VeV (ds)"H(V)
for any V € V(G).

2.3.3. The balancing condition. For a punctured R-map f: C° — P over a geometric log
point S, the geometric balancing condition (B.21) translates to

(2.19) F0(op)lzy = 0z, (- clhpn)
heH(V)

for any V € V(G) with Zy C C° the corresponding irreducible component.
Define deg(V') := deg f*O(coy)|z, . Taking degrees on both sides of (2.19), we obtain
the balancing condition

(2.20) deg(V)= > c(h)deg(h),
heH(G)
which is compatible with the vertex degree assignment (B.20).
2.4. Moduli of stable punctured R-maps. For a decorated type 7 = (7,7, 3), consider

the categories Z(*B, T) fibered over fs log schemes, and parameterizing punctured R-maps
to B marked by 7 respectively. The goal of this subsection is to prove the following:

Theorem 2.5. The category Z (B, T) is represented by a proper Deligne—Mumford stack
with the basic log structure of its universal stable punctured R-map.
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The proof is similar to the log R-map case in [18, Thm. 2.14], and is divided into the
following steps.

2.4.1. Representability. We verify that Z (B, T) is represented by a log Deligne-Mumford
stack locally of finite type. Consider the stack S(B/BC,) of underlying R-maps with f
representable, which associated to any scheme S the category of commutative triangles

(2.21) B

]

c BC;,

where C' — S is a family of pre-stable curves. Let C — C€ be the coarse moduli so that
C°¢ — S is the corresponding coarse pre-stable curve. Since the bottom arrow C' — BC;,

factors through [wlgcg/s]: C¢ — BC],, Diagram (2.21) is equivalent to

2.22 .
( ) fcc ﬁg

-

Qc

where P oo = B xBcr C°. Since f is representable, f cc 182 usual stable map over S with
target P . — S a proper, flat family of Deligne-Mumford stacks with projective coarse
fibers.

As shown in [18, §5.1], the stack &(P/BC;,) parameterizing stable maps [ oo making

(2.22) commutative, is represented by an algebraic stack locally of finite type. Let 90t(A)
be the stack of usual pre-stable maps to A. Define R(3, 7) via the following Cartesian
diagram of log stacks

%(Tv 7) S(B/BC,)
M(A,7) M(A)

where we equip both &(B/BC})) and M (A) with their canonical log structure from the
domain curves, the right vertical arrow is induced by the underlying of (2.5), and the
bottom arrow is induced by the canonical morphism A — A. Thus R(*B, 7) parameterizes
pre-stable punctured R-maps whose associated puncture maps to A are marked by 7. By
construction (P, 7) is a log algebraic stack locally of finite type.

We next construct a chain of Deligne-Mumford sub-stacks in R(*E, 7)

(2.23) B, ) C Z(B,T1,8) C Z(P,T) T R(B, 7).

As an open condition, the stability §2.1.4 selects the open substack Z(,7) C R(P, 7)
parameterizing stable punctured R-maps. We observe that Z(3, 7) is already a Deligne-
Mumford stack. Indeed, consider a stable punctured R-map f: C° — 8 over a geometric
log point S. By [I18, Prop. 5.1], the automorphism group of the underlying R-map f is
finite. Lemma B.16 then implies that the automorphism group Autg(f) is also finite.

Next, the curve class assignment B(V) for each V' € L(G) is a discrete data, hence
selects an open and closed substack Z(B, 7, 3) C Z(*B, 7) consisting of punctured R-maps
compatible with the curve class decoration 3.

Finally, the sector decoration 7 further cuts out the strict closed substack Z (B, ) C
(B, 1,0) as follows. Indeed, for any h € H(G) with c(h) # 0 (resp. c(h) = 0), if the
assignment 7, is an oco-sector (resp. Pi-sector), this is a discrete invariants that selects an

open and closed substack of Z (B, 7, 3). For any h € L(G) UE(G) with c(h) = 0, if the
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assignment 7, is an oo-sector or a O-sector, this is a closed condition that further cuts out
a strict closed substack of Z(B, 7, 3). Therefore Z(B, ) is a log Deligne-Mumford stack
locally of finite type.

2.4.2. Boundedness. Let G = (G, g,deg, m) be the decorated graph of 7. Consider the
following composition of tautological morphisms

(2.24) Z(B,T) — 6(B/BC;) — M := M(G, g, m),

where 90U is the moduli of untwisted pre-stable curves marked by the decorated graph
(G, g, m), and the arrow to 9 is given by taking the coarse domain curve.

First recall from [18, §5.3.2] that the image of the composition (2.24) is contained in a
finite type substack 7" C 9. More explicitly, consider any underlying R-map f: C — B
over a geometric point S with curve class § € Ha(X). It was shown in [18, §5.3.2] that
for a fixed g, if f satisfies the stability condition (2.1.4), then the number of irreducible
components of C' is bounded by a positive integer determined by 3. Thus (2.24) becomes

(2.25) Z(B,T) = S(B/BC) = T.

It remains to show that the composition (2.25) is of finite type. Analogous to [I8,
§5.3.1], we show that the morphism Z (B, ) — &(B/BC;,)) factors through a finite type

substack &7(5) € G(P/BC}) parameterizing possible underlying R-maps satisfying the
constraints from @ and c. Further applying Proposition B.31 and arguing as in [18, §5.3.1],
one shows that Z(B,7) — &¢(f) is of finite type, if Z(9B,T) consists of finitely many
tropical types. As the possible underlying R-maps GT(B) are of finite type, it suffices to
show that the choices of possible contact orders at nodes are finite. This may be proven
analogously to [20, Lemma 4.1.5] by inductively applying the balancing condition (2.20).

2.4.3. Valuative criterion. The proof of the valuative criterion is analogous to [18, §5.4].
We explain how the same proof may be applied to the situation of punctured R-maps. To
set-up the problem, let R be a discrete valuation ring with the quotient field K and the
maximal ideal m. Consider a commutative diagram of solid arrows of underlying stacks

[fx]

Spec K ———— Z(B, 1) — S(B/BC;)

Spec R — Speck

where the top arrow is defined by a basic stable punctured R-map fx: Cj — B over n
with the underlying 7 = Spec K. Then the criterion states that, possibly after replacing R
by a finite extension of DVRs, and K be the induced finite field extension, there exists a
unique dashed arrow [f], represented by a basic stable punctured R-map f: C° — B over
S with S = Spec R, making the above diagram commutative.

Similar to [20, Prop. 2.17], applying Proposition B.32, one observes that the uniqueness
and existence of [f] follow from the uniqueness and existence of underlying R-map f: C —
P over S satisfying the stability §2.1.4, leading to the dotted arrow [f].

The uniqueness of f is verified in [18, §5.5], and the existence of f is proved in [18, §5.6,
5.7, 5.8]. Viewing f as usual stable maps as in (2.22), the key is to combine the valuative
criterion of usual stable maps with the stability §2.1.4.

This completes the proof of Theorem 2.5. (]

2.5. Logarithmic evaluation stacks. We introduce logarithmic enhancements of the
evaluations in §2.2 which will be crucial in the construction of the reduced theory §4, and
the gluing in §5. We fix a type 7 = (G, o, ¢) as in (B.19) with G = (G, g, deg, m).
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2.5.1. Logarithmic evaluation along a half-edge. For each h € H(G), consider the stack
9" (A, 7) which associates to any fs log scheme S the category of commutative diagrams

(2.26) ph—> P

o4
where § is a punctured map over S marked by 7, pp, — C° is the gerbe corresponding to h

as in Notation B.2, and evy, is representable. Similarly, we define the category 9t""(A, )
by weaken the 7-marking of f in (2.26) by weak 7-marking.

Lemma 2.6. (1) The stack MM(A,T) is an fs log algebraic stack.
(2) The morphism MMM (A, 7) — M(A,7) is strict, locally of finite type, and of Deligne—
Mumford type.
Furthermore, analogous statements as above hold for IM""(A, 1) and MM(A,T) —
M (A, T) in the case of weak markings.

Proof. Denote by f,: C? — A the universal punctured map over (A, 7), and denote by
prn C CF the strict closed substack corresponding to h. We introduce two stacks

Homaar) (pra4) . Homanas (pea B

where the stack on the left associates to each 9(A, 7)-scheme S a category of morphisms
fr: prp Xomar) S — A, and the stack on the right associates to each M(A, 7)-scheme S

a morphism evy,: prp Xon(a,7) S — P By [26, Thm. 1.2], both stacks are algebraic, and

their projections to 9M(A, 7) are locally of finite type, quasi-separated, and having affine

stabilizers. We further take the open substack consisting of representable morphisms
rep

HomM (]ﬂ, &) - Homw (@’ &) .

Now consider the tautological morphisms
IM(A,7) — Homgp( a5 (@, A) , Homgp 'y 1 (]ﬂ, %) — Homgy(4,7) (]ﬁ, A) :

where the first one is obtained by restriction to p; j, and the second morphism is obtained
by composing with By — A. By the definition of 9" (A, 1), observe that

) Homigl ) (oo B

where the log structure on 9" (A, 7) is obtained by pulling back from 9%(A, 7). This shows
the algebraicity of 9" (A, 7). Further observe that the projection MM"(A, 1) — IM(A, )
given by the product construction is strict and locally of finite type.

Finally, to see that 9M"(A,7) — OM(A, 1) is of Deligne-Mumford type, it suffices to
observe that the automorphisms of (2.26) fixing f is necessarily finite over S as Py is of
Deligne-Mumford type. This finishes the proof of (1) and (2).

The case of 9" A, 7) is similar, and is omitted. O

h o~
m (A? T) - m(A’ T) XHOmM(pT,hAA

For later use, denote the universal object over 9" (A, 7) by

(2.27) Dr.h Py

L,

ce 4

with the projection 7, : prp — IM"(A, 7). To study the smoothness and decomposition of
M (A, 7), we further impose:
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Assumption 2.7. X is smooth.

In particular, this assumption implies that 8 — BC] is log smooth with the smooth
underlying morphism, hence the morphism has a log tangent bundle Ty /gcx. Taking the
base change Speck — BC], we obtain the natural strict and smooth morphism By — A.
In particular the log and underlying tangent bundles agree Tig, /4 = ka /A- Restricting to

oogq, — 004 and Oy, — Speck € A, we obtain the corresponding tangent bundles

Tpij ooy, = Toos, joon = Tooy, joous  Tyesalog, = Tog, -

2.5.2. Decomposition and smoothness of MM (A, 7) for c(h) # 0. In this case, the map evy,
in (2.26) factors through cogp, C Pi. By §2.2.3, we have open and closed decompositions

(228)  WmMAT)= || A7), WA= || WT(A4r1)

T CZuooq, T CLpooq,
where both unions run through all co-sectors, and 97 (A, 7) C IMM" (A, 7) and IV (A, 1) C
I (A, 7) are the component over which ew, in (2.27) factors through the universal gerbe
Yh —> OO, OVEr 7.

Lemma 2.8. Suppose that c(h) # 0, and Assumption (2.7) holds. Then, the strict mor-
phism MM A, 7) — IM(A, T) is smooth with relative tangent bundle

(2.29) Ty (A7) /m(ar) = Townar) ) = Thxevh Ty ya = Thevp Tocy ooy

The same statement holds for M (A, 1) — I (A, 1)

Proof. 1t suffices to prove formal smoothness. Let Ty — T be a strict closed embedding of
affine schemes defined by an ideal I satisfying I? = 0. Consider a commutative diagram
of solid arrows

(2.30) Ty M (A, 7)
i M(A,7)

[fr]

We want to show that there exists a dashed arrow making the above diagram commutative.
This amounts to showing the existence of a dashed arrow making the following diagram
commutative

wh’TO
(2.31) PRIy — = PhT~ 5 =~ > Pk
T T

where the two left squares are Cartesian. As the morphisms ev;, 7, and ev), 7 necessarily
factor through ocos, , it suffices to understand the dashed arrow ev;, 7 making the following

square commutative

ez/h’TO
Pn,To OOPy
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Since pp1, — Pn,7 is also a square-zero extension defined by I, by the smoothness of
oo, — 004, the lifting ev), 7 exists, and all liftings are classified by

(7h,10) (€0n,10) Toogs_Jooa = (1) (e0n,10) Ty s 45

where 7, 1, : Pn, 1, — 10 is the projection. This finishes the proof in the case of 7-markings.
The case of weak T-markings is identical and is omitted. U

2.5.3. Decomposition and smoothness of MM (A, 7) for c(h) = 0. In this case, consider the
open substack M(7, h) C M(A, 7) parameterizing punctured maps such that the image of
the gerbe corresponding to h avoids co 4, hence the corresponding open substack

?Jﬁ;L(A, T) = fmh(.A, ) Xon(A,r) M, h) C Emh(A, 7)

with the universal object

ev;L

(2.32) Py —= P

L,

co "o A

and the projection 7j : p_; — mh (A, 7). Recall that By, = Py \ oo, — A factors through
the open substack Speck C A.

Lemma 2.9. Suppose that h € H(G), c(h) = 0, and Assumption (2.7) holds. The strict

°

morphism MM (A, 7) — IMM(, h) is smooth with the tangent bundle

Tmﬂ(A,T)/m(T,iL) = F;z,*eUiLTmﬁ'

Proof. This is similar to the proof of Lemma 2.9 with Py replaced by ;. We omit the
details here. O

For each h € H(G) with c(h) = 0, similar to (2.28) we have the following open and
closed decomposition

(2.33) M (A7) = || DA
i, CLuPx

where the union runs through all connected components %; C flfﬁf{, and i (A, 7T) is
the component over which the evaluation ev; in (2.32) factors through the universal gerbe
v;, — By over ;. The restriction of ev; to each component M7 (A, 7) induces a canonical
morphism B

evy: M (A, 7) = ;.
By Lemma 2.9 and [5, Lemma 3.6.1], we have that

(2.34) Tmﬁﬁ (A7) /M(r,h)

= GVZ Tﬁﬁ.
2.5.4. Half-edges with 0-sectors. We continue to assume that c(h) = 0, and consider the

strict closed substack "™ (A, 1) C Em;L(A, 7) such that the image of the gerbe correspond-
ing to h factors through Oy, . We have a decomposition to open and closed substacks

thpt (A, 7_) _ |_| m?h (A7 7—)
thfuo‘lik
where the union runs through all O-sectors, and 97 (A, 7) is the component over which
the evaluation ev;, factors through the universal gerbe v, — Oy, over 7.

The component 9M7» (A, 7) can be also constructed as follows. The universal gerbe
Yn — Op, can be viewed as a connected family of gerbes in By. Thus there is a unique
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connected component 7; C 7,35, and a closed embedding 7, — 7j, such that the universal
gerbe over ¥, is obtained by pulling back the universal gerbe over 7;. We thus obtain a
Cartesian diagram

MY (A, 7) DM (A, 7)
N
Yh Yi

Pulling back (2.32), we obtain the universal objects over M7 (A, )

(2.35) Pr, — > Op

L,

co— A

with the projection 7y, : pr5, — M (A, 7), where the top horizontal arrow is a family of
gerbes in Oy, given by 7,. By Lemma 2.9 and (2.34), we have

~

(236) Tmﬁh (.A,T)/m(A,’T) = 7Th’* ey;'kLToipk at eV;,kL Tﬁh

Remark 2.10. Similarly for a half-edge h with c(h) = 0, we define the strict closed substack
M (A, 7) C IM"(A, 7) parameterizing diagrams (2.26) such that f is weakly marked by
7, and the underlying of ev, are gerbes in Oy, given by 7,,.

Remark 2.11. The discussion in this section, especially the proof of Lemma 2.6, fixes
an error in our previous work [18]. More specifically, the proof of [18, Proposition 3.4]
incorrectly identifies the logarithmic evaluation stack with a direct product, see [18, (3.8)].
In the rest of this remark, we describe the close relationship between the logarithmic
evaluation stack to this direct product.

Assume that c(h) = 0 and 7, is a 0-sector. Consider the open substack 9t C (A, 7)
parameterizing punctured maps such that the image of the gerbe corresponding to h avoids
004. We will show that the strict tautological morphism

(2.37) M7 (A, 7) — M x 7,
is finite, étale, and surjective. Here, the product 9t x 7, agrees with (a connected compo-

nent of) [18, (3.8)].
Consider the two By, |-gerbes over I X 7, given by

(238) Mxﬁhﬁﬂxﬁh, @Xﬁ/hﬁﬂxﬁh

where p;;, — 9 is the universal gerbe corresponding to h € H(G). Note that there is a
tautological morphism

(239) Qﬁih (A, 7') — Isommﬁh (A7) (]ﬁ X 7]17@ X ")’h)

where the right hand side parameterizes isomorphisms of the two By, |-gerbes. We further
observe that this tautological morphism is an isomorphism. Indeed, for any strict morphism
S — M x 7, from a log scheme S, denote by p, — S and (y4)s — S the pull-back of

the two gerbes in (2.38). If we are further given an isomorphism of gerbes pj, = (Yn)ss
we obtain a commutative square (2.35) with the arrow ev;, defined by the composition
ph — (Yn)s — Yn — Osp,, defining the inverse of (2.39).

Note that smooth-locally over 9t x 7, both gerbes in (2.38) are isomorphic to the
trivial Bpu,-gerbes for r, = |vyp|. Since the statement is local on 9 x 7;, consider a
smooth morphism T — 9 x %), from a scheme T, over which (2.38) are trivialized. It
suffices to show that

Isomq (B, X T, By, xT) —T
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is finite, étale and surjective.
Now we observe that a morphism g: Bu,, X1 — Bu,, x1 over T being an isomorphism
is equivalent to g being representable. This implies that

Isomg (B, x T, Bpy, xT) C TMB;L”L x T
consists of components parameterizing y,,-gerbes. Consequently we have
Isomq (B, X T, By, xT)=UT

consisting of ¢(ry,) disjoint copies of T with ¢(rp) the number of integers in {1,2,--- ,ry}
coprime to 7. This proves the claim.

2.5.5. Logarithmic evaluations of edges. Consider an edge = = {h, ﬁ} € E(G). Define the
stack 9MM* (A, T) to be the fibered category which associates to any fs log scheme S the
category of commutative diagrams of log stacks

evpUevs
(2.40) pr U pj, P
o J A

with the two morphisms evy,, ev;, satisfying (2.15), i.e. evj = 1, 0 evp, 0 tp,. Here pp, p; C C°
are the two gerbes corresponding to the two half-edges over the node p, C C°. Thus ey,
and ev; determine each other. This leads to two isomorphisms

(2.41) M (A, 7) — MMA,T),  MT(A,7) — M (A, 7)

We will be mainly interested in the case of c¢(x) > 0. In this case, (2.28) implies a
decomposition

M*(A, 7) = Uy, M= (A, 7)
where %, = (¥,,7;,) runs through nodal involuted pairs of co-sectors. Note that (2.41)
restricts to isomorphisms

(2.42) M7= (A, 7) — M1 (A, T), M= (A, 7) — MVh (A, 7).

Remark 2.12. Similarly for an edge = = {h, h} € E(G), we define the log stack 97« (A, 7)
parameterizing diagrams (2.40) with weakly marked f. The same discussion as above
implies isomorphisms

M e (A, 7) — M (A7), MV (A, 7) — M0 (A, T).
analogous to (2.42).

2.5.6. Logarithmic evaluation morphisms. Consider a stable log R-map f: C° — P over
S marked by 7. For each h € H(G), we obtain a commutative diagram

(2.43) prn — Pk
LN
co—L-p— 4

with f the associated punctured map of f, p, C C° the gerbe corresponding to h, and
prn — Pk induced by the restriction f|,, as in (2.12) and (2.14). This induces the log
evaluation morphism along h to be

(2.44) evy,: S — M(A,T)
such that the universal family (2.27) pulls back to the outer square of (2.43).
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In case 2 = {h,h} € E(G) is an edge, we obtain a factorization

evy XeV]:L

M (A, 7) x Mh (A, T)

evy /

M= (A, )

(2.45) S

where the right skewed arrow is given by (2.41). Indeed, the commutative square (2.26)
pulls back to (2.43) for both h and h. We call ev, the log evaluation morphism along x.

2.6. The canonical perfect obstruction theory. Fix a type 7 = (G, 0,c) as in (B.19)
with G = (G, g,deg, m), and continue to assume Assumption 2.7.

2.6.1. The canonical theory of a type. Write for simplicity
KX =RPB,T), M= M(A, 1),

where Z(B, 7) is the stack of stable punctured R-maps with the associated maps to A
marked by 7, see (2.23). Similar to [18, §3.1], the strict tautological morphism

A — M

admits a canonical perfect obstruction constructed as follows.

For ¢ = % or M, let me: Cg — @ be the universal punctured curve, and consider the
product in the fs category Be := CJ XBcr ‘B. Denote by fz: Cg — B the universal
punctured R-map over #Z. Let p: Cj — P4 be the morphism induced by fz. These
arrows fit in a commutative diagram

Pop — Oy —> M
Note that all the three vertical arrows are strict, hence the two squares are Cartesian in
both the fs and underlying categories. We will use IL to denote the log cotangent complex

in the sense of [33], and T its dual. Applying [33, (1.1.6)] to both the lower and upper
triangles, we obtain

Lpm = p Loy jpon (1] = 75 Lz o,
Ly = 0Ly, oo, [1] = f5Lly/me:
respectively, hence
falsg ey, — Tl om-
Note that the dualizing complex of the underlying morphism 74 is wc,, #[1], where wc, /%

is the dualizing line bundle of w5. By the same argument as in [18, §3.1], the above arrow
yields a canonical morphism

(2.46) o7 B = R (f%T%/Bc; ® W@/@[H) — L.
Taking the dual of (2.46), we obtain

(2.47) ¢r: Toym — Egym = Rrg. (f5Tp/Bcy,) -
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Similar to [20, Prop. 5.2], one checks using [3, Prop. 4.2] that (2.46) is a perfect
obstruction theory for #Z — 9 in the sense of Behrend—Fantechi [8, Def. 4.4]. By the
functoriality of [3, Lemma 4.1], (2.47) pulls back to a perfect obstruction theory
(248) Or: T(@/gﬁ — E%/fm = RW%,* (f;?T‘B/BC:,) .

We will refer to (2.46), or equivalent its dual (2.48) as the canonical perfect obstruction
theory.

2.6.2. The canonical theory relative to compact type markings. Let Lo(G) C L(G) be the
subset of legs with the zero contact order. Consider the products taken over 91:

mert = J[ (A7), mbo= J] miAr), mbo= [ me(Aq).
z€Lo(G) z€Lo(G) z€Lo(G)
We obtain tautological strict embeddings
MEPL <y ontlo <y Lo
where the right embedding is strict and open, and the left embedding is strict and closed.
All three stacks are strict, smooth and of Deligne-Mumford type over 9.

Define stacks Z°Pt and #Z™ via the following cartesian diagram with strict arrows

(2.49) TP g7 R
-
f)ﬁcPt E)Jli‘o mLo

where evy, = [[;cr, €Vn is the product of log evaluations of (2.44). Then "o R is the
open substack such that for any h € Ly(G) the images of gerbes corresponding to h avoid

ooy, and ZPt C 0 is the strict closed substack with images of gerbes corresponding to
any h € Lo(G) landing in Ogp.
Consider the universal family

.00 ..o Lo
fLO.C’LO—>‘I§, WLO.C’LO—>% .

over Z%0. For each z € Lo(G), denote by p, C C’EO the corresponding gerbe, and write
3o = ZIGLO(G) pz. Define the complex

E%i‘o/mio = R’/TI:(M< (fEOTm/BC:)(—Eo)> .
By the standard construction (see for example [3, §4.2]), we obtain a morphism of distin-
guished triangles
(1]

——T —_— —_—

(2.50) T i, /9mLo L0 /o Lo /sm|%'io

907',[20 J{ SOT\L
(1]

Eto /o Bt /m mLo /im|,%f~0

P

where ¢, is the canonical perfect obstruction theory obtained by restricting (2. 47) to the
open substack F X, and @_ fo defines a perfect obstruction theory of %o — onbo
compatible with ¢,. Further pulhng back to ZP, we obtain a perfect obstruction theory

(2.51) Prept = P fo

of ZPt — IMP. Thus ©rto and ¢, cpt are referred to as the canonical perfect obstruction

gpcpt

theories of the corresponding morphisms.
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2.6.3. The canonical theory of decorated types. Consider the decomposition

AP = | %P, T)

where the union runs through decorated types 7 = (7,7, 3). In particular, we have
(1) For any = € Lo(G), ¢(x) = 0 and 7,, is a 0O-sector.
(2) For any x = {h, h} € E(G) with c(x) =0, 7, = (¥,,7;,) is a pair of P-sectors.
Fix a decorated type T = (7,7, 3) as above. The restriction 7y, := |, (¢) defines an

open and closed substack 970 C 9P over which gerbes corresponding to Lo(G) are
given by zero sectors of 7. We thus have a factorization

(B, T) mrert

e

gﬁ’YLO

Pulling back (2.51), we obtain the canonical perfect obstruction theory
(2.52) Pr = @T,CptL@(‘ﬁ,T)-

of Z(P, ) — Mo,
Let S C E(G) be the set of edges with non-zero contact orders, and Lo (G) C L(G) be
the subset of legs with non-zero contact orders. Consider the evaluation stack

(2.53) MY = Mo xop  [[ (A7) o [[ 27=(A,7)
€L (G) z€S

where all products are taken over 9.7 We obtain the tautological morphism

(2.54) ev: Z(B, ) = M

by taking the product of log evaluations along legs (2.44) and edges (2.45).
For the construction in §4, we introduce a perfect obstruction theory of ev, compatible
with the canonical one (2.52). Consider the universal family over Z (3, T)

fr: C7 =B, mr: CF — Z(B, ).

Taking partial normalization along nodal gerbes pr, C C3 for all x € S, we obtain the

strict morphism 6’?_ — C3. Composing the partial normalization with the universal arrows,
we obtain the corresponding R-map and projection

friCo =P, Fp: CO— Z(P,T)

respectively. For each x = {h, fL} € S(G), denote by prx,p.j C 6’76. the pre-images of p, ;.
corresponding to the two half—edges. Set

= Z Dra+ Z p‘r,h +p7—,ﬁ)>

z€L(G) z={h,h}€S

and consider the complex

(255) ]E%(spﬂ-)/mev = R%ﬂ* <ET<B/BC:«J(—§)) .

30ur notation 9M° is different from the same notation in [3] in that we do not include evaluations from
nodal PB-sectors.
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By [3, Prop. 4.5], we obtain a morphism of distinguished triangles

[1]
(2.56) T%(m’T)/mev —_— T%(%’T)/EIR?LO E— Tmcv/mﬁLo ‘(% —_—

Pr.ev So‘rl

(1]
E%(‘I&,T)/Eme" - E%(%,T)/m7L0 - Tgﬁcv/quo ‘

R

where ¢, is the canonical perfect obstruction theory (2.52), and ¢,y is a perfect ob-
struction theory relative to Y. In particular, the two perfect obstruction theories ¢
and @r oy are compatible in the sense of [3, §7]. Thus, we call ¢r oy the canonical perfect
obstruction theory relative to M.

Assume that 7 is realizable, then 91 is of pure-dimension by Proposition B.28. By
Lemma 2.9 and §2.5.4, we obtain the pure-dimensionality of 991°V. In this case, the canon-
ical perfect obstruction theories ¢, and @ ey define the same virtual cycle [Z2(B, T)]7,
called the canonical virtual cycle of Z(°B, ).

3. MODULAR PRINCIPALIZATION VIA UNIFORM MAXIMAL DEGENERACIES

To construct the reduced perfect obstruction theory, it is essential to understand how the
Kiem—Li cosection extends across the logarithmic boundary of the moduli of punctured
R-maps. In particular, we need to understand the pole order of cosections along each
part of the boundary. Unfortunately, the logarithmic boundary is virtually a Weil divisor,
leading to difficulties in understanding the boundary behavior of cosections. The key to
resolving this issue is the principalization developed in [20, 19] parameterizing log maps
with uniform mazimal degeneracies. In this section, we further develop this theory in the
case of punctured R-maps, needed in log GLSM calculations.

3.1. Punctured maps with uniform maximal degeneracies.

3.1.1. The uniform maximal degeneracy. A tropical map
(3.1) (G, 1, f°P: T'(G,f) — R>p), with G = (G, g,deg, m)

over o (§B.17) is said to have the uniform mazimal degeneracy, if the set of degeneracies
(see §B.2.6) {ev }vev(g) has a maximum, denoted by emax(f*"°P). When there is no danger
of confusion, we may write epay for the maximal degeneracy and omit f*°P. Such a tropical
map is also referred to as a A-tropical map.

The A-type of a A-tropical map f%°P over o is

(3.2) (T, Vinax(G))
consisting of a type 7 = (G, o, c) as in (B.19), and a non-empty set
Viax(G) :={V € V(GQ) | ev = emax}-

A punctured map f: C° — A over a geometric log point S is said to have the uniform
mazximal degeneracy if its corresponding tropical map has the uniform maximal degeneracy.
We may call such § a A-punctured map for simplicity. The tropical A-type of § is the A-type
of the associated A-tropical map.

3.1.2. Basic A-tropical maps.

Definition 3.1. A A-tropical map (with not necessarily connected domain) is A-basic if
it is universal among all A-tropical maps of the same A-type (c.f. Definition B.10).



TROPICAL DECOMPOSITION OF LOG GLSM 25

Construction 3.2. For a A-tropical map (3.1) over o € Cones of type (3.2), we construct
its associated A-basic tropical map as follows.

First, let flf;(;p: [(G, lpas) — R>q over op,s be the basic map associated to f*"°P among
all tropical maps of type (G, o, c), see §B.3.1. Following (B.23), we define the A-basic
cone 0, C Opgs to be the sub-cone consisting of vectors ((py)v, (eg)E) € Opes satisfying

(1) py = py for any V, V' € Vpax(G),

(2) py > py for any V € Vi (G) and V' € Vax(G).
Denote by fi™P: I'(G,?,) — R>( the pull-back of f;;‘;p to 0, C 0Opgs- In particular, we
have a canonical surjective morphism of monoids

(33) Ul\z/as,Z — O-X,Z'
In case there’s no punctured legs, O’XyZ is the minimal monoid in [20, Definition 3.11]

Proposition 3.3. mep is the A-basic tropical map associated to f'°P.

Proof. By the universality of flf;zp (see §B.3.1), there is a natural morphism o — op,5 such

that h is the pull-back of f;-°P. To see the universality of f{"°, it suffices to notice that
the morphism o — oy, factors through o, C opqs. This finishes the proof. O

3.1.3. Rigid A-basic tropical maps. For a A-tropical map over ¢ € Cones as in (3.1),
observe that ep.x € J\Z/ is a morphism of cones

(3.4) €max- 0 — RZO.
Note that when epax = 0, the image of epax is the zero cone 0 € Rx.

Definition 3.4. A A-basic tropical map with connected domain is said to be rigid if the
morphism of cones (3.4) is injective.

For a rigid A-basic tropical map (G, g, deg, m, ¢, f""°P) over o, one of the following holds:
(1) o0 = {0}, in which case the rigid A-tropical map is non-degenerate;
(2) o = R>, in which case the rigid A-tropical map is degenerate.

In the non-degenerate case o = {0}, the A-basicness implies that
(3.5) V(G)| =1, Viax(G) = V(G), E(G) = 0.
In the degenerate case o = R>(, we have a description similar to [2, Prop. 5.1]:

Proposition 3.5. Suppose that (G, g, deg, m, £, f''P) is a degenerate rigid A-tropical map
over 0 = Rxo. Then we have

(1) f%°P contracts no edges.
(2) Vimax(G) is precisely the collection of degenerate vertices in V(G).

In this case viewing emax € 0y = N as a positive integer, we have

(36) €max = lcIn:):GE(G) (C(LU))

Proof. First note that if an edge x € E(G) is contracted, its edge length ¢(x) can be
arbitrary. Thus by A-basicness, the morphism enax: 0 — R>¢ fails to be injective.
Now suppose a vertex V € V(G) with degeneracy ey such that 0 < ey < epax. We may
produce a family f; P of tropical maps for ¢ a real number close to 0, with férOp = ftrop,
ttr0p|aw = ["°P|,,,, for V! #V, and fttr0p|gv = f'°P|,  +t. By doing so, we will need to
modify the lengths of edges attached to V' to fix eymax. This implies that dimo > 1, hence
h is not rigid. This finishes the proof. O
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3.1.4. Basicness of A-punctured maps to A.

Definition 3.6. A A-punctured map (with not necessarily connected domain) over an fs
log scheme is A-basic if for every geometric fiber, the associated tropical map is A-basic.

Proposition 3.7. For a family of punctured maps f: C° — A over an fs log scheme S,
the locus Spqs C S consisting of A-basic fibers is open in S.

Proof. The case of A-basic log maps is established in [20, Prop. 3.13]. Note that the con-
structions of both basic monoids and A-basic monoid involve only degeneracies of vertices,
edge lengths and contact orders, regardless of information about the markings. The case
of A-basic punctured maps thus follows by an identical proof. O

The following is an analogue of Proposition B.15:

Proposition 3.8. Any pre-stable A-punctured maps to A is a pull-back from a A-basic
pre-stable punctured map to A with the same underlying pre-stable map. Both the A-basic
map and the morphism are unique up to a unique isomorphism.

Proof. The universality of A-basic of log maps is established in [20, Prop. 3.13]. Below,
we adapt the proof to also apply to more general A-punctured maps.

Given a pre-stable A-punctured map f: C° — A over S, we first take the corresponding
basic object fyqs: Cp,, —+ A over Spqs, constructed via Proposition B.15. Using the univer-
sal property of A-basicness in Definition 3.1, the method in the proof of [20, Prop. 3.13]
produces a morphism of log schemes S, — Spqs With isomorphic underlying S, = S, = S
such that s pulls back to a A-punctured map f,: C; — A over S, which satisfies
A-basicness at a point s € S. Note that A-basicness is an open condition thanks to Propo-
sition 3.7. Thus the family f, over S, is at least A-basic in a neighborhood of s. As the
statement is local on S, shrinking S we may assume f, is A-basic. Finally, the proof of
[20, Prop. 3.13] also shows that the universal property in Definition 3.1 implies that the
canonical map S — Sy, factors through S, — Spes uniquely. Hence § is the pull-back of
f. as desired. (]

3.2. Stacks of punctured maps to A with uniform maximal degeneracies.

3.2.1. Contractions of A-types. A contraction of A-types

(3.7) ¢: Tj\ = (TlvvmaX(G/)) = 71 = (T, Vinax(G))
is a contraction of types ¢: 7/ — 7 as in §B.3.2, further satisfying
(3.8) O(Vmax(G")) C Vimax(G).

Following Notation B.18, we may use 7/ F 7, to denote a contraction 7} — 7.

Let ¢ : 7). — 7, be a contraction. Denote by ¢/ and o, the A-basic cones of 7} and 7,
respectively. By §3.1.2 they are subcones o/, C ¢’ and o, C o of the corresponding basic
cones of 7" and 7. Observe that (B.26) restricts to a face morphism

(3.9) Xg: o0 =0

Indeed (1), (2) in Construction 3.2 are preserved by (3.9) thanks to (3.8). Thus o, is
identified with the intersection ¢/, N o in ¢’. Taking dual, we obtain

(3.10) Xo* (U/A,Z)v - UX,Z

satisfying the same conditions §B.3.2 (1V), (2¥).
For a contraction (3.7), we define the A-basic monoid ideal to be

A _
(3.11) Ky = x5 (0 2\ {0}).
It is compatible with the basic monoid ideal (B.28) in the following sense.

Lemma 3.9. Suppose 7, is realizable. Then, we have
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(1) 6, C &, where 6, and ¢ are the interiors of o, and o respectively.
(2) The following diagram is commutative

oy \ {0} ——0)
L
ol 7\ {0} o)z

In particular, the image of the basic monoid ideal Ky = x;l(a\z/ \{0}) via oy, — 7 ; is

contained in the A-basic monoid ideal K$.

Proof. Suppose that ¢, is contained in a proper face ¢/ C o. Then as in [3, §2.2.2], the
generization oz — o7, defines a contraction of types 7 — 7/. Hence 7’ is the associated
type of 7., leading to a contradiction.

Note that o) \ {0} are precisely elements in oy, which are strictly positive along &.
Thus the image of o) \ {0} along the right vertical arrow are collection of linear functions
strictly positive along &, thanks to (1). In particular, the image of o \ {0} is in o} 5\ {0},
proving (2). O

3.2.2. Marking by A-types.

Definition 3.10. A 7,-marking of a A-basic tropical map f'°P by a A-type 7, is a
contraction of A-types ¢: Tpwop — 7, Where 7tuop is the A-type of frrop,

Definition 3.11. Let 7, = (7, Vimax(G)) be a A-type, and let f: C° — A be a A-basic
punctured map over S. For any geometric point s € S, let 7, s = (75, Vimax(Gs)) be the
tropical A-type of the fiber f|;. We say that f is marked by 7, if
(1) Its associated basic map is marked by 7 §B.3.3.
(2) The contraction 7 — 7 given by the associated basic maps induces a contraction
of A-types ér, ..+t Tis = T, as in §3.2.1. In particular, the A-basic tropical map
of the fiber f|; is marked by 7.
(3) For any geometric point s € S, the log-ideal ngU . C Mg s defined as the pre-

image of the A-basic monoid ideal Egm .. C Mg s maps to 0 under the structural
morphism Mg — Og.s.

Similar to [3, Definition 3.20], the collection of stalks /C(’;TA . C Mg ¢ in Definition

3.11 (3) form a coherent ideal K§ C Mg, called the 7, -marking ideal. Recall that the
base S is also equipped with an idealized structure Kg from the puncturing ideal and the
pull-back of the canonical idealized structure in (B.31) via the basic family induced by the
T-marking.

Proposition 3.12. Suppose the A-type 7, = (T, Vmax(G)) is realizable, and hence T is
also realizable. Then there is a natural inclusion of sheaves of log-ideals Kg — K.

Proof. Tt suffices to check the inclusion on the stalk level of the corresponding characteristic
sheaves Kgs — Egs for any geometric point s € S. Since 7 is realizable, Lemma B.22

implies that Kg is fiberwise given by the basic monoid ideal. By Lemma 3.9 (2), the image
of the basic monoid ideal is contained in the A-basic monoid ideal. This completes the
proof. O

3.2.3. Stacks of A-punctured maps. Fix a type 7 = (G = (G, g,deg, m), o, c), with possi-
bly disconnected G. Consider the categories fibered over fs log schemes

(A, T), (A, T), M(A,7), m' (A, 1),



28 QILE CHEN, FELIX JANDA, AND YONGBIN RUAN

where the left two categories parameterize A-punctured maps whose corresponding basic
families are marked and weakly marked by 7, and the right two are log stacks of basic
punctured maps marked and weakly marked by 7 respectively as in §B.3.4.

Proposition 3.13. The tautological morphisms
(3.12) A, T) = M(A, T), W(AT) = M (A T)

by taking the corresponding basic families, are proper, log étale and representable by log
algebraic spaces. In particular, both (A, 7) and W (A, T) are log algebraic stacks of locally
finite type with their A-basic log structures.

Remark 3.14. Denote by Koy 4,7) and Kops( 4,7 the canonical idealized structures on MM (A, 7)
and 9V (A, ) respectively, see (B.31). Pulling back along (3.12), we obtain the correspond-
ing canonical idealized structures Ky 4 7y and Ky a,-) on U(A, 1) and L'(A, 7) respectively.
In particular, the morphisms in (3.12) become ideally strict morphisms of idealized log
stacks

(A, 7), Kya,ry) = (A, 7), Kopear))s
(WA T), Kyar) = OV(AT), Kowian)

By [31, IV. Variant 3.1.22] and Proposition 3.13, these two morphisms are idealized log
étale.

(3.13)

Proof. The statement for log maps is established in [20, Theorem 3.17]. We explain below
how the identical proof also applies to general punctured maps. For what follows, we use
the following shorthand notations for simplicity:

U=8U(A, 1), U=u(A 1), M =M(A,71), M =M (A, 7).

Step 1: Representability and log étaleness. Consider Olsson’s log stack Loggy,
which associates to any 9i-scheme T the category of log maps T — 91 of fs log stacks with
underlying T — 9M.* As argued in [20, §3.3.2], since having uniform maximal degeneracy
is a configuration of degeneracies in basic monoids, the tautological morphism & — 9
factors through the natural projection Loggy;, — 9. Proposition 3.7 further implies that
the morphism $#{ — Loggy is an open embedding. Since Logyy is algebraic and locally of
finite type by [32, Thm. 1.1], the same properties hold for 4. Since (3.3) is surjective, the
same proof as in [20, Prop. 3.16] implies that the morphism { — 9 is representable. The
log étaleness of 4l — M then follows from [32, Thm. 4.6 (ii), (iii)]. The same argument
applies to the case of weak markings (' — 0.

Step 2: Finite type. Next, we argue that the morphism & — 91 is of finite type.
Consider any strict morphism 7" — 9% and U := T xgyp 3. It suffices to show that the
projection U — T is of finite type. Since the question is local on T, we may further
assume that 7" is of finite type. Consequently, punctured maps parameterized by T have
finitely many tropical types. Note that for each tropical type given by a fiber of T', the
set of possible A-types, determined by the choices of subsets with maximal degenerate
vertices, is finite. Then the identical argument in [20, §3.3.2] constructs a finite-type cover
of U. Again, the same argument applies to the case of weak markings U’ — 9.

Step 3: Properness. It remains to show that 4 — 9t and 4’ — 9 satisfy the valuative
criterion. As the proof in both cases is identical to [20, §3.3.3], we will only sketch the
proof in the case of markings by 7, and refer to [20, §3.3.3] for details.

To set up the problem, let R be a discrete valuation ring with maximal ideal m C R and
and quotient field K. Consider a commutative diagram of solid arrows of the underlying

4As our base log structures are fs, the stack Log,; denotes the open substack parameterizing fs log
structures over 9.
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stacks
f)\
Spec K o] =4
l 4 -~
Spec R/ m

ij

It suffices to show that possibly after replacing R by a finite extension of discrete valuation
rings, and replacing K by the corresponding finite extension of quotient fields, there exists
a unique dashed arrow making the above diagram commutative. In the diagram, f is the
basic punctured map over S = (Spec R, Mg) given by the bottom arrow, and fﬁ, is the
A-basic punctured map over 7, = (Spec K, M, ) given by the top arrow. Denote by
s,m € S the closed and generic points with pull-back log structures from S respectively.
Denote by fs, f, the fibers of § over s,n respectively. Thus, there is a morphism 7, — 7
such that f, pulls back to fﬁ To construct the dashed arrow, it amounts to construct a
A-basic punctured map f* extending ff?‘ across the closed point of Spec R. Denote by f3
the closed fiber of .

Since having uniform maximal degeneracy does not modify the underlying pre-stable
map, we may define the underlying morphism via f* = § over Spec R. Denote by 7y
the tropical type of fs. By [20, §3.3.3, Step 2|, the generic fiber ff?‘ and the underlying
morphism §* together determine a unique tropical A-type 7, s of the central fiber fi
provided its existence. Indeed, given 7, it remains to specify the collection of maximally
degenerate vertices Vnax(G) to obtain 7, 5. The proof in [20, §3.3.3, Step 2] does not rely
on information from punctures, hence can be applied here identically.

To construct the limit fiber §2, it suffices to modify f to satisfy §3.1.2 (1), (2) tropically.
Condition §3.1.2 (1) is achieved in [20, §3.3.3, Step 3], and §3.1.2 (2) is achieved in [20,
§3.3.3, Step 4]. Indeed [20, §3.3.3, Step 3, Step 4] shows that both conditions are achieved
by a sequence of log blow-ups [31, III, 2.6] of S determined by Vax(G) of the A-type 7 .
As these log blow-ups do not using information from the punctures, they can be applied
in the punctured case identically, leading to the desired limit fiber f2 .

Finally, applying [20, §3.3.3, Step 5], we see that the construction of fJ is independent
of the choice of sequence of log blow-ups thanks to the universal properties of log blow-ups
(see [31, III, Def. 2.6.2]) and A-basicness (see Definition 3.1).

This finishes the proof. O
Proposition 3.15. There is a Cartesian diagram of log stacks
U(A,7) (A7)
M(A,7) M (A,7)

with vertical arrows given by (3.12), and the bottom arrow given by (B.35). In particular,
both horizontal arrows are a strict closed embedding defined by a nilpotent ideal.

Proof. Tt follows from the definitions that the square is Cartesian of log stacks. Since the
two horizontal arrows are strict, the diagram of the underlying stacks is also Cartesian.
By Proposition B.27 the bottom arrow is a strict closed embedding defined by a nilpotent
ideal. Hence the same property holds for the top arrow. O

We now consider a A-type 7, = (7, Vimax(G)). Let U(A, 7,) be the category of A-basic
punctured maps to A marked by 7,. By Definition 3.11 there is a tautological morphism

(3.14) U(A, 7)) = H(A, 7).

We are interested in the realizable case.
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Proposition 3.16. Suppose that 7, = (T, Vimax(G)) hence T are realizable. Then

(1) The morphism (3.14) is a strict closed embedding. In particular, \(A, 1)) is a log
algebraic stack locally of finite type.

(2) U(A,7y) admits a canonical idealized structure given by the T, -marking ideal Ky -, y-
If we further equip $(A, T) with its canonical idealized structure Ky(4 -y as in Re-
mark 3.1/, then (3.14) is an idealized log étale morphism of idealized log stacks

(3.15) (U(A, 7)), Kyggary) = (A, 7), Kyeary)-

Proof. We divide the proof into several steps.

Step 1. Set-up for a local comparison. For any strict morphism S — (A, 7), we
will establish the statements by studying the projection S’ = S XA, WA, 1) = S. As
both statements can be checked locally on (A, 7), hence locally on S, we may replacing
S by any étale chart as needed.

Let f,: C° — A be the A-basic punctured map over S, with the associated basic map
f: C; — A over S,. For any log point ¢ € S, denote by t, € S} its image, where both ¢
and t; are equipped with the pull-back log structures from S and Sp respectively.

Consider the A-basic tropical map 3(fi|¢): I'(Gt, ) — R over o = ﬂ;/ by taking
the tropicalization of the fiber f|; over t. Let 7. ; = (7, Vmax(G¢)) be the A-type of
X(fale). Similarly, the associated basic fiber f|;, over ¢, has the basic tropical map by
taking tropicalization X(f|y,): I'(Gy, lpt,) — R>q over oy, = MZ) with type 7. Since f is
marked by 7, there is a contraction ¢;: 7+ — 7 of types for any geometric point t € S. If
further ¢¢(Vimax(Gt)) C Vimax(G), then f,|; is marked by 7, by Definition 3.11.

Step 2. Local construction of the 7,-marking loci. Suppose there exists a geomet-
ric point s € S such that f, | is marked by 7,. Otherwise, we have S’ = (), hence nothing
to prove. Shrinking S if necessary, we may assume there are charts of log structures

(3.16) Mg s — (S, Msg), Mg, s, = T(S, Mg,)

Let Kﬁ C Mg, be the A-basic monoid ideal as in §3.2.1, and denote by K§ C Mg the
log-ideal generated by the image of K;\ using the chart

M&S — (S, Mg) = Mg.

Let S” C S be the strict closed subscheme cut out by ag(Kg) = 0. We will show that
S’ = 5", In particular, as S" C S is cut out by ag(Kg), the idealized log étaleness in (2)
of the statement follows from [31, IV. Variant 3.1.21].

Step 3: Contractions of A-types. For any geometric point ¢t € S, the composition
via the chart in (3.16)

MSb,Sb — ./\/lsb — MSb»tb

is a generization morphism of characteristic monoids. Taking dual of the generization, we
obtain a face morphism of basic cones oy — os. The basicness implies that the tropical
map X(fl,) is obtained by pulling back X(f|s,) along oy — 05. As explained in [3, Remark
2.46], this then defines a contraction of types ¢s_¢: 75 — 7 as in §B.3.2. In fact, one may
check that o, — o5 is the morphism given by (B.26). Lemma B.9 further implies that
Ds—t(Vimax(Gs)) C bs—t(Vmax(Gt)). Hence ¢s_,; induces a contraction of A-types as in
(3.7):

¢s—>t: Ta,s = (7_37Vmax(Gs)) — TAt = (Ttyvmax(Gt))-

Step 4. Verifying 7,-marking on the point-wise level. Next we verify that
S’ = S” on the level of geometric points. Using the above notations, we have arrived at a
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commutative diagram of solid arrows of cones

(317) o) —— — - — > UA,t O'A73

L,
T E

(%47 Os

where the vertical arrows are inclusions of A-basic cones as in §3.2.1, o, — 0, s is given
by the 7,-marking, and ¢ — oy and 0 — o are given by the 7-marking. We will see that
the existence of a dashed arrow making (3.17) commutative leads to a unique 7,-marking
of the fiber f|;.

Taking the dual of the top of (3.17), we obtain a commutative triangle of solid arrows

Xo¢s - —A
v v B
(3.18) TAZ T 0,82 = Ms,s Ky
~ X
X¢t - - - l ¢s—>t l
N —
Otz = Mg < Ky

where K; is the monoid ideal generated by the image of KSA.
We first observe that the following two conditions are equivalent

(a) The image of the composition o, — o — oy is contained in o ;.
(b) 0 & K, or equivalently K, C Mg
Both o, and o, ; can be viewed as faces of 0, s via the corresponding morphisms. Given

(a) we observe that each element of K; C U\Lt,Z as a non-negative linear functions on o ¢ 7,
restricts to a positive function in the interior of the face o, C o, ;. Conversely suppose
that o, Mo, is a proper face of both o, and o, ;. Then we may find a linear function
U € JX, s,z Which is positive in the interior of o, hence u € Ki, but restricts to zero along
o+ This shows the equivalence of (a) and (b).

Second, we observe that (b) is equivalent to ¢t € S”. Indeed, S” is by construction the
locus along which the log ideal K% is non-trivial.

Next, we verify that (a) is equivalent to that f,|; admits a unique 7,-marking induced
by its 7-marking. Consequently, we have S’ = S” as sets of closed points.

Assuming (a), we obtain the dashed arrows in both (3.17) and (3.18) making the dia-
grams commutative. It suffices to show that ¢;(Vmax(Gt)) € Vimax(G). Suppose on the
contrary that there exists a V; € Vax(Gy) such that ¢4(V) = V € Vipax(G). Choose
a vertex Vs € V(Gs) such that ¢s1(Vs) = Vio As ¢s(Vimax(Gs)) C Viax(G) by the
T,-marking of fs, we have that Vs & Vax(Gs). Let

v v v
€max,s € O \,s,7Z> €max,t € O )t 7> €max € O\, 2>
be the corresponding maximal degeneracies, and let ey,, ey,, ey be the degeneracies of the
corresponding vertices. Consider the elements in the corresponding A-basic monoids
0 1= €max,s — ev, = 0, 0y = €max,t — €V, = 0, 0 := emax — v = 0.

The commutativity of (3.18) implies that

0 = Xg:(05) = X, © Xt (05) = X, (0) = 0.

Thus V € Viax(G) is maximally degenerated, a contradiction.

Step 5. Verifying 7,-marking on the scheme-theoretic level. Finally, assuming
f; is marked by 7,, we obtain the dashed arrows in both (3.17) and (3.18) making the
diagrams commutative, which gives (a). The commutativity (3.18) further implies that E/t
is the A-basic monoid ideal. Hence the idealized structure as in Definition 3.11 is precisely
given by the vanishing ag(Kg) = 0 defining S”, thus verifying S” = S” on the schematic
level. This finishes the proof. O
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The proof of the above result implies that

Corollary 3.17. Suppose that a A-type 7, = (T, Vimax(G)) is realizable, and hence T is
also realizable. Let o, and o be the corresponding basic cones. If the morphism of monoid
ideals oy \ {0} — oY 5 \ {0} induced by (3.3) is surjective, then (3.15) is also an ideally
strict open embedding. In particular, U(A,7,) C U(A, T) is a component.

Proof. The ideal strictness of (3.15) follows from Lemma 3.9 and the definition of the 7-
and the 7, -marking ideals. The proof of Proposition 3.16 implies that the closed sub-stack
U(7y) C U(T), is defined precisely by the vanishing of the ideal a(/Cy,,)) = 0, which is an
empty condition when (3.15) is ideally strict. O

3.2.4. Equi-dimensionality.

Proposition 3.18. Suppose the A-type 7, = (T, Vimax(G)) is realizable with the A-basic
cone o,. Then the log stack $\(A, 1)) is non-empty, reduced and of pure dimension

(3.19) dimU(A,7) =3[ Y g(Gi) — 1| + |L(G)| — dimg 0.
G;,CG

where the summation runs through connected components G; C G, and

g(G)=h' G+ D gV)
Vev(G;)

defined as in (B.8).

In the proof, we will consider the log stacks Ap and Ap, defined for any fs monoid P
and monoid ideal K C P, with their underlying given by the global quotients

(3.20) Ap = [Speck[P]/ Speck[P]] , Apr = [Spec (k[P]/(K)) / Speck[P]] ,

and their log structure induced by P. Note that Ap s is naturally equipped with a log-ideal
IC generated by K such that the strict closed embedding Apx — Ap is defined by the
vanishing a(K) = 0. Thus, we further view Ap i as an idealized log stack.

Proof. Consider the idealized log stack of log curves (9 := M(G), Kg;) from §B.1.8 with
G = (G, g,deg,m). Composing (3.15), (3.13) and (B.34), we obtain an idealized log étale
morphism

(LL(A, TA),,C = ]CL[(.A,T)\)) — (gﬁ, ’Cgﬂ)
To prove the statement, we analyze this morphism locally around a geometric point S €
U(A, 7)) corresponding to a A-basic punctured map f: C° — A over S with the basic
monoid P := Mg.

Denote by 7, s = (75, Vimax(Ggs)) the A-type of f with the contraction ¢g: 7 g — 74.
By assumption we have the A-basic monoid ideal K := K(;S C Mg. By the construction
of K;, in Definition 3.11, we obtain a strict étale neighborhood V' — (A, 7, ) together
with a chart of idealized log stacks

(V, /C|V) — .Ava.

Consider the image S’ € M of S € U(A, 7,) where Mg is the log structure pulled back
from 90t with the decorated graph (Gg,gs,degg, mg). Denote by N” the free monoid
generated by edge lengths of E(Gg) with n = |E(Gg)l, and let K™ C N" be the monoid
ideal generated by edge lengths corresponding to edges in E(¢g). By the construction of
nodal ideals in §B.1.8, we obtain a strict étale neighborhood V' — 9t of S’ together with
a chart of idealized log stacks

(V/, /Cnh//) — ANn,Kn.
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By [3, Proposition B.2], we may choose appropriate V and V'’ to fit in a commutative
diagram

(3.21) (V,Klv) Apx
(V' Knlvr) Ann gon

where the horizontal arrows are given by the above charts, and the right vertical arrow is
a consequence of basicness. Further applying [3, Proposition B.4], we obtain a strict étale
morphism of idealized log stacks

(3.22) (V,Klv) = (V!, Knlvr) X agn gon AP K-

The idealized log smoothness of (9, Kf;) implies that the underlying of the bottom arrow
in the diagram is smooth. In particular, the neighborhood V' is reduced. To prove that V'
and hence (A, 7)) is reduced, it suffices to observe that Ap  is reduced. Since Apx C Ap
is defined by the monoid ideal K, it suffices to show that (K) C k[P] has no nilpotents.
This follows from the definition of A-basic monoid ideals in §3.2.1.

Next we observe that (A, 7,) is non-empty. By the realizability of 7,, we have a
tropical map f"°P: I'(G,¢) — R>q over the A-basic cone o, of type 7,. Repeating the
construction in [3, Prop. 3.29], we obtain a punctured curve C° — S over a geometric
log point S with Mg = U)\/’Z, such that the corresponding tropical curve is given by the
type 7.. Since A has a Zariski log structure, [2, Prop. 2.10] produces a punctured map
f: C° — A over S, whose tropicalization is f'°P, hence of type 7, as needed.

We use (3.22) to compute the dimension of (A4, 7,). We may choose f to be a A-basic
map of type 7, with the A-basic monoid ideal K = oY ; \ {0}. In this case n = [E(G),
and K™ = N"\ {0}. Then we have

dimApg = —dimo,, dim Axn x = —|E(G).
Finally we compute
dim (A, 7)) = dim M + dim Ap g — dim Ann g

=3-| Y 9(Gi) — 1] +|L(G)| ~ [E(G)| - dimo, — (~|E(G)])
G;CG

—3.( 32 g(G)— 1) + L(G)| — dimo,
G,CG

as desired. 0

Remark 3.19. The proof of the above proposition shows that $4(A, 7,) contains an open
dense substack consisting of punctured maps of A-type 7.

3.2.5. The maximal degeneracy and the class Ymax. Let Amax := A, and let Apax C Amax
be the strict closed substack given by the origin. Let emax € I'(Amax, Ma,..) = N be
the generator. Then we may view Apnax as an idealized stack with the log-ideal Kpax =
M. \ OF generated by the preimage of epax.

For a A-type 7, = (7, Vimax(G)), consider the corresponding maximal degeneracies

emax(Tx) € T(U(A, TA),MLL(A,U))’ emax(T) € F(u(AaT)aMu(A,T))-
By (A.6), these global sections induce canonical morphisms

(323) M(Av T}\) — Ama}b ﬂ(A, 7_) — -Amax-
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We will use ¥max to denote the class —cj(Apax) and its pull-backs. We may also use
the notation Ly, to denote the line bundle O(—Ap.x) and its pull-backs when there is
no danger of confusion.

3.3. The A-decomposition of log maps to A.

3.3.1. The universal stack of log maps and its boundary. We fix a type

(3.24) ™ = (G*,g,deg,m, o, c),

where V(G*) = {x}, E(G) =0, o(x) =0, and ¢(L) € N for any L € L(G*). It induces
a unique A-type 77 = (7%, Viax(G*) = {x}) since Vinax(G*) # 0. Note that both 7* and
7} are realizable. Furthermore, in this case the basic and the A-basic cones are identical,
and are the trivial cone {0}. By Corollary 3.17, we have isomorphims

U(A,TH) 2 UAT) (AT, MAT) = DA, ).

In this case, the tautological morphism $(A, 7*) — M(A,7*) as in (3.12) is proper, log
étale, and birational. Indeed, it restricts to an isomorphism on the open dense substacks
with the trivial log structures, see [20, Thm 3.17].

Lemma 3.20. The tautological morphism of log stacks
(A, 77) — M(A, 77) X Amax
induced by (3.12) and (3.23) is log étale.

Proof. We will construct a dashed arrow making the following diagram of solid arrows
commutative:

TO L[(.A, T*)
e M(A, 7) X Amax

where the left vertical arrow is strict closed immersion defined by a square zero ideal. This
diagram is equivalent to the following diagram

(fO 7emax,To )

Co C----- > A X Amax
TO T €max,T Amax

where the dashed arrow in the second diagram corresponds to the dashed arrow in the first
diagram. Since Cy — C is a strict infinitesimal thickening, and A X Apax — Amax 18 log
étale, we observe that the dashed arrow in the second, and hence in the first diagram exists,
and is unique, and makes the whole diagrams commutative. This finishes the proof. [J

By the above lemma, the canonical morphism @y : U(A, 7*) — Amax as in (3.23) is
log smooth. Consider the boundary log stack
(3.25) AMTY) = WA TY) XAy Amax
with its idealized structure ]CAEJ]\C( A) defined by pulling back the log ideal K ax over Apax.
The projection

(I)Amax: (AA(T*)v ICA)‘(T*)) — (Ama)h Kmax)
is thus log smooth and ideally strict, hence is idealized log smooth. Proposition 3.18
implies that A (7*) is equidimensional with
dim A*(7*) = 3g — 4 + |L(G)|,

where g := g(*). Denote by [A*(7*)] the corresponding fundamental class.
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3.3.2. Decomposition of [A*(7*)]. Denote by X(A*(7*)) the generalized cone complex of
A*(7*). We observe that the tropicalization of ®x_,  is

(@A, ): DA (TY)) = Z(Amax) = Rso.

max)

Indeed, consider a strict geometric log point S € A*(7*) corresponds to a log map §: C' —
A with the A-type 7, and the A-basic cone o,. Then the restriction of E(@X?ﬂix) to the
cone o, € B(A*(7%)) is the linear map given by the maximal degeneracy (3.4).

By the log smoothness of ®y,,x and [2, Prop. 3.1], the irreducible components of A*(7*)
are Weil divisors in (A, 7%), and are classified by the one-dimensional cones of X (A* (7))
which surject onto R>o under X(®a_, ). Let p € L(A*(7*)) be a 1-dimensional cone,
and A, C A*(7*) be the corresponding reduced irreducible component. The dual of the
restriction ¥(®a,,.. )|, yields a morphism of monoids

(326) Z(QAmax”X: N — p%

with image X (Pa,,,.)|; = €max|, the maximal degeneracy of the tropical map parameter-
ized by p. Since py = N, we may view emax|, € pz = N as a positive integer. By [2,
Corollary 3.2], we have a decomposition of the fundamental class

(3.27) [A*(79)] = Z emax|p * [Ap)]-

3.3.3. Tropical refinement. We further refine the decomposition (3.27) by classifying the
irreducible components of A*(7*) tropically.

For a ray p € L1(A*(7%)), let S € A, be any strict geometric point corresponding to
a log map f: C — A of A-type 74 = (7, Vimax(G)). Denote by 3(f) the corresponding
tropical map over its A-basic cone o,. Note that o, contains p as a ray, see (3.9).

Now choose S € A, to be a general point. Since A, C 4U(7*) is a Weil divisor, we have
o, = p. Thus tropical curve X(f) over o, = p is rigid as in §3.1.3 with emax(71) = €max|p-

For a type 7 = (G, g,deg, m, o, c), denote by Aut(7) the automorphisms of G that fix
m and commute with g, deg, o, c. For a A-type 7, = (7, Viax(G)), denote by Aut(7,) C
Aut(7) the set of automorphisms fixing Viax(G).

Lemma 3.21. Suppose 7, is the A-type corresponding to a general strict geometric point
S € A,. Then the tautological morphism ir, : U(A, 7,) = U(A, ) is finite and unramified.
Furthermore, it is of degree | Aut(7,)| onto its image A,, hence
iry s [U(A, 7))

| Aut(7,)

Proof. Consider the sequence of strict tautological morphisms

U(A, 7)) = WA, 7) = U(A T Xanare) A, 7) = U(A,T5) Xom, g0 TUG),

(3.28) [Ap] =

where G = (G, g,deg, m) be the decorated graph of 7,, and M(g,deg, m) is the stack
of twisted pre-stable curves with orbifold structure along makings specified by deg. By
Proposition 3.16, the left arrow is a closed embedding. The right arrow is obtained by
imposing the conditions from o and c. As both conditions are closed conditions, the right
arrow is again a closed embedding. Thus the composition is a closed embedding. Since
the morphism M(G) — M(g,deg, m) is finite and unramified, the morphism i,, is also
finite and unramified.

By Remark 3.19, the stack {(.A, 7,) has an open dense locus consisting of maps marked
by 7.. As a general object of A, has A-type 7,, this open dense locus of (A, 7, ) dominates
A, via i,. Hence i, surjects onto its image A,,.

Consider a general strict geometric point S € A, corresponding to a log map f: C' — A.
It is of A-type 7,. The fiber i;}\l(S ) consists of log maps isomorphic to f but with different
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labelings by 7,.  Thus the group Aut(7,) acts freely and transitively on i71(S). This

A

finishes the proof. O

Proposition 3.22. We have the following decomposition of fundamental classes
lem,ep(q)(c(2))

3.29 AN ()] = < i Al

( ) [ (T )] T;* \Aut(ﬂ\)\ bry, [ (A7 7-)\)]7

where the summation runs through all contractions T, b 7 of A-types of degenerate rigid
tropical curves, and G is the graph of 7).

Proof. Note that the open dense substack of 9(A, 7*) C M(A, ) with the trivial log
structure admits the type 7. Therefore, any log map parameterized by A’ (7*) admits
a smoothing to M(A,7*). These smoothings on the combinatorial side correspond to

contractions to 7*. Hence 7, in the summation admits contractions to 7*, as required.
Thus, the formula follows from (3.6), (3.27) and (3.28). O

4. THE REDUCED THEORY AND THE TROPICAL DECOMPOSITION FORMULA

Throughout this section, we assume that X is smooth as in Assumption 2.7. We will
extend the construction in [18] to the punctured situation to construct a reduction of the
canonical perfect obstruction theory of punctured R-maps, as constructed in §2.6.

4.1. Superpotentials. Recall from [13, §3.4] that a superpotential is a morphism
(4.1) W:B°® — L,

over BC},. The choice of a superpotential is a key ingredient in the reduction procedure.
Differentiating W, we obtain a morphism of tangent bundles relative to BC;:

dW: T&B"/BC& — W*TLW/BC:, =2 W*L,.

The critical locus Crit(W) of W is defined to be closed substack of W where d W degen-
erates. We say that W has proper critical locus if Crit(W) is proper over BC},.

Remark 4.1. We may view W as a section of the line bundle L, |ypo, hence a rational section
of L,|p. By [18, Lemma 3.8], the existence of a non-zero superpotential implies that the
rational number 7 = a - r as in §2.1.1 is the pole order of W along co C 3, and hence an
integer. Thus, the existence of a non-zero superpotential imposes a non-trivial constraint
on targets.

A non-zero superpotential W does not extend to a holomorphic function over 3. To fix
this issue, we further modify W as follows. Consider P, = P(L,, & O) — BC}, where we
equip P, with the divisorial log structure given by the smooth divisor cop, := P, \ £,,. In
particular P, is of DF1, and admits a canonical strict morphism P,, — A.

Consider the log étale morphism of log stacks

(4.2) A* = Ax A
given by blowing up the origin of A x A. Let ¢ and P¢, be the pull-back of (4.2) along
P X Apax — A X A, P, X Apax — A x A

respectively, where the morphisms 8 — A and P,, — A are the strict canonical ones, the
morphism Ap.x — A on the left is the identity, and Ay — A on the right is the degree
7 morphism defined by 7 <~ 1 on the level of characteristics.

Denote by coge C B¢ and oope C PG, the proper transform of cog x Amax and oop, x A,
respectively. Consider their complements

PO = P \ooge, PG 1= B\ oopg

We obtain the following commutative diagram
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(43)  Po-— -~ c V= V(Lo B O g (FAmas))
i W xid A J/ J/
ip X Amax — — — = — > Py, X Amax BCZ X Amax

where the bottom dashed arrow is the rational map defined as the product of W and
the identity of Apax, the top horizontal dashed arrow is the induced rational map as
both vertical arrows are birational, and the morphism ¢ is the contraction of the proper
transform of P, X Apax. We may equip Vb(Ly, X Oy, (FAnax)) with the log structure
pulled back from Apax.

As shown in [1%, Prop. 3.10], the composition

(4.4) Wi=coW: P° — V),

called the twisted superpotential, is a surjective morphism of log stacks over BC}, X Apax,

contracting the proper transform P C PB° of P x Anax. Taking differentials, we obtain a
morphism of log tangent bundles

dW: T‘ﬁevo/BC:,XAmax — W*TV/BC:)XAmax = W* (ﬁw X OAmax (fAmax)) .

Note that the left vertical arrow in (4.3) is given by the base change of (4.2), hence is log
étale. This yields an isomorphism Tipe,o /BC? x Amax = L98/BC, |qge.o, and thus we obtain the
morphism

(4.5) AW : Ty /por pee = W* (Lo B O A (FAmax)) -

The critical locus of W is defined to be the closed substack Crit(W) C P*° defined by

the vanishing of d W, By [18, Prop. 3.12], the substack Crit(1V) is proper over BC} X Apax
if and only if W has proper critical locus.

4.2. Set-up of the reduction. Consider a decorated type as in (2.18):
(4.6) T=(1,7,8), with 7 = (G, 0,c) and G = (G, g,deg, m).

We further assume that 7 is of compact type, see §2.3.1. Let Lo(G) C L(G) be the subset
of legs with the zero contact order, and S(G) C E(G) be the set of edges with non-zero
contact orders. Since 7 is of compact type, the set Lo (G) := L(G) \ Lo(G) consists of legs
with strictly negative contact orders. Furthermore, for z = {h,h = 1¢(h)} € E(G) with
c(x) = 0 we require the nodal sectors ¥,,%; to be a pair of ‘B-sectors.

Let G = U;G; be the union of connected components. For later use, denote by 7; the
type by restricting 7 to Gj.

Recall the evaluation stacks I (A, 7), M o (A, 7) from §2.6.3. From here, we may de-
fine 4V (A, 7) and 470 (A, 7) to fit into the following commutative diagram with Cartesian
squares and strict vertical arrows:

4.7  w(B,7) ks UV (A, T) Yo (A, 7) (A, T)

L | o

(2.5

Z(B,T) M (A, 7) Mo (A, 7) M(A,7)
For simplicity, we write
(4.8) U =UEP,7), U =UV(A7T),  U:=UTo(AT),

and denote the universal family over % by

(4.9) fau: Coy — B, wy:Coy — U
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Let 6’5 — (%, be the partial normalization along nodal gerbes in S. Composing with the
the arrows in (4.9), we obtain the corresponding arrows

(4.10) f%:@*}%, %%/C\g;*)@/

Let p, C C3, be the gerbe corresponding to x € L(G) U S. For an edge x = {h, h} €8,
denote by pp,p;, C CF, the pre-images of p,. For later use, write

Z Pz, Yo = Z Pz = Z Do + Z h+ph

x€Lo(G) €L (G) z€L(G {h,h}eS

By (2.56), we obtain compatible perfect obstruction theories

1) or: Ty sy — By = Ry o (£ Tpmer (—20))
. @T,GV: T@//L{ev — E%/uev = R%%7* (f;ﬁTm/BC:(—i)) .

Fix a superpotential W as in (4.1) with proper critical locus. We will first construct a

reduction for ¢, then deduce a compatible reduction for ¢ cy.

Remark 4.2. The construction of the reduction in this section applies identically to the
case of stable punctured R-maps weakly marked by 7. However, in this paper, we do not
need the reduced theory of weakly marked punctured R-maps.

4.3. The canonical cosection.

4.3.1. Modifying the target. The universal punctured R-map fy in (4.9) is equivalent to a
section

(4.12) fap: Cy — Pu =B xBcy, Cy

of the projection Py — Cf,. Denote by Xy = C9 xpcr X. Define the log stack Py
with the underlying

Py, =P% (@(Ez %, ® LY 2, (—X0)) & Oaw)
i>0
where w are the weights in (2.2). Let ./\/loop be the DF1 log structure on Py _ given

by the smooth divisor cop,, _ defined by the Vamshmg of the Oy, -coordinate. Define the
log stack Py = (Py,—, Mp,, _ = Mcelp,, _ ©or Mu oy ). Comparing with (2.2), w
obtain a birational map of log stacks over X4

Py,———>Py,

with indeterminancy locus cop,, _ Xco, Y. Furthermore the morphism of log stacks
(4.13) P?/,reg = 'Pq/,_ \ (OOP%77 XC%/ 20) — Py
contracts precisely the fiber over X4 xce Yo to the zero section of Py . Set
OOPQ/,Teg = OOP%,— \ (OOPOZ[,— XC%/ ZO)
Consider the two morphisms
(4.14) P%,T@g — .A X Amax, P% — A X .Amax

where the arrows to A are induced by the corresponding divisors 0P, ., a0d cop,, . We
construct the commutative diagram

(4‘15) P;;jreg P;/,reg

l |

P P, Pu

P%,reg
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where the two right horizontal arrows are obtained by pulling back (4.2) along (4.14),
and the two left horizontal arrows are obtained by removing the proper transforms of
Py reg X Amax and ocop,, X Amax respectively. Note that the vertical morphisms are
isomorphisms away from the fibers over 3. We observe that

(4.16) Py =P XBCE x Amar O -

Consider the line bundle Lpax := Oa,,., (—Amax), whose pull-backs will be denoted

again by Limax. Form the line bundle Wy = weo /o ® L 9" and consider the sequence of

morphisms of line bundles over C¥,

~ ~ ~1 . 1 —QF ~v
Wy — Wy (o) — wqjg =Wy (Yoo + Xo) = wgi/% @ L 2 =~ V|C%z’

where V is the line bundle as in (4.3). We identify these line bundles with their total spaces
equipped with the log structures pulled back from C5,.

Lemma 4.3. There is a canonical commutative diagram of arrows over Cg,

o wo
(4.17) P e Wy (Xoo)

where the right vertical arrow is given by twisting along markings, and the bottom arrow
is obtained by pulling back (4.4).

Proof. This is identical to [18, Lemma 3.13]. O

4.3.2. A canonical factorization. Consider the morphism b: A° = A X Apax 2 A X A as
in (4.2). Let & be the exceptional divisor of b, and A C A° be the proper transform of
A X Apax. Recall that 0o C A° is the proper transform of 0o X Amax.

Lemma 4.4. Let f: C° — A be a A-punctured map over S with non-positive contact orders
along markings. Then there is a canonical factorization

Ae
el
ce A X Amax

(fvemax)

with the following properties

(1) §¢ factors through the open substack A“° := A°\ 00.
2) For any geometric point s € S, an irreducible component Z C C? over s dominates
( yyg p : p s
Ew via ¢ iff Z is mazimally degenerate with a non-zero degeneracy.
(3) For any x € Loo(G) with the corresponding gerbe p, C C°, we have the image

fe(px) - .A\ﬁ 5‘b~

Proof. Consider the log ideal K = M ax4,,.. \ OF. The morphism b is the log blow-up
with respect to . Thus to construct ¢, it suffices to show that the pull-back log ideal
(f¢)*K is principal, i.e. locally generated by a single element.

Away from the punctured points, the statements (1) and (2) follow by the same argument
as in [20, Lemma 3.22]. Now consider a punctured marking p, C C° as in (3). The
morphism f¢ is well-defined along p, iff locally around p, the element (emayx — 1°(14)) €
ﬂ%po belongs to Mo, where 14 is the generator of I'(A, M_4) = N. We check this locally
as follows.
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Consider a geometric point s € S over which p, s is contained in a component Z C CY
with degeneracy ez. Since eyayx is the uniform maximal degeneracy, we have (emax —€z) €
M. Together with the assumption c(z) < 0, we deduce that

(418)  emax — 1'(14) = emax — (€2 + c(2) - 02) = (emax — €2) — €(x) - 05 € Mcop,

where p, s is the strict geometric point above p; , and o, € Mo is the element correspond-
ing to the local coordinate whose vanishing defines p, s. Thus by the universal property
of log blow-ups, §¢ is the morphism defined by (7¢)”: (émax — 14) + (émax — J'(1.4)) on the
characteristic level. R

Finally, we notice that ANE&; is precisely the locus where epax # 0 and (epax —1.4) # 0.
As c(x) < 0, the puncture p, is necessarily contained in a degenerate component, hence
émax # 0 along p,. Furthermore as the image of (eémax — 1.4), the element (4.18) is nowhere
zero. This finishes the proof of (3). O

Now consider the morphism PB° — P x Apax as in (4.3) fitting into the Cartesian
diagram

(419) gpe,o Ae,o
| )
m X »Amax -/4 X -Amax

with strict horizontal arrows. Let €° C B*° be the pre-image of &, and ﬁ C P*° be the
pre-image of A.

Lemma 4.5. There is a canonical factorization

(4.20) . B
C)O max
% (f% 7emax) m % A &
such that

(1) For an irreducible component Z C C4,|s over a geometric point s € %, we have

f5,(nz) C € \‘ﬁ formz € Z the generic point iff Z is maximally degenerated with
a non-trivial degeneracy. R
(2) For any x € Loo(G), we have fg (py) C PN E°.

(3) For any x € Lo(G), we have fz (pz) C Op X Amax-

Proof. The existence of f, and statements (1) and (2) follow from Lemma 4.4 and (4.19).
Since 7, is a 0-sector for any x € Lo(G), we obtain (3). O

4.3.3. The canonical cosection. By (4.16), the morphism f¥, is equivalent to a section
fﬁ]/"pe : 003/ — Pa‘;}o
of the projection Pg° — C,. Lemma 4.5 (3) implies a canonical factorization

fa p

(4.21)

cy, Py
,P?),reg
Using (4.17), we obtain a morphism of vector bundles over C%,

far— AW=: oy “Tpep  jes, = V=0 for, ) Tay () 05, = O (Boo)-
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The following lemma is the main difference comparing to the reduction in the log case
of [18] due to the presence of punctures.

Lemma 4.6. There is a canonical factorization

fa _dW_

(4.22) Py Tpee jos ——————s G (%

o /
%

Proof. For any « € Lo (G), consider the gerbe p, C C5, . By Lemma 4.5 (3) we have the
image fy —(pz) C P xBcy, €. Since (4.4) contracts P to the zero section of V, as the
pull-back of (4.4), the morphism W_ contacts ‘i? xBc;, C to the zero section of Wy (X))

This implies that the morphism f;/,— dW_ degenerates along p,., hence the factorization
(4.22). O

Lemma 4.7. There is a canonical exact sequence

0= fuTymoy (=20 = Ja Trge o5, = Te/paylee = 0.

Proof. This is similar to [18, Lemma 3.14] by applying (4.16). We omit the details. O

Combining Lemma 4.6 and Lemma 4.7, we obtain a composition

fwTypse: (=%0) = foy _Tpee

— Wy
%reg/cgl K4

Applying Rmy , and the projection formula, we obtain
0% jut B ju = R w [y Tymoy, (—20) — Ry wBu = Ry w(wes, jar) © Lingx

Applying Serre duality, we obtain

1 ®T‘ ~
R 7T0]/7*(w0%1/7/ Lmax - @ Lmax
G;CG

where the direct sum runs through connected components G; C G. Taking H' of Ty /30
we obtain the canonical cosection

(4.23) oy i Obsy = H' (Ey ) — €D Lial — L,
G;,CcG

where the arrow on the right is the sum of identity L& — L&

max max *

Proposition 4.8. Suppose W has proper critical locus. Then the degeneracy locus of o4 sy
is contained in U \ (% X A, Dmax)-

Proof. In case of log R-maps, this is precisely [18, Prop. 3.18]. We now verify the statement
for general punctured R-maps. As the target of o4 is a line bundle, it suffices to
check the surjectivity of o4 )i at any geometric point s € % x4,,,, Amax- Denote by
f=Ufi: C° = 1;C; — B the punctured R-map over s where f;: C7 — B corresponds
to the connected component G; C GG. At least one of the connected component of C°, say
C}, contains a maximally degenerate component. By the construction of (4.23), it suffices
to show that

HY(fiTy/ser (—0)) — Lsr
is surjective. The rest of the proof is identical to [1&, Prop. 3.18], and is omitted. O
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4.4. Reduction by the canonical cosection. We next construct the reduced theory
under the following assumption:

Assumption 4.9. 7 has at least one degenerate vertex.

Let o be the basic cone of 7. Then the above assumption is equivalent to that the max-
imal degeneracy epax € o7 is non-zero. By Definition (3.11) (3), this is further equivalent

to a factorization
U A
Amax

(4.24)
where the top horizontal arrow is defined by (3.23).
Define the boundary complex F := L £"[—~1]. The composition

max

max

oa yul—1]

HY(Ey jy)[-1] ———=TFy :=F

(4.25) Ey u

4
leads to a distinguished triangle

(4.26) gﬁ% — By yy — Foy 1,

defining the object Eﬁ;‘}u. Our next goal is to establish the following result.

Theorem 4.10. Let T be a decorated type of compact type as in (4.6). Further assume
that T satisfies Assumption 4.9. Then there is a canonical factorization

Pr

(4.27) Toy s Ey s
>~
red
E% u
such that o4 defines a perfect obstruction theory of % — 4, called the reduced perfect

obstruction theory.
After some preparation, we will prove this theorem in §4.4.2.

Remark 4.11. The reduced perfect obstruction theory gpﬁ_ed is different than the reduced
theory in [18, §3.6.3] in that the latter does not assume the factorization (4.24) or equiv-
alently Assumption (4.9). On the level of virtual cycles, this factorization results in a
formula (4.40) which is different than [18, Theorem 3.21].

On the other hand, when 7 is a tropical type of log R-maps, or equivalently there is no
negative contact orders in 7, the construction of gpﬁ_ed is identical to the reduced perfect

obstruction theory of the boundary in [18, §3.8]. This fact will be used in proving Theorem
4.15.

4.4.1. The twisted hodge bundle. Consider the stack il as in (4.8) and its universal family
fu: Cgq — A, my: Oy — S
Define the line bundle
Wy 1= wﬁ/g & Lg;f
over Cg. We may view wy as a log stack with its log structure pulled back from Cy.
Applying the projection formula, we obtain the twisted hodge bundle

= Romv*&u = Rom,* <wc§/g) ® LEEXF .
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over 4. Viewing §) as a log stack with the log structure pulled back from i, it parameterizes
sections of wy — Cy. Consider the commutative diagram

®=7F o Q-7
(4.28) wey/n ® Lia] LoRLET
A
O ——y BC, X Amax

where g : Cf% = O Xy $H — $ is the universal punctured curve, and pg is the universal
section over $).
On the other hand, composing (4.4) and (4.20), we obtain a commutative square

_ Lo WLGT
e
Cs, BC[, x Amax

over Cj,. Recall that W as in (4.4) constracts 3. By Lemma 4.5 (2), (3), there is a
factorization

Wof%
o L,RLET

WC’O Y/ ® Lmax

This defines a tautological morphism % — $ along which sg pulls back to sy .
By [13, Prop. 2.5], the morphism $) — 4l admits a perfect obstruction theory

Ps /Ty — B =m0 (@ulcg)-

Note that Ty = Ty = H|sy where the last term is the corresponding vector bundle over
$. Consider the composition

(4.29) Eg/u — H'(Eg/4)[—1] — Fg :=F|g
where the second arrow is obtained by shifting the following surjection

Og /st Hl(EfJ/L[) = Rlﬂ_f),* <O~JM|C'%) @ Lmax |f) - Lmax ‘-"J
G;CG

with the last arrow defined as in (4.23).
Lemma 4.12. The following composition is the zero morphism
(4.30) Tou — Eqju — Fy

Proof. Since $) — il is a vector bundle, we have Ty = H(Eg /). Thus, the result follows
from the distinguished triangle

(1]
H°(Eg/u) — Bgjy — H' (Bgyu)[-1] — .
O
Lemma 4.13. There is a canonical commutative diagram
Pr (4.25)
(4.31) Ty —————Eg Fo

| | »

To/ule ———— Egula Fe |

s /sl (4.29)
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where the vertical arrow on the left is induced by % — %,

Proof. Applying the construction of P;l’or g I (4.15) with % replaced by i, we obtain

a stack Pﬁ’:eg over Cy such that P;l’omg = 735’:69 xcg €y Similar to (4.17), we may

construct a morphism Wy _: Pﬁi eg

commutative diagram

— Wy (Xoo) pulling back to W_. Consider the following

f €e.0
(4.32) 7% cs, P,
T R
T C,% all(zoo)
U Cq———— 0y

where by abuse of notations fz _ denotes the arrow induced by (4.21), and the two left
squares are Cartesian with strict vertical arrows.
Consider the following commutative diagram

d for —
//\
(4.33) To jules, = Tes, jog — fo Tpmer (—20) for ~Tree cq
l l idﬁu,
T o T ds9 LO-F So) @ LOT
s/ulog, = Togjog ——weg, jz © Lipax — weg, /o (Yoo) ® Ligax
N

where the outer square is obtained from (4.32) by taking differentiation, the factorization
on the top is from Lemma 4.7, and the factorization on the bottom is from (4.28). The
square on the right hand side of (4.31) follows from applying 74 . to the square on the
right.

Finally, the square on the left hand side of (4.31) follows from sy = sg|cs, - O

4.4.2. Proof of Theorem 4.10. Lemma 4.13 provides a commutative diagram of solid arrows

O
/_\
(1]

(4.34) To g — — > Eg;f}u —Eyu Foy

N

Ts/ule —Egjuler —Fs
The commutativity implies that the composition Ty — Ey 4 — Fy factors through

red
T

4

the zero morphism (4.30). Hence we obtain the dashed arrow ¢

commutative. Next, we verify that Eﬁ;f}u is perfect in [0, 1].

making the diagram

Since E /g is perfect in [0, 1] and Fy is a vector bundle shifted by [—1], E%ﬁc}u is perfect
in [0,2]. It suffices to show that H Q(Egjc}u) = 0. Since oy y is surjective by Proposition
4.8, this follows from the long exact sequence

H"(Ey jy) — H'(Fy) — H*(Elfy) — H*(Ey jy) = 0.
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To verify that ©°d is a perfect obstruction theory, we first take the H? of (4.34), and
obtain

H°(Ty )
HO(pied) lHO("D )
0 —— HO(Efy) —> H(Ey ) — H°(Fy) = 0.

Since H%(ip,) is an isomorphism, H(:4) is also an isomorphism.
Finally, we take the H' of (4.34), and obtain

H'Y (T )
H (o52Y) iHl(%)
0 —— HY By ) —= H'(Ey ju) — H'(Fy) = Fy[1] —0
The injectivity of H!(p,) implies the injectivity of H' (%), Therefore, ¢i*¢ is a perfect
obstruction theory of % — L. O

4.5. A compatible reduction. Consider the composition
where the first arrow is given by (2.56) and (4.11). This leads to a distinguished triangle

E;j%ev — B jyev — By ﬂ>,

defining Eﬁ;‘}wv. This triangle fits in a commutative diagram of solid arrows
(4.35)

(1]
T%/uev T@//u Tuev/ﬂ

N AN
A N
N
red re
Ey /slev \ B /4 Tygev jyg ——
‘L : ‘L

]E%/L[ev E%/u Tuev/u I
Foy Foy

where the top three rows are distinguished triangles, the morphisms between the first
and third rows form a morphism of distinguished triangles by pulling back (2.56). Thus,
we obtain the dashed arrow @ﬁﬁ‘iv making the diagram commutative, so that the arrows
between the first and the second row form a morphism of distinguished triangles. In

particular, gpﬁ?gv is a perfect obstruction theory of % — 4°¥ compatible with 4. We will

also refer to gpffgv

construction in §5.

as the reduced perfect obstruction theory. It will be used in the gluing

4.6. The reduced theory of A-types. Let 7, = (T, Vimax(G)) be a decorated A-type
where 7 is given as in §4.2. Define the log stacks % (B, 7. ), UV (A, 7,) and U0 (A, 7))
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via the diagram
(4.36) U (P, 7)) — UV (A, 7)) —= 0 (A, 7)) — U(A, 7))
| e
U (P, ) — UV (A, 7) —— U0 (A, 7), — U(A, 7)

with Cartesian squares and strict vertical arrows. Pulling back (4.27), we obtain a com-
mutative triangle over % (B, 7,)

(4.37) T P E B

U(P,r) /U0 (A7) U (B,0) /40 (A7)

k /
E

red -
4 (;’B)TA)/L(YLO (A’TA)

red
r

where as the pull-backs of ¢ and ¢°®, the morphisms ¢,, and <p§.eAd define the canonical
and reduced perfect obstruction theories of % (B, 7, ) — U0 (A, 7, ), respectively.

Further pulling back (4.35), we obtain a commutative triangle

Py ev
(4.38) T (p,70) /5 (A B (.m0 /80 ()
‘Prff,\l /
Ered
%((‘Bﬂ—)\ )/uev (’AvT)\)

where as the pull-backs of ¢; ., and wﬁfgv, ©r, ev and <p§?ﬂev define the canonical and

reduced perfect obstruction theories of % (B, 7.) — UV (A, 7)) respectively.

By the compatibility of perfect obstruction theories in (4.35), we observe that the canon-
ical perfect obstruction theories -, and ¢, oy are compatible, and the reduced theories
gof,.id and gorT‘fev are compatible as well.

Suppose that 7, is realizable, and hence (A, 7,) is equidimensional by Proposition

3.18. In this case, we obtain the canonical and the reduced virtual cycles

(4.39) (7 (B, T, (% (BT
red

TA,EV?

defined by ¢, v and ¢ respectively.

Corollary 4.14. Suppose that we are in the situation of Theorem /.10, and that T, is
realizable. Then the two virtual cycles (4.39) are related via

(4.40) (% (B, 7)) = 7 Amax N [% (B, 7))
Proof. By (4.35) and its pull-back (4.38), the zero map

Taproaay — Famrn = Flags)
is a perfect obstruction theory of the identity of % (8, 7.). Recall that F := L %7 [-1].
The formula follows from [30, Cor. 4.9]. O

4.7. Splitting of the reduced boundary virtual cycles. We consider a decorated type
of log R-maps
(4.41) = (7,7, 8)

where 7* is as in (3.24). Further assume that 7* is of compact type as in §2.3.1, i.e. for
any = € L(G*), we have c(z) = 0 and 7, is a 0-sector.
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Consider a contraction 7, F 7* of a A-type of degenerate rigid tropical curves as in
Proposition 3.22. We form a diagram of Cartesian squares with strict arrows

AN B, T, 7)) 7o (A, 74) U(A, 70)
| l |
MK 7) A7) A ()
U (B, ) o (A, 7¥) U(A, )

where A*(7%) — U(A, %) is given by (3.25), and U(A,7,) — A*(7*) is given by i,, in
Lemma 3.21, and 470 (A, 7,) — (A, 7.) is as in (4.7), and the stacks A*(P, 7, 70),
A*(B, 7) and A" 7o (7%) are defined as the fs fiber products fitting into this diagram.
We further note that A*(P, 7*) agrees with the boundary stack Ay in the notation of

[15].

The stack A*(B, 7*,7,) admits an open and closed decomposition

(4.42) AN (P, T |_|52/ B,74)

where 7, runs through all possible decorated )\—types over 7, admitting contraction to
T

Note that both 7o (A, 7*) and {70 (A, 7,) are pure-dimensional. Thus the reduced
perfect obstruction theory of Theorem 4.10 defines a reduced virtual cycle [% (%8, T, )]"¢
for each 7). B

On the other hand, A*7Lo(7*) is pure-dimensional. By [18, §3.6.3], evy, admits a
reduced perfect obstruction theory, hence a reduced virtual cycle [A* (B, 7*)]**¢, which

decomposes according to tropical types as follows.

Theorem 4.15 (Tropical Splitting formula).
. *\]re lcmx E(G (C($))> . re
[ AN (B, O = YT R [ ()

S | Aut(7,)]

where the summation runs through decorated A-types T, = (T7,.,%,3) of degenerate rigid
tropical curves admitting contractions to T, G is the graph correspondingn to T,, and
U (B, 7.) = % (B, T*) is the strict tautological morphism.

Proof. The virtual cycle [A* (P, 7%)]™4 is defined via the reduced perfect obstruction the-
ory
oo - / _
oo Tanr oo o) 7 By ey a0 Mo oy
constructed in [18, §3.6.3]. It is straightforward to see that the restriction @)\, (s, is

the reduced perfect obstruction theory constructed in (4.27), see Remark 4.11.
Denote by [A* (B, 7%, 7,)]*? the reduced virtual cycle obtained by pulling back the re-

duced perfect obstruction theory ¢’y .. Applying the virtual push-forward [30], we compute
. lemyep(c) (e(@))
. A xyred _ § z€E( ir AL red
AN, [ ((‘B7T )] -~ ‘Aut(T)\” A ¥ [ (‘Bﬂ' PN )]
lcmccEE G) )) . d
_ . Y 7 re
=2 Turyy ¥ ® )

where i, : AN, 7%, 7)) = Y (B, T ) is the natural embedding. The first equality follows
from Proposition 3.22, and the second one follows from (4.42). This finishes the proof. O
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5. DECOMPOSING VIRTUAL CYCLES OF RIGID TROPICAL CURVES

5.1. The set-up and the tropical decomposition formula. Fix a decorated A-type
(5.1) 7. = (1.,7,0), with 7, = (G = (G, g,deg,m), 7, ¢, Vi (G)) .

of (possibly non-degenerate) rigid tropical curves, see §3.1.3. We further assume that 7, is
of compact type as in §2.3.1. Denote by 7 (resp. 7) the decorated type (resp. type) given

by 7, (resp. 7).

The moduli % (B, 7,) of stable punctured R-maps marked by 7, admits a canonical
[% (B, T))]""" and a reduced virtual cycle [ (%8, 7,)]¢ as in (4.39).

Denote by n = [L(G)|, 8 = X yev ) B(V), and g = g(G) as in (B.8). Let #yn(X, )
be the moduli of stable maps to X" from genus g (connected) domain curves with n marked
points and curve class 8. Thus we obtain a tautological proper morphism

(5.2) Fu:u(B, 1) — Myn(X,5),

by composing R-maps with p — X and stabilizing. Our goal is to compute F 4 .[% (B, 7,)]red
in terms of vertex contributions.

5.1.1. Rigid tropical curves as bipartite graphs. By (3.5) and Proposition 3.5, the graph G
has a bipartite structure in the sense that

(5:3) V(G) = Vo(G) UV (G)

where V(G) is the set of non-degenerate vertices, and V. (G) is the set of degenerate
vertices. Furthermore, each edge © € E(G) connects a vertex in Vo(G) and a vertex in
Vo (G) since c(x) # 0. We may write Vo := Vo (G) and Vg := V(G) when there is no
confusion about G. Elements in V and in V o, are referred to as 0-vertices and co-vertices
respectively.

Note that if 7, is non-degenerate, then Voo (G) = 0 and V((G) = Vax(G) consists of
a single vertex. On the other hand, when 7, is degenerate, then Vi, (G) = Vo (G) is
the collection of degenerate vertices of G.

With this, we see that the data of 7, is equivalent to a decorated bipartite graph

(5.4) (G, V(G) = VoU Ve, g, deg,m,c,7,3).

Note that the information of o and Vax(G) may be recovered from the partition V(G) =

Vo U V.

5.1.2. Combinatorial decomposition. For each V € V(G), consider the graph Gy with
V(Gv)={V},  H(Gv)=H()={heH(G) |ve(h) =V},

where the involution v, is the identity. Thus H(Gy) = L(Gyv) is the set of legs of Gy.
For later use, denote by

Ly =H(Gv)NL(G), Sy :=H(Gy)\Ly.
Restricting the decorations in 7, to Gy, we obtain a decorated type

v = (v, %y, Bv = B(V;)) with 7v = (Gy = (Gv,gv =g(V),degy,ov),cv).
The compact type property of 7, implies that

(1) v is of compact type for any V € V.
(2) For each V € Vg and h € H(Gy), cy(h) > 0 iff h € Sy. In particular, 7y is a
decorated type of log R-maps.

For later use, we write Sg = Uyev,Sy.
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5.1.3. Vertex virtual cycles. For each V € V(G), by (4.7) we have a Cartesian diagram
with strict vertical arrows

(5.5) U, ) — e B(P, )
UV (A, 1) MY (A, v)

For convenience, we denote both vertical arrows by evy .

Remark 5.1. For each V' € V, observe that 7y and 7y are realizable. Furthermore, there
is a unique decorated A-type Ty, . (resp. A-type Ty, ) above Ty (resp. 7y) obtained by
setting Vimax(Gy) = {V}. Indeed, any punctured map to A with tropical type 7y is
automatically a punctured map with the uniform maximal degeneracy of tropical A-type

T‘/,A .

By Remark 3.19 the three stacks MM(A, 7v), U(A, 1) and LU(A, Ty, 1 ) share the same open
dense substack parameterizing punctured maps with tropical type 7. By Corollary 3.17
we obtain (A, 1) = U(A, Tv,1 ) hence % (P, 1v) = % (B, Tv.)-

By (2.56), the right vertical arrow in (5.5) admits a canonical perfect obstruction theory

(5.6) Prv.ev: Taepr) e (an) — Baepry) mev ) = By

which further pulls back to the canonical perfect obstruction theory of the left vertical
arrow. By Proposition B.28 this defines the canonical virtual cycles

(2B, ™)™, [ (B )™

By Proposition 3.13 and Remark 5.1, the bottom arrow in (5.5) is proper and birational.
Thus we obtain a virtual push-forward

Fyu 2 (B, 7)™ = [2(B, 7)™
If further V' € Vyax(G), then §4.5 provides a reduced perfect obstruction theory

red red
Oroevt T o) /sev(Ary) — B ) /gev (Am) = BV

By Proposition B.28 again, this defines the reduced virtual cycle [% (7v)]™¢. For conve-
nience, we write

(5.7) [2(B, )" = Fyu[# (B, v

5.1.4. Gluing of the underlying punctured R-maps. For each V' € V(G) and each h € Sy,
consider the evaluation evy,: Z(1y) — 7, given by (2.16). Taking products, we obtain

evs: H X (B, Tv —>HH7}L.

Vev(G) V heSy

For each edge © = {h, h} € E(G) with h € Su, set 7, := 7;,, and consider the involuted
diagonal

(5.8) Ay i=1d X025, =5, X7,

where 7 is the nodal involution (2.17). Since X is smooth, A, is a smooth closed embedding.
Taking products, we obtain

(59 A= ] H%—> I <%= I II 7

o={h,h}€E(G) r€E(G {h,h}€E(G) VEV(G) heSy
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Define 2% (R, 7,) via the Cartesian diagram

(5.10) ZE (B, 74) HVeV(G)%(mﬂ'V)
| -
[Leerc) Yz Ar, Hiniyer T > Vi

with strict horizontal arrows. Pulling back the universal punctured R-maps from each
(1), we obtain punctured R-maps over 2% (8, 7)) labeled by V(G). By §2.2.3 and the
condition §2.3.1(i) on nodal sectors, the underlying R-map of these pull-back punctured
R-maps glues to a stable underlying R—map

f < —n — E
We thus define the tautological morphlsm
FG: %P, 7)) —> Myn(X, )
by composing if with f — X and taking stablization.

Theorem 5.2. Let 7, be a decorated A-type of rigid tropical curves as in (5.1). Further
assume T, is of compact type. We have the following identity in CH,(Ayn(X,3))

(5.11)  Fyp.[2 (B, 7))

= (A= () FG AL T @ noret < T e, m)l™ |

VeV VeV

where

HEeE(G) c(E)

lempegq) o(E)

(5.12) u(Ti) =

The proof of this theorem will be concluded in §5.4.

5.1.5. The tropical decomposition formula for log GLSM. Consider the decorated type
™ = (17,7, 8) of log R-maps as in (4.41). Denote by

g:g<*)7 ﬂ:ﬁ(*)) n= |L(G*)|7
and consider the tautological morphism F ,: % (B, 7*) = My,(X,5) as in (5.2).

Theorem 5.3. Let 7 = (7%,7,8) be a decorated type as in (4.41) consisting of a unique
vertexr, no edges, and that is of compact type. Then

(5.13)  F .2 (B, 7)) =

. _
S L0 g (T e T e mor

TA VeV VeVo

where T, = (74,7, 8) runs through decorated A-types of rigid tropical curves admitting
contractions to 7.

Remark 5.4. Note that 7* is a decorated A-type of rigid tropical curves with the construc-
tion 7* — 7* the identity, see §3.1.3. In this case, observe that Vo, = 0, | Aut(r,)| = 1,
and E(G) = 0. Hence the summand corresponding to 7% on the right hand side of the
formula is naturally F 4 . ([%(‘B, T*)]Vir).
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Proof. Recall from [18, Theorem 1.11] that
[%(;’B’ T*)]red —_ [%(;B7 7_*)]vir o f[AA(‘Jl T*)]red.
Pushing forward along F, and applying Theorem 4.15, we obtain

: lem, e c(x
Far ol (Bm )™ = Fge (12 (B m)P") =730 — Aﬁ(tfii; :

F///,*Z'TA,* [% (T)\)]red.

where 7, runs through decorated realizable A-types 7, = (7,7, 3) of degenerate rigid
tropical curves admitting contractions to 7*. Combining the above formula with Theorem
5.2, we obtain

(5.14) F///7*[%(m,7'*)]red = F///,* ([%(mvT*)]Vir)

c(k .
+Z(_F)‘VOO"M'F/C/;/,*A!E I @, 7o)t < ] 1208, 7)™

| Aut(7,)] VEVe VeV,

noting that emax(7.)u(7) = [1per(e) ¢(E) by (3.6) and (5.12). This finishes the proof.
O

The rest of this section is devoted to the proof of Theorem 5.2, which splits into two
major steps. We first, in §5.2, follow the gluing technique developed in [3] to separate
contributions from the reduced theory of infinity. Unlike the situation in [3], since the
reduced theory is only defined for stack of A-punctured R-maps, the resulting formula
involves contributions from possibly disconnected domain curves. In the second step, we
further decompose infinity contributions to those from connected domain curves. We will
briefly explain this step in §5.3, and postpone the details to §6.

5.2. Splitting of punctured R-maps.

5.2.1. Virtual cycles of infinity. Consider the graph G = Uyev, Gy. Observe that
H(G«) = L(G) with a partition
H(Goo) = Ly USq, where Lo = Uyev, Lv, Soo =Uyvev, Sv.

Restricting decorations of T, to G, we obtain a decorated A-type

Too = (Toos Voor Boos Vimax(Goo) = V(G o))

where Too = (Gooy ooy Coo) aNd Gog = (Goo, oo, dego,, m).

Since all vertices of G, are degenerate, the fact that 7, is of compact type implies that
Coo(x) < 0 for any = € L(G). Hence 7o is of compact type. The decorated type of 7o
obtained by removing the data Vpax(Gso) is the disjoint union Uyev,  7y. By (4.7) we
obtain a Cartesian diagram

splg

(515) %(mvTOO) HVGVOO ’%(mvT\/)

eVool lHV evy

U (A, 7o) Myev. M (A7)

with both vertical arrows strict. The strict arrow ev,, admits a canonical perfect obstruc-
tion theory

(5.16) Qoo - T”]/(‘I?,Too)/ﬂe"(.A,Too) — E%(‘ﬁ,Too)/Lle"(A,Too) =Ky
by pulling back (2.56), as well as a reduced perfect obstruction theory, as in §4.6

(5.17) gOro%d: T%(‘B,Tm)/ﬂeV(A,Too) — E%ﬁ%mﬁw)/ufev(A?T&) =: Erogd
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By Proposition 3.18 and the fact that both 7 and Uyev_ 7y are realizable, the two
theories o and "4 lead to the canonical and reduced virtual cycles

[ (B, 70)], [ (B, 7o),

respectively, which are related via Corollary 4.14.

5.2.2. Splitting punctured maps with marked domains. Let f: C° — A be a punctured map
over an fs base W. Suppose that the domain punctured curve 7: C° — W is marked by
a decorated graph G = (G, g,deg,m) as in (5.1). For each =z € E(G), let p, C C° be
the corresponding node. Taking the partial normalization along U,cg(q)pz, We obtain the
strict morphism

(5.18) o= || Cp—c°
Vev(G)

where 5‘3, is the component labeled by the vertex V € V(G). Consider the morphisms
§: C° = A, 70— W

obtained by composing (5.18) with f and with 7 respectively. By [3, Prop. 5.2], 7: co W
is a family of punctured curves over W, hence f is a family of punctured maps over W,
but not necessarily pre-stable in general. Indeed, for each edge x = {h, h} € E(G), denote

by pp, ph C C° the pre-images of p,. The punctured map f fails to be pre-stable along py,
and p; in general, see §B.2.7.

For each vertex V', denote by Afvv = ﬂag é\‘/‘} — A the punctured map over W obtained
Vv

by restriction. Applying the pre-stabilization construction of [3, Prop. 2.5], we obtain a
canonical factorization

Cr, A
DA
cy

which satisfies the following properties

(5.19)

(1) P is a morphism of fine log schemes such that P is the identity of the underlying pre-

stable curve, P induces an isomorphism (P?)9: ./\/lgp MCO , and the restriction
’C‘o/\uhesvﬁh is the identity of log curves. B
(2) fv is a pre-stable punctured map over W with the underlying fy = fy, and

fV|C° v \Unes,, Dn j:V|C\O/\(Uhesviﬂvh)’

where p;, C CY, is the gerbe corresponding to h € Sy from a splitting edge.
It follows that the two punctured maps f,(;) and f have the same contact order along
any half-edge h € H(G).

5.2.3. Splitting punctured maps over UV (A, 7). We apply the discussion of §5.2.2 to the
universal family

(5.20) Uner(a)Ph
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over UV (A, 7, ), with the projection 7, : €°(7,) — U (7,). We obtain a (not necessarily
pre-stable) punctured map f,, over W given by the composition

(5.21) - || vero= || ¢ L () 5 A4
Vev(G) Vev(G

where the left arrow is the partial normalization along nodes U,cg )Pz, and f::\// is the

restriction to the component €2 . corresponding to V.
Let fr, v: € 1 — A be the punctured map over 4 (A, 7, ) obtained by taking the pre-

stabilization of ]::‘// as in (5.19). Since pre-stablizating does not change contact orders
nor the underlying structures, for each V' € V(G) the component f,, v is a punctured map
marked by 7y fitting into a commutative diagram induced by (5.20):

| |

fT)\ %4

0:70_}\7‘/ ’ A
On the other hand, consider the punctured map
(523) fT)\’ . |_| fT)\7V Q:T)\ 0o ‘T |_| Q::A,V — A.
VeV VeV

As the pre-stablization only modifies punctured maps along gerbes from splitting nodes,
we further observe that f;, ~ is a A-punctured map over UV (A, 7, ) marked by 7., hence
we have the commutative diagram

(5.24) LlheH(Goo) Ph UhGH(Goo) Yh
Q:A,OO fTA’Oo .A‘

We thus obtain a sequence of tautological morphisms

oo\O

(5.25)  UY(A, 7)) Hﬂev(.A Too) X [Iyev, MY (A, 7v) — [Ty eve M (A, 7v)

where the first arrow is given by (5.24) and by (5.22) for each V € Vj, and the second
arrow is induced by (5.22) for all V' € V(G).

5.2.4. Splitting punctured R-maps over % (B, T, ). Consider the universal family
Jro O =B, et Cf = U (B, 7))

over % (B, 1)). Let fr, : C7 — Abe the associated punctured map to A. Similar to (5.21),
we may again take partial normalization along nodes L,cg(q)p» C C7, and composing with
fr, to obtain a (not necessarily pre-stable) punctured R-map

(5.26) fro= | fn,v |_| s, —0s I,

Vev(G Vev(G

Pre-stablizing fn,V as in (5.19) using [3, Prop. 2.5], we obtain a stable punctured R-map

(5.27) frov:iCl v —'B
over % (B, 7)), marked by 7y .
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Indeed the universal punctured R-map f;, induces a commutative diagram

(5.28) UneH(G)Ph pUR
co I A

over 7 (B, 7). This defines the tautological morphism % (B, 7)) — UV (A, 7, ) asin (4.7),
along which (5.20) pulls back to (5.28). For each vertex V, pulling back the universal
splitting (5.22), we obtain a commutative diagrams

(5.29) UhEH(Gv) Dh UheH(Gv) Th
Ol fT)\,V \L
TA7V A

P

Since f., v = fr,,v, we observe that (5.29) lifts to the punctured R-map fr, . Further

observe that the punctured map

(5.30) fr)\,oo = |_| fT)\7V: C:A,oo = |_| C‘(f)')\,v — B
VeV VEVa

is the lift of (5.23), hence is a A-punctured map over % (3, 7,.) marked by Teo.
Similar to (5.25), we have a sequence of tautological morphisms

0|0

spl
(5.31) U (B, 10) — U (P, Toc) ¥ Hvevo AP, Tv) — vav(c) Z(B,Tv)
induced by (5.27) and (5.30).
Proposition 5.5. There is a canonical Cartesian diagram

sploo‘o

(5.32) U (P, 1)) U (P, Too) X HVGVO X(B,Tv)
ev evi=evo X[ [evy
I |

UV(A, 7)) UV (A, Too) X [Ty ey, MY (A, 7v)

with strict vertical arrows defined as in (4.7).

Proof. This is identical to [3, Prop. 5.17]. Indeed as the pre-stabilization of [3, Prop. 2.5]
does not modify the underlying structures, the splitting of punctured R-maps is obtained
by splitting the associated punctured maps to A as explained above. O

5.2.5. Perfect obstruction theories along splittings. Taking the product of (5.6) and (5.16),
we obtain the perfect obstruction theory

(5.33) vev: Tev — Boo @ P Ev =gy

VeV
of the morphism ev in (5.32). Similarly taking the product of (5.6) and (5.17), we obtain
another perfect obstruction theory of ev

(5.34) e Teg — B @ @ Ey := EXd.
VeV

Proposition 5.6. (1) The canonical theory ey of €v coincide with the perfect ob-
struction theory by pulling back pgy .
(2) The reduced theory <% of ev coincide with the perfect obstruction theory by pulling
back @4

ev '’
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Proof. We write for simplicity
%oo|0 = %(ma'roo) X H «@(m,ﬁ/), ﬂgzw = uev(.A, Too) X H Qﬁev(A, Tv)
VEVy VeV
and denote by
foolo = fra U || frv: Clpoi=Co 0 || Cq — B
VevVy VeV

the universal punctured R-map over %o. Consider the following commutative diagram

fra

Ty /\/_\
B

UV (A, 7)) <= % (P, 7)) e cz

\/ * }:):
5p[oool sploooi P J{ /
foo|0

s[ev gZ/oo|0 C°

0|0 Too]0 0|0

ev

Recall from (2.56) that we have the canonical perfect obstruction theories

%
Yev: Tey — Eey 1= R(WT)\)*fT)\ (T‘B/BC:)
vov: Tev — Eay := R(7ooj0)«foopo(Tip/BCr)

for ev and ev respectively. On the level of underlying stacks note that

@g N X”Z/Oom %(m7TA)

o0|0

Thus flat base change implies splzolo Esv = Eeyv. By [3, Thm. 5.19 (1)], this isomorphism
fits in a commutative diagram

(5.35) Tey ——> spli. o Tey
Pev ispl;m Pev
Eoy ———— spl’_ o Fey

In particular, the perfect obstruction theory obtained by pulling back pgy coincides with
the canonical one @ey. This proves (1).

To further prove the pull-back property of the reduced theory, we observe the commu-
tativity of

(5.36) U (A, 7)) <= U (P, T0)
/ lﬁp[oo() lsplooo
An o~ Yl

ev
where the arrow ilg;"o — Amax is given by the projection L(‘;Z‘O — UV(A, 7). Recall the

boundary complex F := L %7[—1] from §4.4. We obtain a commutative diagram

max
Tev
l %
* red [1]
spliepo Tev e Eov Fla. o —

bk kT

splzo‘o Eé%i —_— spl’go|0

[1]

Eev — spli o (Flay) —
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as follows. First, the the two horizontal rows are two distinguished triangles from (4.35).
The commutativity of (5.36) implies the right vertical arrow is an isomorphism, and the
square on the right is commutative. The commutativity of the square on the right hand
side is from the commutativity of (5.36). The isomorphism ELd — spli|o Eev follows
from the construction of the canonical theory, see (2.55). Hence the two distinguished
triangles are isomorphic. Further applying the commutativity of (5.35), we obtain the

commutativity of the skewed diamond on the left hand side, finishing the proof of (2). O

5.2.6. A factorization of spl 0 Consider the products of evaluations

evg, = Hth MY (A, 7v) = Fs,, 1= H’Yh

heSy heSy
evs H evp: UV (A 7o) = Fs,, 1= H 7
hE€Sc h€Sco
evg = H evy: UV (A, 7)) = Fs..
heS~

where evy, is given by the orbifold structure along marking or nodal gerbes as in (2.16).
Following the notations in (5.8), we have ¥s = [[,er(q) V-

Proposition 5.7. We obtain a commutative diagram
(5.37)
spl

0|0

UNV(A, 7)) - UG (A, 7)) UV (A, 7o) X [Ty ev, MV (A, 7v)

log sp [G
evg l ievs
eVE

2€E(G) Yz A H{h,ﬁ}eE(G) T XY,

where evs 1= evs X [[evs, , A, is given by (5.9), and the square is Cartesian.
Proof. Pulling back universal families over U (A, 7o) and MMV (A, 1), we obtain families

of punctured maps with evaluations along markings over ileV’G(.A, 7, ) respectively:
(5.38)

UreH(Goo) Pz — UzcH(Goo) Yoo,z and UzeH(Gy )Pz — UzcH(Gy) Yoo,
T I
0,G ‘A’ V.G A

The Cartesian square further implies a commutative diagram of underlying stacks

(5.39) UzeL(G)UE(@G) Pz — UseL(@)LEG) Yz
l’ ¢ i
(e} - A

where €¢ is an underlying curve marked by (G, g,deg) obtained by gluing underlying
curves

Ca=CoU |J € withp; <~ py — pp for all 2 = {h,h} € B(G)
VeVy T

where p; C Jy €, and pj, C €2 ; are gerbes corresponding to h and h, and pz C &g is

the nodal gerbe of z. The factorization of the left triangle in (5.37) follows from the fact
that the evaluations evg and evg are both induced by the gerbes p, = pj for h € S



TROPICAL DECOMPOSITION OF LOG GLSM 57

The morphism sply,, is then the tautological morphisms such that (5.38) pulls back to
the two families (5.22) and (5.23), whose underlying families glue to the underlying of

(5.20). In particular, we obtain the factorization splyy = splg o spli,, as needed. O

Proposition 5.8. The morphism sply,, in (5.37) is proper, representable and generically
finite of degree p(Ty) as in (5.12).
Because the proof of this proposition requires a discussion on gluing punctured maps,

we will postpone it to §5.5.

5.2.7. The gluing formula of reduced virtual cycles. Combining (5.32) and (5.37), we obtain
a commutative diagram with all squares Cartesian in the fs category

(5.40)
sPl o
/’/—\)
U(B,T.) %G(‘B,n) U (P, Too) X HVeVO KB, Tv)

spllOg splg

ev lev]%'v lé\\?

UV (A, 7)) UG (A, 7)) e UNV(A, Too) X [Ty ey, MY (A, 7v)

G
levE levs

[Leerc) Vs Ar, H{h,ﬁ}eE(G) Yo X},

5p[log

The stack % G(‘B, T, ) parameterizes punctured R-maps marked by 7o, and 7y for V € Vj
with their underlying R-maps glued along E(G). Note that the three vertical arrows
ev,evg and ev are all strict, hence the two upper squares are both Cartesian of the
underlying stacks.

By pulling back (5.34), we obtain a perfect obstruction theory

. d d

Povs Teve — EreiE =splg B
of evg. Note that evg is a fibration, hence is flat. Proposition 3.18 and Proposition B.28
imply that $V(A, Too) X [Tyepy, M (A, 7v) is pure-dimensional. Hence UVE (A, 7)) is
also pure-dimensional, defining the fundamental class [U°"'C (A, 7))]. Let evg’ied be the

red
evg®

virtual pull-back of evg defined by ¢ We obtain a virtual cycle

(2R, T = evg g (A, 7).
Since Ag is a locally complete intersection, we have the Gysn pull-back
(5.41) AU (A, 7o) x [ M (A 7)) = [UC (A, 7).
VeVy

Denote by [Ar, ] C CH*(H{h,E}eE(G) n x ;) the Chow class of A, . Equivalently, we
have
(5.42) 5p[G7*[ﬂeV’G(A,TA)] = [Ar ] NUY (A, Too) X H MY (A, 1v)].

VeV

Applying (5.42) and the virtual push-forward of [30], we obtain

(5.43) sple, [% € (r ) = eV [An ] 0 | [Z (B, 7o) x [ 2B, 7)™
VeVy
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On the other hand, by Proposition 5.6 (2) the perfect obstruction theory cpgiﬁic of evg

pulls back to the reduced perfect obstruction theory (4.38) of ev. Thus by Proposition
(5.8) and the virtual push-forward again, we have

(544) Spllog,*[% (YB» TA)}red = :u(TJk) : [%G(ma TA)]red'
Combining (5.43) and (5.44), we obtain

Lemma 5.9.

5Ploojo [ (B, T = (1) - &V [AL TN | [Z (B 7o) x [ (208, 7)™ | O
VeVy

5.3. Decomposing infinity contributions. To obtain an effective formula, we further
break [% (B, Too)]™? to contributions from each individual vertex. However, there is no
morphism from % (P, 7o) to Z (P, 7v) for each V' € V, since punctured R-maps pa-
rameterized by % (B, To) do not in general admit uniform maximal degeneracies along
the component of V. In §6, we will solve this issue by using log alignments §C and log
blow-ups to construct morphisms of log stacks

(5.45) U (A, 7o) 1= TG erg

(6.16) \
UNV(A, Too) [Tyev, 4V (A 1v)

where the right arrow will be given by (6.8) and (6.14).
On one hand, the left arrow of (5.45) leads to a Cartesian diagram

U P, Too) —— = U (P, 7o)

é?’ool levoo

00 (A, 7o) ——— 1Y (A, 7o)

with strict tautological arrows. The moduli interpretation of gev (A, To0), hence @\(‘Ii, Too)
will be given in §6.2.

Remark 5.10. Roughly speaking, the stack % (3, 7o) has the following properties.
(1) It admits a stable punctured R-map

Jro 1 O3 = UVEVOOCS—WV — P

marked by T, with uniform maximal degeneracies, defining the left arrow in (5.45).

(2) For each vertex V, the restriction fr_ is marked by 7y with uniform maximal

| e—
CTOO,V

degeneracy emax,v € ﬂ@?( defining the right arrow in (5.45).

PB,Too)’
(3) The set of degeneracies {emax, v }vev,, are geometric fiberwise totally ordered under

the natural monoid order.

—

The stack % (B, 7o) admits further configurations as in §6.1 in order for proving formulas
in Theorem 6.10 and Theorem 6.12 needed in the localization calculation of [17]. We refer
to §6.2 for further details.

Pulling back the perfect obstruction theory (5.17) of ev,, we obtain the reduced perfect
obstruction theory
o T, — ER = FyES

evVeo evVeo
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of ev €Voo. In Lemma 6.5, we will verify that gev (A, 7o) is pure-dimensional, and the mor-
phlsm Fu, hence Fa;/ are proper and birational. These lead to the reduced virtual cycle
[9/ (B, Too) |74 of % (‘13 Too) satisfying the virtual push-forward

(5.46) Fop ol (B, 7)™ = [ (B, 720"
On the other hand, the right arrow of (5.45) leads to a Cartesian diagram

SPloc

q//\(spa TOO) 1_.[‘/'€VC>o %(mv TV)

| jin

0 (A, 7o) Myev. 4 (A )

We will show that
Lemma 5.11 (Corollary 6.13).

$Dlog [ % (B, Too)7ed = (=) V@=L T[22 (B, 7)™,

VeV
Consider the following commutative diagram
(5.47)
sploo‘o ey
U (B, T1) U (B, Too) X vavo Z(Tv) U (P, Too) X HVeVO Z(Tv)
lSploo x ITy idv sploo X[ Ty idy i
spl,A

[vevig) Z(B.mv) Ny T [lvev., Z (B, 7v) % [lyev, Z(B, v)

where idy : Z(B, Tv) — Z(B, Tv) is the identity, and Fy_ is the product of the tauto-
logical morphlsm UB,1v) > Z(B, 1) for V € Vo
For each V' € V(G), denote again by

evg, = H evy: Z(B,v) — H Yn
heSy heSy
the evaluation along half-edges in Sy, and write

evg = H evs,, : H Z(B,v) — H Th X Vi,
Vev(Q) Vev(G {h,h}eE(G)
We then compute that

Spl‘rk,* [OZ/ (m> TA)]red

= :U“(TA) ’ evg [ATA] N | sple *[ (m? TOO)]red H [%(mv T‘/)]Vir

VEVy

= (1) - evE[Ar, ] N | Py ssploo % (B, 7o) x [ (208, 7)™
VEVy

= (=) VC)=1 (7 ) evi[Ar, | N (Fvoo,*< 11 [%(qs,rv)red) < 11 [%’mw)r”)

VeV Vev

<f>V<G°°>lum)-evgmnm( [T .o ] [%(m,mrir)

VeV VeV
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where the first equality is from Lemma 5.9, and second one follows from the commutativity
of Diagram (5.47), the third line is Lemma 5.11, and we recall the notation (5.7) for the
last line. To summarize, we have shown that

Theorem 5.12. For a decorated A-type T, of rigid tropical curves as in (5.1), we have

splr, [ (B, ) = (=R)V I u(m)evgan | [T 2@ mred x T (208, 7)™
VeV VeV

5.4. Proof of Theorem 5.2. Consider the commutative diagram

(548) OZ/(%? T)\) spl.,
X (B, 71) [vevig) Z(®B.mv)
evg l l
evg
[leer@) Ve A Hniyer@ T X i

TA

where the square is Cartesian. By construction, 2% (%, T, ) parameterizes stable punctured
R-maps marked by Uy cv g7y with their underlying R-maps glued along E(G).
We have a commutative diagram

splf}\

(5.49) U (B, T Z (B, )

Mgn(X, )

By Theorem 5.12 and the commutativity of (5.48), we obtain that

splf, 2 (B, ) = (=) Ve ugr)-al | T e et < I 1 o
VeV VevVy

Further pushing forward to .#;,(X,B) and applying the commutativity of (5.49), we
obtain Theorem 5.2. O

5.5. Proof of Proposition 5.8.

5.5.1. A reduction. We first establish the proper and representability in Proposition 5.8.
Observe that (5.37) extends to a commutative diagram

(5.50)

5p[o<>|0

UV(A, 7)) o UG (A, 7)) UV (A, 7o) X [y ev, MV (V)

log spla
Frl J,FTG J,FV:ZHVEV(Q Fry
MV (A, 7) —= MVC (A7) — HVEVOO MY(A, 1) X HVeVo MY (A, v)
sp[log SP[G
7G JE—
g l J/evs

HmeE(G) Yz AL

[niyerc n X Vi

A
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where the three top vertical arrows are the tautological ones given by (3.12), and the
two squares on the right are both Cartesian. By Proposition 3.13 both F. and Fy are
proper and representable. Hence FTG is also proper and representable. Therefore, we the
properness and representability of spl;,, follows immediately from the following.

Proposition 5.13. ?p[log 1s representable and proper.

The proof of this proposition will be postponed to the end of §5.5.2 after the discussion
on gluing of puncture maps below.

5.5.2. Gluing of punctured maps. Following [3, §5.2, §5.3], we discuss the gluing of punc-
tured maps in the setting of this paper. A similar discussion but in a different setting can
be found in [23].

For each V' € V(G), denote by (A, 1) the moduli of punctured maps to A weakly
marked by 7y as in §B.3.4. Using Lemma 2.6 and replacing markings by weak markings
in (2.53), we define the log evaluation stack 9"V (A, y/) with its universal family

E’Z/TV
(551) I—l.z’ELvUSV vaTV I—'.Z‘EL\/USV Va
T
e, - A

where fr, is weakly marked by 7y, and p, -, — 7, is defined by the sector 7, given by
the sector decoration of 7.

Remark 5.14. Note that the tautological morphism 9V (A, 7y) — MY(A, 1) given
by (B.35) is an isomorphism by Remark B.21. While for each vertex V we are mainly
interested in punctured maps marked by 7y, Proposition 5.15 below suggests that gluing
of punctured maps occur naturally in the weakly marked setting. We refer to [3, §5.2, §5.3]
for the throughout discussions on this point.

Consider the fiber production over 9V (A, 7/) in the fs category

—_—~—

M (Ar) = [ (o).

€Sy

where (pzr)° — (P2 ) is the saturation morphism. The calculation in [3, Proposition
5.7] implies that the morphism

—_—~—

(5.52) e (A, v) = [ pas

€Sy

where the fiber product on the right is taken over "¢ (A, 7y) in the category of usual
schemes, induces an isomorphism on the reduction of the underlying stacks.

Pulling back (5.51), we obtain the universal diagram over 9V-¢v(A, 1)

(5.53) uxeLVusv E;"f_'/v L UxeLVuSv RE
- |
<, A

together with a section s, : IV (1) — p/x\}; for each x € Sy. Further composing s, with
evr,, we obtain the evaluation ev,: 9V (A, 7v) — 7,. Taking products, we write

evas = H efz\l;i H gﬁ,";(\.;l/,ﬂ/) X H gﬁ,’g(\.;l/ﬂ'v) — H Yn XY},

TE€S00USo VEVa VeVy {h,h}€E(G)
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On the other hand, consider the stack of weakly marked punctured maps 9V (A, 7) as
in §B.3.4. Using Lemma 2.6, Remark 2.12 and replacing markings by weak markings in
(2.53) with S = E(G), we define the log evaluation stack 9V (7) with its universal family

Uevg, +

(5.54) l—la:EL( G)UE(G) Pz,7 UxGL(G)UE(G) Ya

where §, is weekly marked by 7, and ‘B, — <, is defined by 7, given by the sector
decoration of 7,. We follow the same notations as in (5.8) where for each & = {h,h} €
E(G) with h € So we choose p, » be the gerbe corresponding to h.

Consider the fiber production over "¢V (A, 7) in the fs category

m’tlov H Par.

z€E(G)

The calculation in [3, Proposition 5.7] implies that the morphism

(5.55) Mo (A7) = ] Pars
z€E(G)

where the fiber product on the right is taken over V(A7) in the category of usual
schemes, is an isomorphism of the underlying stacks.

—_~—

Pulling back (5.54), we obtain the universal diagram over 9¢V(A, 7)

evr

Lla:GL( G)UE(G )Pm leeL(G)US(G) Yz
¢ " A

—_—

together with a section s,: 9M"V(A,7) — p,, for each x € E(G). We again obtain the
evaluation ev,: 9"V (A, 7) — v, induced by ev,. Denote by

g = | | e E)JT’;“’\(_.Z, T) = H Y-
z€E(G)

Taking partial normalization along nodes of E(G) and repeating the discussions as in
Proposition 5.5, we obtain a canonical morphism

spl e (A7) — [ M (Arv) x [ (A ).
VeV VeV

For each = = {h, h} € E(G) with h € S, consider the involuted diagonal of sectors

Ag =1id X Ly Yo = Y XV},
where ¢, is the involution as in (2.11). Taking fiber product, we have
= I] == I wmx
z€E(G) {h,h}CE(G)

This is a finite and representable morphism. The following is an analogue of [3, Corollary
5.15].
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Proposition 5.15. There is a canonical Cartesian diagram in the fs category

—~
— spl ——

Mev(A, T) [Tyev, PVV(A 1v) X HVEVO MV (A, Ty)
R evs
Heeme) e = i hyemc) 1 < Y

Ag

—~
In particular, spl is finite and representable.

Proof. This follows from a similar proof as in [3, Theorem 5.8, Corollary 5.15] but with
orbifold structures and nodal involutions along evaluations. We recall the proof below and
refer to [3] for additional details.

Consider a morphism from an fs log scheme W to the fiber product in the fs category

(5.56) W — H Yz XH{h,}}}gE(G)'YhX’VFL H Sﬁ/,ev(A’Tv) X H gﬁ/,ev(A’Tv)
z€E(G) VeV Vevy

The goal is to show that this morphism factors through 9t-¢V(7) canonically.
For each V', pulling back (5.53) we obtain over W a commutative diagram

e~

— Ty W
(557) I—IIEL\/USV vaw Ll:BGLvUSV RE
& A

together with a section s, yw: W — ﬂ,\}; for each x € Sy. These data further satisfy the
compatibilities that for any edge x = {h, h} € E(G) with h € Sy the following diagrams
on the logarithmic level and on the underlying level are commutative respectively

Sh,W

(5.58) w phw —= v — Pk and Phw —=Yn
Ly ibw L by
Show
Phaw — Y% Pk Phw — i

where ¢ is the involution inverting the band.
By the commutativity of the underlying diagram, the underlying of (5.57) glues to

—

e~ evr W
(5.59) Uzereyue@) Pa,w Uzer@yus@) 1=
,lv fr,w
€7O_7W A

together with underlying sections s,y : W — prw = ppw for each z = {h, h} € E(Q).
Here Cfi\; — W is a pre-stable curve obtained by gluing € via the identification

Phw 5 pj,w- To show that (5.56) factors through 9V(7) canonically, we show that

(5.59) and s, can be lift to the logarithmic level determined uniquely by (5.57) and
Sp, W -
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—~—0

First we install log structures on the over curve €2 ;, := @\; \ I_I:CGE(G)E;:V[// by pulling

back log structures from Q:V w- This leads to a unique log map f;v/yoz @\;O — A defined

on the open curve induced by f/vxu// for all V. It suffices to extend f:v/vo across all nodal
sections. )
As in [3, Proof of Thm 5.8, Step 2|, the sections s, w,s;, , for = {h,h} on the

logarithmic level further imply that
(1) Q/ng/vo extends uniquely to a punctured curve E:\m// — W across all nodal sections.
(2) For each z = {h, h}, let pr.w and ph/\W be the two gerbes of C/‘T’\;V corresponding to h
and h respectively. Then we obtain sections snw: W — prw and S W — m
lifting s, w and s, ;, respectively.

Furthermore, these lifts on the logarithmic level have the following compatibilities

gp gp gp_ _ gp
(5.60) Mph,w = Mph,w’ MpB’W - MPE,W
and

—b —b
(5.61) (Sh,W )P = (ﬁi,w)gp, (%,W )P = (SE,W)QP'

Indeed, these logarithmic lifts éiv/vo, ShoW s .s;;/ are constructed first étale locally along
nodal sections by applying [3, Lemma 5.10], then glued together thanks to the uniqueness
of [3, Remark 5.11]. The étale local construction can be applied in our setting with orbifold
domain curves as the orbifold isotropy groups act trivially on the characteristic monoids
involved in the construction of [3, Lemma 5.10].

Next we extend f:v/yo across all nodal sections. By the strictness of ¢, the left diagram
in (5.58) extends to a commutative diagram

Sh,W

w Phw Yh Pk

S

Piw Yj, Pk A

where both arrows to A are strict. The compatibilities (5.60) and (5.61) hence imply a
commutative diagram

Sh,W —

(5.62) W : Phw Y Pk

N

h,Ww Py
Piw v;, Pk A

where ¢ is inverting the band. As in [3, Proof of Thm 5.8, Step 4], the above commutative
diagrams imply that the tropicalizations of f, ) w and fy(ﬁ) w can be glued along the edge

{h,h} as follows.
Indeed, as explained in [3, Remark 5.12] the tropicalizations of s,y and s; 1 give sections
of the corresponding tropical curves

S(s5,00): SW) = B(€°

Z(sh’W)t E(W) — E(Q: y(ﬁ),W)

?\_/
u(h),W)7

Then we may glue E(Q‘j(h),w) and Z(ez(ﬁ),w)

all {h, h}, and obtain E(Cfi\v/v) Similarly, the tropicalizations of s, 1 and § |, lead to two

by identifying the two tropical sections for
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sections of the tropical curves
S(snw ), (s, ) BW) = (€ ).

Equation (5.61) implies that these two sections of tropical curves agree with (s, ) and

Z(S]A%W
the commutative diagram (5.62), we observe that the tropical maps

—

), hence is indeed the same section (s, ; ;/) C E(Q/j\v/v) Taking tropicalization of

—_— P

(o) B ) = SA), Bl XE ;) = B(A)

agree along E(m) Thus we may glue Z(f;;/) and E(m) along (5, ; ) for all
{h,h} to obtain the glued tropical map E(fTW) (Qﬁi w) — Z(A).

By [2, Proposmon 2.10], the tropical map E(fT w) implies a unique punctured map fT W
extending f.r w . This completes the proof. O

Consider the following commutative diagram

5p [:?’J[G O?p[log

(5.63) MV (A, ) [Tvev, MY (A 7v) X [Tyev, MY (A, 7v)

| |

MV (A, T) por [Tyev, DV(A 7v) x [Tvev, MV (A, 1v)

where the vertical arrows are given by (B.35).
Corollary 5.16. Both morphisms spl and spl' are finite and representable.

Proof. Since the vertical arrows in (5.63) are strict closed embeddings by Proposition B.27,
it suffice to prove spl’ is finite and representable. Consider the following commutative
diagram of the underlying stacks

spl’ ——

gﬁl ev (A7 7—) HVGV(G) ml,ev (A7 TV)
5.55) l l(5.52)

zeE@G) P [Ivevie) Hies, Pary

WA T) — o vevie WA ™)

Since (5.55) is an isomorphism of the underlying stacks, the composition on the left vertical
side is just rigidification of nodal gerbes. On the right vertical side, since (5.52) is isomor-
phic on the reduction, we may replace all stacks in the above diagram by their reductions.
Hence the composition on the right vertical side is again rlgldlﬁcatlon of gerbes from split-

ting half-edges. The statement follows from the fact that 5p[ is finite and representable
by Proposition 5.15. O

Proof of Proposition 5.13. Noting the Ag is finite and representable, the Cartesian squares
in (5.50) imply that ﬁlog is also finite and representable. Further using the finiteness of
spl = spls o ?mlog from Corollary 5.16 we conclude that spl is again finite and repre-
sentable. O
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5.5.3. The degree computation. It remains to show that spl,,, is generically finite of degree
(7)) as in (5.12). By Remark 3.19, there is an open and dense substack UV (A, 75)° C
UV(A, Too) parameterizing punctured maps with tropical type 7.,. Similarly, for each
V' € V| there is an open and dense substack 9 (A, my)° C MV (A, 1) parameterizing
non-degenerate log maps. Note again that in (5.37), evg hence evg are both fiberations.

Thus we obtain an open and dense substack of 4% (A, 1,)

UVC(A 7)) = splg! | UV (A7) x [ M (A7)°
VeV
over which each connected component of the domain curves is irreducible.

Similarly by Remark 3.19, we have an open and dense substack 4V (A, 7,)° C UV (A, T,)
parameterizing punctured maps of A-type 7,. By construction observe that

U (A, 70)° = splh (4O (A4, 70)°)

Consider any strict geometric point S — 4% (A, 7,)°. Pulling back universal families
(5.38) over UG (A, 7,)° along S — UVE(A,7,)°, we obtain families over S

UzeH(Goo)Pa Uz eH(Goo) Yoo,z and Uzer(Gy)Pr — UzeH(Gy) Yoo,z
l f& s \L l i¥,s i
s, A, co A

where V runs through vertices in Vy, and the underlying morphisms glue to

UzeL(G)UE(G) Pz — UzeL(G)UE(G) V2

L

S

We will show that the pre-image
W = ﬂeV’G(.A, TA) Xuev,G(A’TA)o S

consists of u(7,) many reduced points, hence finishing the proof of Proposition 5.8. The
proof is divided into several steps.

Step 1. Choosing local sections over S. First observe that Mg = N with its
generator the degeneracy emax,s of components given by vertices in V. We fix €énax,5 €
M lifting emax,s. For each x = {h, H} € E(G) with h € Sy and h € S, we fix a local
section d; of fs* M 4 defined in a neighborhood of the node p, C C¢. Choosing appropriate
local section s of MC§<h) (resp. s;, of MCE(;})) defined in an étale neighborhood of the

gerbe p, C C;’(h) (resp. p;, C C’; such that along p, we have

i)
(5.64) (766,5) (02) = Cmax + €(h) s, (resp. ()" (0:) = e(h) - 7, ).

Step 2. Choosing local sections over W. For any strict geometric point T — W,
observe on the characteristic level that M7 = O';{MZ =N. Let e € O'X)UZ be the generator,
and denote by [ = lem(c(z) | z € E(G)). By (3.6), we have the maximal degeneracy
Cmax,w =1 €€ 0’7\_/A7Z.

Consider a connected strict étale neighborhood U — W of T' such that e lifts to a section
ey of My on U. Let fy: Cf — A be the punctured map over U. Since 7 is marked by T,
we have the image a(éy) = 0 in Opy. By choosing é; appropriately, we may assume that
the morphism U — S on the log structure level satisfy

(5.65) 5Pl (Emax,s) =1+ éu.
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Step 3. Gluing parameters of the domain punctured curves. The underly-
ing curve Cg — S admits a canonical log structures, denoted by C’g — S, see §B.1.8.
Note that ﬁsu =~ NIEG)| with a set of generators {€(z)}zer(c) given by the edge length
parameters. By (B.3), for x = {h, h} as above we have a lift of /(x)

(5.66) U(z) = sp + 55, € Mgs.

Note that the underlying map fy is obtained by pulling back fg. Thus the corresponding

log curve C; — Cy is obtained by the pull-back of Cg — S via a canonical arrow U — S
On the characteristic level, we compute that

Mgn — HU, E(x) = —e.
Hence on the log structures level, we have

l
(5.67) Mg = My, ) = ——ey + uy
c(x)
for a unique invertible section u, € (95.

Conversly, note that C¢, is obtained by gluing the domain punctured curves over S along
edges in E(G). Thus the choices {u;},cg (@) uniquely determines C’é. Thus, we may view
{ua}2er (@) as the collection of parameters for gluing domain curves.

Step 4. Constraints of gluing parameters. For an edge x = {h, B} as above, let
pz,u C Cf be the corresponding node, and pp v, p;, ; — Cp be the corresponding gerbes.
Then we have

(5.68) (7S,5) (0 lpnw = T ()l = §0r (6|, = (1) ()l

where the two equalities on the two ends follow from that fy|,, , is obtained by gluing
fOGO slp, and ff(ﬁ), S’pﬁ along x. Since the punctured map fy is determined by gluing fOGO g

and f‘(i g for all V' € Vj along edges as above, we see that the gluing parameters {ux}meE(G)
determines not only the domain curve, but also the punctured map fi; over U.
Combining the compatibility (5.68) along edges with (5.64), we obtain that

Emax + c(h) - s, = c(h) - 5;, in Mcs lp,

~

Further applying (5.66), (5.67) and c(x) = ¢(h) = —c(h), we have

(5.69) emax = c(x) () =1-e+uS®,  in My
Comparing with (5.65), we conclude that
(5.70) u® =1 inOp.

This is a set of further constraints on {u; },cg(g) obtained from gluing maps.

Thus u, € k* is a c(z)-th root of unit for each x € E(G). The connectedness of U
implies that it is a reduced point, hence W is a collection of reduced points.

Step 5. Counting fibers over S. Reversing the discussions in Step 3 and Step 4,
we observe that fixing émax,s € Mg, each points U € W together with a choice ey € My
lifting € satisfying (5.65) is classified by a set of roots of unit

(5.71) {uz e kK* | us® = 1,2 € B(Q)}.
Thus we obtain the number of pairs

{(U,év) | U € W and & satisfies (5.65)} = [] c(=)
z€E(GQ)
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given by counting the number of sets (5.71). Further note that fixing a U € W, there are
precisely [ different liftings éy satisfying (5.65). Thus the number of points of W is
HzeE(G) c(z)
l
as in (5.12). This completes the proof of Proposition 5.8. O

= pu(Ts)

6. REDUCTION TO CONNECTED INVARIANTS

In this section, we fix a A-tropical type
(6'1) Too = (GOOagadEgaUacyVmax(Goo) = V(Goo))

where E(G&) = (0. We do not assume that 7, is of compact type unless we work with
the reduced theory. Furthermore, G is not necessarily connected. For each V € V(G),
denote by Gy C G the connected component with V(Gy) = {V}. Denote by 7y the
tropical type obtained by restricting 7., to Gy,. Note that we do not view 7y as a A-tropical
type. For simplicity, we will write

Uy = L[(Tv), My = m(ﬁ/).
For later use, denote by
€max,V € F(Mﬂv,u\/), €max,00 € F(ﬂuw,ﬂ(%o))-

the corresponding uniform maximal degeneracies of iy, and (7). The same notations
will be used to denote their pull-backs.

In this section we will develop an explicit formula expressing the fundamental class
[U(7oo)] using [Lly], which will play an important role in both the tropical calculation of
this paper and in the localization calculation [17].

6.1. Punctured maps with uniform minimal degeneracy.

6.1.1. The log blow-up construction.

Definition 6.1. A punctured map f: C° — ooy (with possibly disconnected domain) over
an fs base S is said to have uniform minimal degeneracy if for each geometric point s € S
the set of degeneracies of the geometric fiber fs has a unique minimum under the monoid
partial ordering.

Consider a punctured map f: C° — oo (with possibly disconnected domain) over an
fs base S. For each geometric point s € S, define the subset D(fs) C ﬂ&s of degeneracies
of the geometric fiber f,, and D" (fs) C D(f,) the subset of minimal degeneracies under

the monoid partial ordering. Since ooy is the target of fs, all components are degenerate.
Hence we have D(fs) # 00 and 0 ¢ D(fs). This implies

(6.2) D" (fs) #0, and 0¢ D" ()

Since degeneracies and their partial orderings are stable under generization [20, §3.1.2],
the sets D(f,) (resp. D"'(fs)) for all geometric point s € S glue to a sub-sheaf of sets
D(f) € Mg (resp. D(fs) C Msg), called the sheaf of degeneracies (resp. sheaf of minimal
degeneracies). Thus if f has the uniform minimal degeneracy, then the sheaf ﬁm(f) consists
of a unique element ey, € I'(Mg, S) called the minimal degeneracy of f.

Denote by K’S” C Mg the sheaf of monoid ideals generated by D" (f), called the minimal
log-ideal. By (6.2), the monoid ideal Kg} is nowhere trivial. Denote by K% C Mg the
log-ideal obtained by taking the pre-image of E? along the quotient Mg — Mg. Consider
the log blow-up along the minimal log-ideal g in the fs category [31, III 2.6]:

(6.3) Bl: S" = S.
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Note that Bl is projective and log étale [31, III 2.6.4, 2.6.5]. Denote by §": (C°)" — oo4
the punctured map over S" obtained by pulling back f. It carries the following universal
property.
Proposition 6.2. Notations and assumptions as above, we have
(1) §' is a punctured map over S” with uniform minimal degeneracy.
(2) Let T — S be any morphism of fs log schemes, and fp: C3 — o004 be the punctured
map over T obtained by pulling back f. If f7 has uniform minimal degeneracy then
T — S factorizes Bl uniquely such that §1 is obtained by pulling back .

In particular, if | has uniform maximal degeneracy then Bl is an identity.

Proof. Consider a punctured map fr: C3 — oo 4 over T" obtained by pulling back f along
h:T — S. Observe that K" = h*K%. Thus fr has uniform minimal degeneracy implies
that K77 is principal, hence h factors through BI"™ uniquely by the universal property of
log blow-ups [31, IIT 2.6.1 (1)].

It suffices to verify that " has uniform minimal degeneracy. For each geometric point
s € 87, the monoid ideal ﬁsny,s is generated by an element e € Mgv. By the local
= BI* ngs implies that
this element e is a pull-back of an element in ﬁm(f) hence a degeneracy. Consequently, e

is the minimal degeneracy over s as it generates other elements in K’;ﬁ,s. This finishes the
proof. O

construction of log blow-ups [31, III 2.6.4], the observation K@@ys

6.1.2. Vertex moduli with uniform minimal degeneracy. For each V' € V(G,) consider the
square

Bly

(6.4) uy Sty
Fy l lFV
my — 2V oy,

where both horizontal arrows are defined as in (6.3) by taking log blow-ups of the corre-
sponding minimal log-ideals, hence are both denoted by Bly by abuse of notations. By
the functoriality of log blow-ups [31, III 2.6.3 (1)], Diagram (6.4) is Cartesian in the fs
category. By Proposition 6.2, the stack 9}, (resp. Ll);) parameterizes punctured maps
marked by 7y with uniform minimal degeneracies (resp. marked by 7y with both uniform
minimal and uniform maximal degeneracies).

Observe that 7y is realizable. Thus there is an open dense substack 9}, C My pa-
rameterizing punctured maps with smooth irreducible domain curves. Thus the universal
punctured map over 917, has both uniform maximal and minimal degeneracies, which both
equals the degeneracy of the unique component. In particular, all arrows in (6.4) restrict-
ing identities over 9MY,. As all arrows in (6.4) are proper and log étale, all stacks contain

v as open dense substacks. To summarize, we have the following observation.

Lemma 6.3. All arrows in (6.4) are proper and birational. In particular, the push-
forwards of the fundamental classes along the arrows in (6.4) are given by:

] ]

FJ’*I IFVV*
Y BlV,*
(Y] ————— [My]

For later use, denote by o
€min,V S F(Mm@a S)JI‘Y/)
the minimal degeneracy of M, and its pull-backs.
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6.1.3. Goo-Moduli with uniform minimal degeneracy. Consider the log blow-up
(6.5) Blo: M :=( [ ) — [ o
VeV(Goo) VeV (Goo)
along the minimal log-ideal Kﬁ oy Denote by §"": (C°)"" — ooy the universal punc-
tured map over M. There is a decomp081t10n to connected components
(@) =L I R = ey (OO = oo
%

labeled by vertices V' € V(Gs) By Proposition 6.2, for each V € V(Gx), f{," has the
uniform minimal degeneracy emin,vv. Furthermore, f"" has the uniform minimal degeneracy

€min,co € F(Mmgov,m;g).
As usual, we will also use epin o to denote its pull-backs.

Lemma 6.4. The morphism Bly, is given by a composition

s BIL,
(6.6) my —— (ITv mey/)y’f — Hv Sm\Y/

such that
is the log blow-up along v in the fine category. In particular, the un-
1) B, is the log bl long Kifj gy in th t In particular, th
Vv
derlying of Blgo is the projection

(6.7) (J[omi) " = P(ED Oeminy)) = [[ 2
|4 7 |4

where O(emin,v) 15 the line bundle associated to eminy, §A.2.2.

(2) S is the saturation which is an isomorphism over the open dense substack ML ° C
M with smooth domain curves.

(3) There is an open dense substack M’ °° C M''® such that the degeneracies of
connected components are all identical.

In particular, ﬂmgo\roo = Nopyvoo s globally constant. Furthermore, the universal punc-
tured map fYY‘mZOYoo admits both uniform minimal and mazimal degeneracies, which coin-
cide over MM V°°.

Proof. The factorization Bl = BlgO oS follows from the construction of log blow-ups in
the fs category [31, IIT 2.6.3]. Observe that the minimal monoid ideal Kﬁv oy, s generated
by the set of minimal degeneracies {emin,v | V € V(G)}. Thus (3) follows from the local
description [31, III 2.6.4] of log blow-ups.

Consider the open dense substack 97, C My as in §6.1.2. Note that the characteristic
sheaf Mﬂv ome, 1s locally free with generators given by {emin,v }v. Let MM be the pre-
image of [T, My, in ([T, M) /. A straightforward calculation shows that the saturation
is trivial over 9 "°. Since log blow-ups are log étale, M’ ° is open and dense in MY "°,
proving (2).

Finally, 9 "°° € M is the open locus along which the sections {emin,v|onyreo} are
identical, and are equal to emin ... This implies (3). O

6.1.4. Goo moduli with both uniform minimal and maximal degeneracies. Consider the
following Cartesian squares in the fs category

Bl
(6.8) UL e [vevic.) W I [vevig.) Y
F ln Fy in Py
Bleo [IBly
ms [Ivevic..) MW [Tvevi.) Mv
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where the square on the right is given by the product of (6.4). By the base change of
log blow-ups [31, IIT 2.6.3 (1)], the top horizontal arrows are again log blow-ups along the
corresponding minimal log-ideals, hence are labeled by the same notations Ble, [ [ Bly as
in the bottom. Since the horizontal arrows of (6.8) are log étale, Lemma 6.3 and Lemma
6.4 implies that 47" is equidimensional of

(6.9) dimU = ) dimMy +[V(Ga)| — 1.
VeV(Go)

Denote by §°: (C°)® — 004 the universal punctured map over Y. There is a decom-
position to connected components

(6.10) (€ =€) fo =l : (€ = o

%
labeled by vertices V' € V(G«). For each V, as f{, is the pull-back of the universal
punctured map over 7, it admits both uniform minimal and maximal degeneracies emin v

and emax, 1 respectively. Furthermore, §* as the pull-back of " admits a uniform minimal
degeneracy €min co-

6.2. Punctured maps with partially aligned maximal degeneracies. For a non-
empty subset V. C V(G ), consider the subgraph Gyv = UyevGy. Recall that Gy C
G is the connected component with V(Gy) = {V}. Let 7v be the A-tropical type by
restricting 7o to Gy with Vipax(Gv) = V(Gvy). Let V¢ = V(G ) \'V be the complement.
Write for simplicity

ilv = Ll(Tv), LlV|VC = L[V X H L(\/.
Veve
Then over iyyve we have a collection of maximal degeneracies

(611) €max,V {emax,V}VEVC

by pulling back the maximal degeneracies of the corresponding components iy, and 41y,.
Observe that Uy yve = U(7) if V = V(G), and Uy ye = HVGV(GOO)LIV if |[V] = 1.

However, there are no morphisms between yye for different choices of V unless [V| = 1.

We fix this issue by consider alignments of maximal degeneracies of vertices in V as follows.
Consider the set of maximal degeneracies

7M —_
Dy = {emax,V € F(Mugg,ﬂ;@r)}\/gv

over . Denote by il;%WC i= T5m the stack of log alignments of ﬁg as in §C.2.2.
Pulling back universal objects along the tautological morphism
(6.12) Uytpye = U

we obtain the universal punctured map fyejye: (C°)yjve — 004 over U%%‘VC. Further
pulling back (6.10), there is a decomposition to connected components

(C)verve = || (C)vapver, Tvevey = Fvepvelcoyyaper  (C2)vajvey = 004
VEV(GOO)

Moreover by §C.2.1, the set of maximal degeneracies (ﬁﬂf )s = {€max,v|s}vev over each
geometric point s € il{%wc is totally ordered. Thus the punctured map with disconnected
domain
fvave v 1= |_| fvevey: (C%)vajvev = |_| (C°)vapve,y — 004
vev vVev
has the uniform maximal degeneracy. This induces a natural morphism

(6.13) Ll%vc = Uypve,
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where the maximal degeneracies emax v, €max,v as in (6.11) pulls back to maximal degen-
eracies of fya|yey and fya|ye v over LLYIWC respectively.

Now consider a sequence of non-empty subsets V(Gs) D Vi D Va. By (C.7), we obtain
a tautological morphism over '

~ LYY YY
(6.14) aligny, v, : Uyajye = Uy v
Lemma 6.5. The morphism aligny, v, is log étale, projective and birational. In partic-
ular for any non-empty subset V.C V(G ), the stack iquwc is equidimensional of
(6.15) dimSytye = Y dimMy + [V(Gao)| - 1.

VeV (Go)

Proof. The log étaleness and projectivity of aligny, vy, follow from Proposition C.5. By
Lemma 6.4 (3), both the domain and target of aligny, ~y, contain MY "°° as an open and
dense substack. This proves the birationality of aligny, ~y,. The dimension calculation
follows from (6.9). O

Consider the case that V. = V(G), hence V¢ = (). Then over LL\(,{GOO)QM, the set of

maximal degeneracies {emaX,V}VEV(GOO) are aligned. In particular, there is a tautological
morphism

(616) ﬂ;(/\((coo)a‘@ — LL(TOO)
Lemma 6.6. The morphism (6.16) is proper and birational.

Proof. Indeed, we have a tautological commutative diagram

U)ol (7o)

~

HVEV(GOO) My

The left downward arrow is projective by the projectivity of log blows, (6.8) and Lemma
6.5. The right downward arrow is proper and representable by Proposition 3.13. This
implies the properness of the horizontal arrow.

To see the birationality, observe that the same stack 9 °° in Lemma 6.4 (3) is open
and dense in both the domain and target of (6.16). O

6.3. Comparing maximal degeneracies. Consider non-empty subsets V(G) D Vi D

Vy satisfying Vi \ Vo = {V}. We want to compare the three maximal degeneracies

€max, V1 s €max,Vy aNd €max v OVer LLYZWC. where emax v, and emax, v are obtained by pulling
1 1

back the corresponding degeneracies over il;f,\gwe via (6.14). Observe that
2 2

(617) €max,Vi,s — max(emax,VQ,& emax,V,s)

at every geometric point s € MY%V%. We thus obtain a global section

(618) 5V1DV2 = (emax,V + Cmaxy, 6max,V1) € F(m%‘g‘ uvzﬂvf),
1

ve’
measuring the differences between the degeneracies. As dv,5v, plays a key role in the

reduction of reduced virtual cycles §6.6, we now study its structure as follows.
Consider following two global sections

Vi Yy
(emaX,Vl - emax,Vz)’ (emax,Vl - 6maX,V) S F(Mﬂif/\gwc,u\/zﬂvf)-
171
By (A.2), we obtain canonical morphisms of line bundles over quwc
1 1

(619) O(*emax,Vl) — O(*emax,vz)y O(*emaX,VJ — O(*emax,V)
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This induces a morphism of line bundles over Lq,jlvc
1

(620) O(_emax,vl) — O(_emaX,V) 2] O(_emaX,V2)-
Lemma 6.7. The morphism (6.20) is injective, with cokernel O(—dv,-v,).

Proof. Tt suffices to show that fiberwise over ilygvf the two morphisms in (6.19) cannot
vanish simultaneously. By (6.17) over each geometric point s — HYZIQ‘VC one has at least
1
one of the following
(emax,Vl - emax,V2)|s =0 or (emax,Vl - emaxﬂ/)‘s =0.
This implies that at least one of the two morphisms in (6.19) is injective over s. This

proves the statement. O
Recall the minimal degeneracies
eminoo € T (Mg, 45) and epiny € T Moy, 9 )
We introduce the tautological Chern classes

(621) Ymin 1= €1 (O(_emin,oo)) and ¢min,V =C (O(_emin,V)) .

The same notations will be used to denote their pull-backs.
Lemma 6.8. a[ignVDVz’*cl (O(5V1DV2)) = _wmin-

Proof. Consider the divisor D := ¢1 (O(év,5v,)) + ¥min 00 LQ’XIVC' It suffices to show
1 1
that aligny, v, . D = 0. By (6.18) we have a relation

1 (O(0v,5v,)) = c1(O(emax,v)) + c1(O(emax,v,)) — c1(O(emax,v,))

YY ;
on L(Vg\vg' Write

D=D; -Dy:=¢ (O(emax,v - emin,oo)) —C (O(emax,Vl - emaX,Vg))-

We observe that D; and Dy can be represented by effective Cartier divisors. Indeed, the
relations

€min,co = €max,Va = €max, Vs €min,co = €max,V = €max, Vi

implies that (€max v, — €max,V,) and (Emax, v — €min,c0) are global sections of Mﬂxvpvzwc'
1 1

Furthermore, they vanish over the open dense substack of LQ,;Q‘V? defined by

€max, Vi = €max,V = €max,Vy = €min,co-

Hence, Dy and D5 are identified with effective Cartier divisors as in (A.4), supported along
the loci satisfying the following conditions respectively

0 < (emaX,V - emin,oo)a 0= (emaX,Vl - emax,Vg)-

By (6.17), Dy is supported along the locus emax,v, < €max,v. Also note that D is
supported along the locus eminco < €max,v- SINCE €minco < €max,VV, We conclude that
D = D; — Dy is represented by an effective divisor in LQ%WT.

Denote by D} € D; and D), C Dy the components whose generic points are supported
along the locus émax v, = €minoo- The local description in §A.2.2 implies that D} = D5.

Thus, this effective divisor D = D1 — D is supported along the locus given by

(622) €min,co = €max,Vy = €max,V-

Finally the two strict inequality in (6.22) implies that the image of this locus in HYE\VE is
of codimension at least 2, hence aligny, -y, , D = 0 as desired.
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6.4. Splitting of ¥, Lemma 6.8 shows that on the cycle level the differences of maximal
degeneracies (6.18) is given by the Chern class 1y defined on UY". To further push-
forward ¢min along Bloo: UL — [y ey ) Ui in (6.8), set

1
wmln

where t is a formal parameter. We compute that

(6.23) t<1+¢mm +(¢min)2+...),

t —1

1 1
Lemma 6.9. Bloo’* (_t_wmin) = HVGV(GOO) _t_'l/)min,V

Proof. Consider the commutative diagram

s Bl
(6.24) UL (ITy )7 [vevig.) W
Fg l \LHFV
Yy S Y\Y,f BIL, my.
M (ITv M) [Tvevig.) My

where the bottom arrows are from (6.6), the right side square is Cartesian in the fine
category, and the arrows labeled by S are the saturation. Since Bl{:o on the bottom is the
log blow-up with respect to ICH oy - The functoriality of log blow-ups implies that Bl{;

on the top is the log blow-up with respect to Kﬁv wy = (11 FV)'ICﬁV oy, - Thus pulling
back (6.7), we obtain

(6.25) BIL: (J[ )™ = P(ED Oleminv)) — [[ 41
i 14

Note that the minimal degeneracy emin,oo €xists as a global section of M(Hv W)Y which
pulls back to emin,co Over Y. Hence the line bundle O(—émin,00) and the class Ymin
exist over ([, Ly)" /| which pull back to O(—emin,co) and Ymin over L. Thus, we have
Blog v ——— = Blgjo e

To prove the statement, set s1 /(D O(emin,v)) and c; /(P O(emin,v')) be the Segre
and Chern polynomial of @v O(emin,v) with variable 1/t. Observe that O(—emin,0) is
the twisting sheaf O(1) of the projective bundle (6.25). Pushing forward (6.23), we have

1 1 Ymi B Ymi
Blf _ —*Blf min \m—1 min \m
o T g = g Bl ()" + =+ )
(=)™ Iy
_ Bl m min min
™ o U + 2 ot )

= ( tl)ms 1/t(@0 emmv))
:( 1/t<@0 emmv)

_ (—1)m 1
B tm H 1+ wmin,V/t

—H_t_

This proves the statement. O

wmln V
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6.5. Reduction of the canonical virtual cycles. Consider a decorated A-tropical type

(6'26) Too = (Tooaﬁoow@oo%

where 7, is the A-tropical type as in 6.1. For the purposes of the canonical theory, we do
not assume the compactness of T4, in this section.

Let 7 be the decorated tropical type by restricting 7o, to the subgraph Gy .  For
simplicity, we write

%(Too) = %(ma’roo)’ Uy = %(maﬁ/)v Ry = '@(mam)

for the stacks of stable punctured R-maps.
By (6.4), we obtain Cartesian squares in the fs category with strict vertical arrows

Bly Fo

(6.27) %VY 4% Ry
ievv l i

e U5 oy

ui; Blv ulv Fon mlv

where by abuse of notations we denote both top and bottom horizontal arrows by the
same notation Bly. The stack %, parameterizes stable punctured R-maps with both
uniform maximal and uniform minimal degeneracies with discrete data specified by 7y .
Pulling back the canonical perfect obstruction of %y — 9y’ as in (2.56), we obtain
the canonical perfect obstruction theories for %4 — il‘y/’ev and %y — UyY. By Lemma
6.3, these perfect obstruction theories define canonical virtual cycles (%], [24/]"" and
[Zv]'", which satisfy the virtual push-forwards

. Bly . . Fy .
(6.28) (%) | — s [ s [y

For a non-empty subset V. C V(G), denote by Ty the decorated A-tropical type by
restricting 7o to Gy with Vi, (Gy) = V. In particular, the corresponding A-tropical
type of Ty is 7y in §6.2. For simplicity, we write

(6.29) Uy =P, 1v), U= x || %
veve

Note that %4 = %y and U5y = U when V = {V'}.
Consider the diagram of Cartesian squares with strict vertical arrows

(6.30) Uyirye U e [Ivevic.) Zv
ev\,LYY uev l i):nev
Ll’\/‘a'\[c \/l\/C HVEV(GOO) |4
J« (6.13) i
u;f/*ch Uy pve HVEV(Goo) My

The canonical perfect obstruction theory of [Ty ey ) %Zv = [lvevg.) PV as in (2.56)
pulls back to the canonical perfect obstruction theory of %, Yaylvc — LLG\’}’;R,(C. This defines
the canonical virtual cycle [*?/JGY'VC]V“ by the equidimensionality in Lemma 6.5.
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Now consider a sequence of non-empty subsets V(G ) D Vi D V,. We obtain another
diagram of Cartesian squares with strict horizontal arrows

YY ev, VY YY
(6.31) Hrvg Uviive Uvive
aligny Dv2l l J{aﬁgnv1 SVy
YY ev, Y'Y YY
Aygivs Yvgivs Hvsvs

As both arrows admit the canonical perfect obstruction theories pulled back from HVGV(GOO) Ry —
HVeV(GOO) MY, Lemma 6.5 implies the virtual push-forward

(6.32) aligny, v, [%Ara)ve] ™ = [%J;Y‘Vg]vir.

Now we consider the following diagram of Cartesian squares

align Bleo
(6.33) AN UL [vevc.. %4
= i
% (J ) UGy et Tvevig.) &
Uy (7-00) LQ(;((Goo)aW) (614) L[;(OY HVEV(GOO) L[‘\;
l %)
U(Too)

where the bottom right horizontal arrow is from (6.8), and YT LQ’IIVC for any V
with |V] = 1.

While there is no morphism between % (7o) and [[y ey (a..) % Y, their canonical virtual
cycles are related via [%J(YGOO)GM]V“ as follows.

Theorem 6.10. We have the following virtual push-forwards along arrows in (6.33):

(6.34) F« Blv 2" = [y, V VeV(Gx).
(6.35) Fo % (6, yap)™ = (% (o)™,
YNY . vir Y 1vir
(6.36) Bloc,. align, (W) = I t[%]
-t ’Qbrmn VeV (Goo) -t = wmln,V

Proof. The push-forward (6.34) is (6.28).

Note that the perfect obstruction theories of the four top vertical arrows in (6.33) are all
pulled back from [y ey ) %Zv = [vevc.) MV Thus the virtual push-forward (6.35)
follows from Lemma 6.6.

Similarly applying Lemma 6.5, we obtain align*[%\}({éw)am]"ir = [%."]"". Further
applying the projection formula, we obtain the virtual push-forward

%Yy a vir Y Y vir
align, <[ VGl ) AN
—t — wmin —t— wmin
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[%OZY]vir

It remains to show that Bl « <—t—w . ) =1Iy ﬁirv This follows from Lemma 6.9

and the projection formula of virtual pull-backs [30, Theorem 4.1]. O

Remark 6.11. Taking the t’-term from both sides of (6.36), we observe that
Bl . align,[%," " ]"" = 0.

Thus (6.28) and (6.36) imply that further pushing forward along F': % (7o) — [, Zv,
we obtain FL[% (T-)]"" = 0. However, t<’-terms do not vanish in general, and lead to
non-trivial localization contributions in the canonical theory. This will be investigated in

[17].

6.6. Reduction of the reduced virtual cycles.

6.6.1. Statement of the reduction. For the reduced theory, we now assume that 7, hence
Teo are of compact type. This implies that for a non-empty subset V C V(G), both Ty

and 7y are again of compact type.
Consider a non-empty subset V C V(G). By (4.35) we obtain a commutative diagram

(6.37) Tony sy

Pry,ev
d
o i
(1]

red
By — Bayyug Far

where the bottom sequence is a distinguished triangle, and the two arrows ¢r,  and
goff\f’ev are the canonical and the reduced perfect obstruction theory of 24 — 457 .

Recall that %v = % and U5J = U when V = {V}. In this case we will replace V by
V' in Diagram (6.37) to emphasize the single vertex case.

The morphisms over %y v

(638) ¢$?VC = Soid,ev o2 @ gpff‘fev’ §0V|V<‘ = SDTVvCV ® @ SOTV@V’
Veve Veve

define the reduced and canonical perfect obstruction theories of %4/ yve — Uy|ve, hence
the corresponding virtual cycles [%Va‘vc]red and [%Va|VC]Vir .
By (6.30), we may further pull-back (6.38) and obtain the reduced and canonical perfect

: : d vy ev, Y'Y -
obstruction theories go@awg and pyaye of %, ajve ﬂvawc’ hence the corresponding
reduced and canonical virtual cycles [%\Lﬁvc]md and [%\}(ay'vc]‘“r.

By (6.37), we have a commutative diagram over % YEY‘VC

(6.39) Ty

YY
Va‘VC/ui;,"l‘Vc

pvajve
red
@Va [ve l \
[1]

Ered —_— ]E ev,Yy ———————> ]F Y'Y —_—
%\\/(ay‘vc /L@é\‘(\;c %Jaywc/u\;a\vc %VG|VC

where the bottom is a distinguished triangle, and

(640) F%vv = (O(femax,V) S5 @ O(femax,V)) [_1]

vae|ve
Veve
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Recall the Cartesian squares from (6.33)

Fy, Bl o align
(6.41) U (To) U el [Ivevic.) %/
ileV(Too) ﬂi}’eé:o)am HVEV (Go) uev "

The reduced virtual cycle [% (To0)]"? can be decomposed to the vertices contributions
(%] as follows.

Theorem 6.12. We have the following reduced push-forwards:

(6.42) Foy )1 = [0, YV € V(Go).
(6.43) F%*[@/J(Y(;m)am]md = (% (T50)]"9,
~ YY red ~ r
(6.44) Bl align (Tt[%V(Gw)“'m] ) = I T
. oo * —t— ¢min —t— ¢min 1% ‘
VeV(Go) ’

Consider the composition

VEV(Goo) VeV(Goo)

Taking coefficients of the t9-terms in (6.44) and further applying (6.42), we obtain

Corollary 6.13. spl, ((—f) [%J(Ew)“|®]red> = [vevien (=72 .

6.6.2. Proof of Theorem 6.12. Note that the reduced perfect obstruction theory defining
[@/J(Ew)am]red is pulled back from % (7) via the left Cartesian square in (6.41). Thus

(6.43) follows from Lemma 6.6 and the virtual push-forward. The push-forward (6.42) can
be viewed as a special case of (6.43) when |V(Gs)| = 1. It remains to verify (6.44).

Consider non-empty subsets Vi D Vy of V(Gs) such that Vi \ Vi = {V}. Recall the
Cartesian square from (6.31)

aligny, Sv,

(6.45) AN, .

| |

ev,YY ev,YY
TVEIVE TV5IVS

We have the following reduced virtual push-forward.

aligny | 5v,

Lemma 6.14. aligny, v, . [%\}(a?(lvc}red —7Tmin * [%\\/{aﬁvc]red-

Proof. The reduced perfect obstruction theory cpvawc pulls back to a perfect obstruction

theory (p{ffi

we have the virtual push-forward

(6.46) aligny, Sv,, *[%Y ‘Vc]red’ = [@/Y |Vc]red.

]red,/

ev,YY YY
ve of %Va‘vc LLV%‘V? defining a virtual cycle [%Valvc . By Lemma 6.5,
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To compare the two virtual cycles [%\ﬁ(lvc}md and [%Jay‘vc]red” , consider the complex
1 1 1 1

’%W over %J;f ve given by
thl|vf 1‘ 1
/

oy (1] = aligny, oy, Fyor 1] 2 O(Femax,v,) @ @D O(Femax,y).

V¢|ve ViIvs
ivi 22 Vevs
By (6.20), we obtain an exact sequence of line bundles over %4 Yaylvc
1 1

0— O(féleVQ) — O(femax,vz) D O(’Femaxﬁ) — O('Femax,vl) — 0,

hence a distinsuihed triangle

(1

6.47 ! —F — O(76 —
( ) %J%Ylv% %Jﬁvf ( V1DV )
Further observe a commutative diagram over ?/\mvc
1 1
(648) Eg YY ev,YY ]F/, YY
v Mvgivs v
Eg ev,YY ]F) YY
//Y(;( c a4ye %, a|ve
ViIvy /uvl Vi ViIvy

Combining (6.39), (6.47) and (6.48), we obtain the following commutative diagram

d,/ Y2 [1]
Ere ! ov E,, vv ev,YY F Yy - >
%Jﬁvg /uvfl’lwg Nydve /LLV% [ve yd\ve
EE@C}(Y ev,YY —_— > EOZ/YY /uev,‘(‘( —_—> }F@/YY L
v Mvive vive/vive ViIvs
- l i - (1]
O(Fév,5v,)[—1] 0 O(Fov,ov,) ——
lm i i) i

where both rows and columns are distinguished triangles. Taking the long exact sequence
of the left column, we obtain a short exact sequence relating the obstructions of the two
reduced theories:

0 — Hl(ErEd’/ vy ) — HI(E;Z%;Y ev,YY ) — O(’F(SVlDVQ) — 0.
1

%Jffnvf /uv‘f\vg %7 /uV‘f\V{‘
This implies the following relation
(6.49) Ty ™ = 1 (00w, 5va) - [Ty .
Together with Lemma 6.8 and (6.46), we obtain
ahgnvovz,*[%qv;]red = aligny, Hv, . (Cl(O(mVon)) : [@/qvg]md’,>
— _f@bmin . [%Yg\(‘vg]red
where the second step uses [30, Thm. 4.1 (i)]. This finishes the proof. O

Set m = |V(G)|. Now consider a sequence of non-empty subsets

(6.50) V(Gx)=V1DVyD:--- DV, ={V,}
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such that V; \ Vi3 = {V;}. We have the morphism align in (6.33) decomposes to

align = aligny, vy, oaligny, oy, o+ -oaligny, v, ,

Yy Y
it Wyaye = %V;‘H
6.14 and the projection formula, we obtain

(6.51) align, [%X}((Eoo)a|®]red = (_fq/}min)m_l ) [%\\I(g:‘vgn]red e 1( Ymin) " - [%;Y]red.

Further observe that

where aligny v Ve is as in (6.31). Repeatedly applying Lemma
v i+1

t(—tmin) ™! m—2 , 42 m—3 m—1 28
—— = (t(— min t°(— min te t - -
—t — ¢min ( ( w ) + ( w ) + * ) * —t— @Z}min
As Bly, factors through (6.25), we have Bl . 9. =0 for k < m — 1. We compute that
Tt[% ] ed fmt(—lz) . )m 1[02/YY ]red
. V(G )®|0 min V(Go)®|0
Bl « align, = Bl «
(6 52) ( wmm -t — d}mln
' B H ft[%vy\(]red
- wmin,V

VeEV(Guo) B

where the first equality follows from (6.51), and the second equality follows from Lemma
6.9. This finishes the proof of (6.36). O

7. APPLICATIONS

7.1. Gromov—Witten invariants of hypersurfaces. Let Z be a smooth hypersurface
defined by a section s of a line bundle E; on an ambient space X'. For simplicity, we will
assume that X is a smooth projective variety, but a similar discussion applies to the case
that X is a Deligne-Mumford stack with projective coarse moduli.

We will work in cohomology, so that we have a decomposition of the diagonal of X

=> ¢i® ¢,

where {¢;} is a homogeneous basis of H*(X; Q) and {¢'} is the Poincaré dual basis.
To study the Gromov—Witten theory of Z via log GLSM, we consider the following
special case of the setup §2.1.1:

(1) X is the ambient projective variety;
(2) E = E; is the line bundle defining the hypersurface;
(3) we set L = Oy;
(4) weset r =1 and a = 1.
This defines a target Py g, — BC,.
Let 5 be an effective curve class of X, and let aq,...,a, € H*(X). Then, by [I8,

Corollary 1.10], the Gromov-Witten invariants of Z may be computed in terms of log
GLSM invariants via the formula

(7.1) Z/ Hev i*ay) = 1)1_g+f561(E1)/ Hev a;),

isy=p " [Agn(X [%g,1m (Px, .8 ]md

where i: Z — X is the inclusion, and where 1™ stands for n markings, each with contact
order 0 and the trivial O-sector Og, .
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(1,0) (1,0) (1,0) (1,0) (2,0) (2,0)

1 1 0 0 0 0

FIGURE 2. List of the partitions 7, of (2,1° 3) by decorated bipartite
graphs, assuming for simplicity that there does not exist any 8 # 0 such that
i) P E > 2. The number at each edge denotes the contact order. The numbers
at each vertex V' € Vg denote g(V) and B(V), respectively. The single
number at each vertex V' € V, denotes g(V'), with B(V) left arbitrary.
We exclude graphs which have a vertex V' € Vg with a unique half-edge
h € H(V), and such that ¢(h) = 1.

The tropical decomposition formula, Theorem 1.1, allows to decompose the right hand
side of (7.1) as a sum over partitions 7, of (g,1", 3) by bipartite graphs

(D=

/[qln(mXEl,ﬁ]redHev (aj) = Z Z m H c(E)

TiF(9,17,8) ig: E€E(G)

(7.2) / 11 evh an)
VeV (@)’ Hev)con) (cop BV gy
11 / I evitan),
VeV( e (vy,c(v)(B.BV)VT heH(V)
where

«;  if h corresponds to the ¢th marking;
ap = ¢i, if h € ENHy;
¢ if he ENHy

More explicitly, if V' € V(G), then (V') consists of the oo-sector with negative contact
orders. When V' € V(G), then ¢(V') consists of copies of 1 for the legs and the co-sector
with positive contact orders.

We further note that the stack Zg(v)¢v)(0oyp, B(V)) is empty unless the balancing
condition

(7.3) 3 c(h):292+n/ ¢ (E).

heH(V) B(V)

holds, see (2.20). Hence, in (7.2), it suffices to sum only over partitions 7, of (g,1", 3) by
decorated bipartite graphs that satisfy (7.3) for every V' € V. In similar vein, by the
stability condition (2.8), we may impose that for every V € V(G) with (V) =0 and a
single half-edge h € H(V'), the contact order ¢(h) is strictly larger than 1.

In Figure 2, we list partitions of (g,1° 3) excluding graphs that do not satisfy the
balancing condition. We further exclude graphs which have a vertex V' € Vg, with a
unique half-edge h € H(V'), and such that ¢(h) = 1. For any partition in Figure 2, we may
obtain many additional examples of partitions by adding such vertices, see for instance
Figure 3. The stability condition ensures that for a fixed value of 3, there are only finitely
many partitions.
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(1,0)

1 \d

1 0 0 0 0

FIGURE 3. A partition 7, of (2,1°, 3) by decorated bipartite graphs, with
four vertices V' € V( with a unique half-edge h € H(V') with ¢(h) = 1. We
follow the same notation as in Figure 2.

All in all, by combining (7.1) and (7.2), we see that the Gromov-Witten invariants of Z
with insertions from X may be effectively computed in terms of integrals of the two shapes

n

evr(ai% / ev j(az)
/[%9,5(00‘13:5)]“3(] 11211 [%y.(R,B)]Vir ;l_‘[

S

1
The first type of integral is an effective invariant in the sense of [19, §9]. This completes
the proof of Corollary 1.3.

7.2. The Calabi—Yau threefold case. We now specialize to the case that Z is a Calabi—
Yau hypersurface in a Fano fourfold X. In this case, E; = K. For instance, if Z is a
quintic threefold, then X = P* and E; = Opa(5). We further set n = 0. For simplicity, we
will work in cohomology. Note that since X is a Fano variety, we have H'(X) = 0, but
not necessarily H'(Z) = 0. Note that by the Lefschetz hyperplane principle, push-forward
with respect to the inclusion yields an isomorphism Hy(Z;7Z) = Ho(X;Z), and we can thus
freely identify curves classes on Z and X.

The genus g > 2 Gromov—Witten invariants of Z may be assembled into a generating
series

Z%mgﬂmmm

which is valued in the Novikov ring A. The series F(Q) is called the genus g Gromov—
Witten potential.
By (7.1), we have

Fy(Q) = (—1)'79 ) Q% deg[%y(Bx E1, B,
B

where QF = (—l)fﬁ (Kx) 8,

We now specialize the tropical decomposition formula (7.2) to the Calabi—Yau case.
Further simplification is possible due to the properties of effective invariants of [19, §9], see
[19, §9.6]. First, any effective invariant with a contact order —3 or lower vanishes. Hence,
it suffices to consider bipartite graphs where every edge has contact order 1 or 2. We thus
get a decomposition Hy = H; L Hy into half-edges with contact order 1 and contact order
2, respectively. Similarly, we may decompose Ho, = H' LU H? into half-edges with contact
order —1 and contact order —2, respectively. We let G, be the set of partitions of (g, 3)
by decorated bipartite graphs for all choices of 5 such that the balancing condition (7.3)
holds, such that every edge has contact order 1 or 2, and such that 3(V) = 0 for every
V € Vy. As a second simplification, if £ = {h, h} with (h) = —2, then we need to have
dege ¢ = 0 in order to have a nonzero contribution to (7.2). Similarly, if E = {h,h}
with e(h) = —2, then we need to have dege ¢'F = 1.
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We form the following generating series corresponding to 0-vertices. For any g, n, [l with
29 —2+2n+3l>0and ay,...,qa, € HS(X), define

ng,l(al,...,an)—ZQﬁ/ Hev ;) H ev; A,
B

(%, 9,sT1Uch 1 (Bx e, .0V i=n+1

where p is the Poincaré dual class of a point. We may define g 1 9(c1) € A in the same way
noting that %o, (P E,,0) is empty, and thus the series has vanishing 5 = 0 coefficient.
With this, we may rewrite (7.2) in a generating series form

(-1V=

Fy(Q) = (-1)'7 Z Z [Aut(r)] H c(E)

TA egg 1E: EGE(G) EEE(G)

(7.4) I @™ / , I ev? (¢ (i)

VEVoo G [‘%jg(V)vc—(V)(oo‘Bvﬁ(V))] }ALEH(V)HHI
I Qo)meyrmgme vynHg|(@i, 5, o h € H(V) N Hy),
VeVo(G)

where the indices ig only index classes ¢; € H®(X) and Poincaré dual classes in ¢' €
H?(X).
By the divisor equation [19, Theorem 1.16(2)], for g > 2, we may further simplify

(7.5) / ev;(a;) = /ozi ot
& ”1u<l2(°°%5)]redi1_l1 zl_Il B 0

g,

where ¢_1 and ¢_o are the oo-sectors with contact orders —1 and —2, respectively, where
we have n =2g — 2 + |, 5 Ky by the balancing condition, and where the numbers

cotp = deg[#, 20-2(cop, B)]™*

are called the basic effective invariants discussed in [19, §9.6]. Furthermore, when g = 1,
the integral (7.5) vanishes unless n = 1,1 = 0 and 8 = 0, in which case we have an explicit
formula

¥ W*(al)C(TX &EV)C(OX &Ev)
| eviton) = | THOICRER B ),
(%1, (cogs,0)]e¢ X, oKy )
where E denotes the Hodge line bundle on .7 i, and where m: X x 411 — X is the first
projection, see [19, Proposition 9.9].

We now proceed to prove the connection to mirror symmetry, Theorem 1.7. In particu-
lar, we will assume that Conjecture 1.4 holds for Z, so that there are series Iy(q), I1(q) € A’
that define a “mirror map” isomorphism of Novikov rings:

(7.6) AN, Q% = ¢Pexp (/6 28)

We also note that the series

= Q% evi. ([%0q, (B, B'T) € HA(X) @ A,
B#0
contains the same information as €y 1. By the assumptions of Theorem 1.7, we know
that

(7.7) K(Q) = log(lo(q)) —

and that for all g,n,l and aq,...,a,, we have
Qg,n,l(alv ey an) € (IO(Q>)29_2+2n+3lR
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for a finitely generated Q-algebra R C A’ which contains the elements ¢ for every effective
curve class 8. From here, our goal is to prove that

(7:8) Fy(Q) € (Io(q))**R.

Note that the sum in (7.4) over elements of G, is infinite, see the discussion at the end
of §7.1. Note further that there is a finite subset g; C G, of bipartite graphs that do not
have any vertices V' € Vj such that g(V) = 0 and |H(V)| = 1, and such that for every
V € V4 such that g(V) = 1, we have |[H(V)| = 1. We may use the divisor equation [19,
Theorem 1.16(2)] to reduce the sum over G, to a finite sum over Gy:

_ _]_)‘Voo‘
F, = (—1)t9 (D)= E
Ti€Gy ip: E€E(Q) Ec€E(G)
[T e
VeV (G)
g(V)=LH(V)={h}

(7.9) )
[ o w@) (IT[«) 4
VEV(G) AV) i=178
g(V)>2
11 Qq(v), (V) NHL | [H(V)NH| (P, 5, 2k € H(V) N HL),
VEV()(G)

Now, note that by (7.7), we have

OBV exp (/ﬁ(v) K(Q)) _ (_1)fg<v> Cl(Kx)qB(V)(_fO(q))fgm c1(KY)

Thus, to prove (7.8), it suffices to check that each summand in (7.9) has the correct power
of Ip(g). This follows by the computation

/ﬁ e+ ST (2g(V) 2 2H(V) 1+ SH(V) )

VEV(G) VeV (G)

g(V)>2
= ) @g(V)-2—-H(V)NH)+ > (2g(V)—2+2[H(V)NH| +3[H(V)NHy)
VEV(G) VEeV(G)

= > @gV)-2+HWV))+ Y (2g(V) -2+ [H(V)])
VeV (Q) VEV(G)
=29 -2,

where in the first step we used the balancing condition (7.3). This completes the proof of
Theorem 1.7.

APPENDIX A. BASIC NOTIONS FROM LOG GEOMETRY

A.1. Cones and their complexes. A rational polyhedral cone is a pair ¢ = (og, N)
where N = Z" is a lattice and og is an n-dimensional strongly convex rational polyhedral
cone in N ®7 R. We write oy := og N N for the toric monoid associated to o. Given
two cones o; = (o; g, N;) for i = 1,2 (not necessarily of the same dimension), a morphism
@: 01 — 09 is a homomorphism of lattices Ny — Ny such that p(o1r) C ogr. We call
such ¢ a face morphism if ¢ is injective, the image ¢(Ny) is saturated in No, and ¢(o1 R)
is a face of o g. The category of rational polyhedral cones is denoted by Cones.

We frequently view R>(¢ as an object in Cones with the lattice Z C R. Note that
the cone R>( has exactly two faces 0 and R>q. With these conventions, for any o €
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Cones its dual 0V := Homcones(0, R>p) is again a cone in Cones, with the monoid
oy = Hom(oyz, N).

For later use, note that for any ¢ € Cones its monoid oz is a partially ordered set
such that my <, me iff me — my € oz, for any my, ms € oz. We may write m; < mo for
simplicity when there is no confusion of the cone o.

A generalized cone complex is a topological space with a presentation as the colimit of
a finite diagram in the category Cones with all morphisms being face morphisms. For
example, a cone o0 € Cones is naturally a cone complex of all its faces. For a generalized
cone complex ¥, we write o € ¥ if ¢ is a cone in the diagram defining ¥, and write |X| for
the underlying topological space. A morphism of generalized cone complexes f: ¥ — Y/ is
a continuous map |X| — |¥'| such that for each o € X, the induced map or — |¥'| factors
through a morphism o — ¢’ € /.

A.2. Deligne—Faltings log structures of rank one. In this paper, the notion of Deligne—
Faltings log structures will play a crucial role. We recall them below.

A.2.1. The stack of Deligne—Fultings log structures of rank one. Recall that a log stack X
is Deligne-Faltings type of rank 1 (or simply DF1) if there is a morphism N — I'(X, Mx)
which locally lifts to a chart of M x.

The universal DF1 target is the log stack A with A = [A!/G,,] and its divisorial log
structure given by the origin [0/G,,], denoted by co 4 with its log structure pulled back
from A. Note that the natural morphism N = I'(A, M 4) — M4 smooth-locally lifts to
a chart of M 4. A log stack X is of DF1 iff there is a natural strict morphism X — A.
In particular, if M x is the divisorial log structure associated to a smooth divisor D C X,
then the natural strict morphism ¢: X — A is defined such that the ¢~!(co4) = D.

Let X be a DF1 log stack with the natural morphism X — A. Consider the generator
14 € Ny with image 1y € I'(X, Myx). The pre-image 7 := 1x X3, Mx C Mx is an
O*-torsor. The restriction of the structural morphism «: Mx — Ox to T extends to a
morphism s of line bundles on X:

\
(A1) T C O(—1x) 8—)0){,
where sV vanishes precisely along the pre-image of co4 C A. Conversely, by [27, Comple-

ment 1] the dual s € T'(X,0(1x) := O(—1x)") of s determines M .

A.2.2. Line bundles associated to global sections of characteristic sheaves. Let I be a log
stack and e € T'(9M, Mgy) be a global section. Similar to (A.1), the section e induces

(A.2) M 57, {e} € Om(—e) = Oy,
\Y

extending the O*-torsor Moy x5z {e} to a line bundle Ogn(—e) with a morphism s/

Denote by Om(e) := Ogp(—e)Y, and the section s, := sY® € ['(M, Om(e)) By [27,
Complement 1], the pair (Ogn(e),se) defines a rank one Deligne-Faltings log structure,
denoted by M. Consequently, we obtain a strict morphism

(O (€)se)

(A.3) (M, M) A.

with Onm(e) = O(00.4)|m. The vanishing locus of s is
(A.4) Div(e) =M x 4004 C M

which is also set-theoretically the non-vanishing locus of e. Locally on a strict smooth
chart U — 9, the locus Div(e) can be described as follows. Choose a lift &y € I'(U, My)
of e|y. Then Div(e) xgp U is the substack defined by the vanishing of a(éy). Note that
Div(e) xgn U hence Div(e) does not depend on the choices of local liftings éy. In case
eloe = 0 over an open dense substack ° C M, the locus Div(e) C M is a Cartier divisor.
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When the section s, vanishes identically, we write

(Oan(e),0) O (e)

(A.5) (9, M)
as the left morphism factors through the strict closed substack coyq C A.

Further observe that M is the sub-log structure of Mgy generated by Mgy X Mo {e} C
M. Hence we obtain the composition

A or simply (M, M)

oA

(A.6) m (M, M) (O (e),se)

with the left arrow is given by the inclusion M C Myy.

A.

APPENDIX B. PUNCTURED MAPS AND THEIR TROPICALIZATIONS

In this appendix, we review the theory of punctured logarithmic maps, or simply punc-
tured maps of Abramovich-Chen-Gross-Siebert [3], which provides the logarithmic frame-
work needed in this paper. Most of the basic results will be stated in a setting with
domains (not necessarily connected) orbifold curves and targets with Deligne—Faltings log
structures of rank 1 — the setting that is necessary for our applications in log GLSM. Since
almost all results follow from identical proofs as in [3], to avoid unnecessary repetition, we
will refer the readers to the relevant parts in [3] and only point out the differences.

B.1. Pre-stable curves with log structures.

B.1.1. Pre-stable curves. In this paper, a pre-stable curve over a scheme S means a twisted
n-pointed curve in the sense of [6] and consists of the following data

(B.1) (C—C— S {p}i1)

where

(1) C is a proper Deligne-Mumford stack, and is étale locally a nodal curve over S.

(2) p; C C are disjoint closed substacks in the smooth locus of C' — S.

(3) pi — S are étale gerbes banded by the multiplicative group p,,, for some positive
Bteger mg.

(4) the morphism C — C€ is the coarse moduli morphism.

(5) along each nodal locus of C' — S, the group action of p,,, is balanced.

(6) C — €€ is an isomorphism over C,,,, where C.,, is the complement of the mark-

ings and the stacky locus of C' — S.

In the above definition, we allow C hence C¢ to be disconnected. Given a twisted curve
as above, by [0, 4.11] the coarse space C¢ — S is a family of (possibly disconnected)
n-pointed usual pre-stable curves over S with the markings determined by the images of
{pi}. The genus of the twisted curve C is defined as a tuple of non-negative integers, with
each integer specifying the arithmetic genus of a connected component of C°.

When there is no danger of confusion, we will simply write C — S, and the terminologies
twisted curves and pre-stable curves are interchangeable in this paper.

B.1.2. Log curves. An n-pointed log curve over a fs log scheme S in the sense of [31] consists
of a pair

(B.2) (m: C'— S {pi}iza),

such that

(1) The underlying data (C — C°® — S, {pi};~,) is a pre-stable curve as in (B.1).

(2)  is a proper, logarithmically smooth and integral morphism of fine and saturated
logarithmic stacks. o o

(3) If U C C is the non-singular locus of m, then M¢|y = 7" Mg & P, Ny, where
N, is the constant sheaf over p; with fiber N.
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For simplicity, we may refer to m: C' — S as a log curve when there is no danger of
confusion. The pull-back of a log curve w: C — S along an arbitrary morphism of fs log
schemes T' — S is the log curve np: Cp := C xg T — T where the fiber product is taken
in the fs category.

For a log curve (B.2), its log cotangent bundle is wlco% = weoys(d2; pi) where we g is the
relative dualizing line bundle of the underlying C' — S.

B.1.3. Characteristic sheaves of log curves. For the reader’s convenience, we recall the
local combinatorial structure of log curves following [20, §2.1.5]. Let C' — S be a family of
log curves, M and Mg the corresponding characteristic sheaves, and p € C a geometric
point. There are three cases.

If p is a smooth non-marked point, then we have the fiber ﬂc|p ~ Msg.

If p is a marked point, then we have the fiber M¢|, & Mg & N. Indeed, let z € M¢|,
be pre-image of the element (0,1) € Mg @ N. Then the image «(z) via the structural
morphism a: Mg — O¢ is a local coordinate, whose vanishing defines the marking p.

If p is a node, then we have the fiber M¢|, & Mg @y N? given by the diagonal N —
N21 + (1,1) and an inclusion N — Mg, 1 + £. Similar to the case of markings, the
two generators (1,0), (0,1) of the factor N? correspond to the local coordinates of the two
components of the node. Thus, we have the relation

(B.3) (1,0) + (0,1) = ¢, in Mc.
The element £ is called the smoothing parameter of the node p. Indeed, shrinking S, we
may choose any chart 5: Mg, — Mg for s the image of p via the projection C — S.

Then the closed subscheme V' C S defined by awo 5(¢) = 0 is the locus where the connected
component of nodes containing p persists.

B.1.4. Punctured curves. Given a log curve C' — S, there is a natural splitting of the log
structure Mo = No @+ Pc, where Po C M is the divisorial log structure given by the
markings. In particular, the characteristic monoid is given by Po = @ | N,,.

A punctured curve over a fine and saturated log scheme S in the sense of [3, §2.1.4]
consists of
(B4) (CO i> C L) Sv {&}?:1)7

where (C' — S, {pi}iz,) is a log curve as in (B.2), and p: C° — C'is a morphism of fine
log stacks (Mco is not necessarily saturated) satisfying

(1) The underlying morphism p: C° — C is an isomorphism.

(2) p’: Mg — Mo is an isomorphism away from the collection of markings.

(3) p” induces a sequence of inclusions of sheaves of fine monoids

b
(B.5) Me & Meo € Ne @o- PP,

(4) For any marking p C C and any element s € Mco, be such that s ¢ M¢c,, we
require the vanishing ago(s) = 0.

The morphism p is called the puncturing of C along P (or along the markings). Markings
of a punctured curve are called punctured markings, or simply punctures. If plp, is an
isomorphism, we say that the puncturing is trivial along p;, and p; is a log marking. For
a marking p;, denote by p; C C° the corresponding strict closed substack. For simplicity,
we may refer to (C° — S,{p;}) or even C° — S as a punctured curve when there is no
danger of confusion.

Remark B.1. Consider a puncture p and an element s € Mco ,, satisfying s ¢ Mco as in
(4) above. We may write s in the form

(B.6) s = (m,y) € Nop Go+ PP,
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By [3, Remark 2.2], we necessarily have the vanishing ac(m) = 0. This is a local ob-
struction for deforming punctured curves, and is captured by the idealized log structure
in §B.1.5 below.

The pull-back of a punctured curve (B.4) along a morphism of fs log schemes T' — S
consists of the following data

(B.7) (C3 = Cr == T Apir}iey),

where (C7 — T,{p;7}"_,) is the pull-back of the corresponding log curve, and C%. =
Cr x¢ C° with the fiber product taken in the fine category.

It is a non-trivial fact that the pull-back of punctured curves defined as above is again
a punctured curve, see [3, Proposition 2.7].

B.1.5. Puncturing log-ideals. Let S be a log scheme or a log stack. A log-ideal over S
is a sheaf of monoid ideals  C Mg. The sheaf of monoid ideals K is coherent if it is

locally finitely generated, see [31, 11.2.6.1]. In this article, we will assume that all sheaves
of monoid ideals are coherent. The pair (5, K) is called an idealized log scheme (or stack)
if ag(K) =0.

For a punctured curve w: C° — S, it admits a natural idealized structures from its
punctures as follows. For each puncture p C C°, consider the composition

Up: Mco|p—>ﬂs@z—>z

where the first arrow is given by (B.5) and the local structure at the marking §B.1.3, and
the second arrow is the projection. Denote by IC, C Mce|, the sheaf of monoid ideals
generated by v, YZ<o). The puncturing log-ideal Kg C Mg is the monoid ideal generated

by Up(ﬂb)_l(le) C Mg where p runs through all punctures, and 7: C° — S is the
projection. It is shown in [3, §2.5.2] that K is a coherent log ideal satisfying a(Kg) = 0.
In particular, the base (S,K%) is naturally an idealized log scheme.

Indeed, the pull-back log-ideal 7*K¢ is generated by all such m € N¢, as in (B.6). Thus
the idealized structure a(Kg) = 0 captures precisely the vanishing in Remark B.1.

It is further proved in [3, Prop. 2.51] that the puncturing log-ideals are well-behaved
under pull-backs of punctured curves. Suppose C — T is a punctured curve obtained
by pulling back pulled back C° — S along a morphism h: T — S, then the puncturing
log-ideal over T is the pull-back K. = h*(K%).

B.1.6. Graphs and their contractions. The combinatorial structures of pre-stable curves
can be conveniently encoded in their dual graphs. We recall the notion of graphs following
[9, §3.1], and introduce extensions needed in this paper.

A graph G consists of the following data:

(1) A finite set V(G) UH(G), where V(G) is the set of vertices of G, and H(G) is the
set of half-edges (or sometimes called flags) of G.

(2) A root map vg: V(G) UH(G) — V(G) which is an idempotent.

(3) An involution 1¢: V(G) UH(G) — V(G) U H(G) whose fixed point set contains
V(G).

The vertex vg(h) € V(G) stands for the vertex the half-edge h € H(G) emanates from.
A half-edge h is called a leg if tg(h) = h. Otherwise, a pair E = {h,tg(h)} of distinct
half-edges is called an edge. An edge E = {h,h} is called a loop if vg(h) = vg(h). We
will denote by L(G) and E(G) the sets of legs and edges respectively. For each V' € V(G),
denote by H(V) = {h € H(G) | vg(h) = V'} the set of half-edges incident to V.

A graph G can be geometrically realized as a l-complex in a natural way such that
cach edge E = {h,h} joins the vertices vg(h), va(h), and each leg L € L(G) is a half-edge
emanating from the vertex vg(L). A graph G is connected if its geometric realization is
connected, or equivalently any pair of vertices of G is connected by a path of edges.
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A morphism of graphs ¢: G' — G is a map of sets ¢v: V(G')UH(G') — V(G) UH(G)
such that
(1) ¢OI/Gv :VGO¢aHd (ZSO[,G/ :LGO(b;
(2) ¢ induces a bijection of legs L(¢): L(G') — L(G);
(3) For each half-edge h € H(G), the preimage ¢~!(h) consists of a unique element in
H(G');
(4) For each vertex V € V(G), the preimage ¢~ (V) is a connected subgraph of G’.
A morphism ¢ is called a contraction if it is surjective. Such a contraction restricts to a
surjection of the set of vertices V(¢): V(G') — V(G), and induces an injection of the set
of edges E(¢): E(G) — E(G').

B.1.7. Decorated graphs. For a graph G, we further introduce the following data.
(1) A leg labeling of G is a bijection of sets m: {1,2,--- |k} — L(G).
(2) A genus decoration of G is a function g: V(G) — N.
(3) A degree decoration of G is a map deg: H(G) — {1 | m € N\ {0}} satisfying
deg o 1 = deg. Thus for an edge E = {h,h}, we may define its degree to be

deg(E) = deg(h) = deg(h).

In this paper, a triple (G, g,deg, m) will be called a decorated graph. The genus of a
connected decorated graph (G, g,deg, m) is

(B.8) g@) =n@+ Y &)
VevV(G)

A morphism ¢: (G',g',deg’,m') — (G, g, deg, m) of decorated graphs is a morphism
of the underlying graphs ¢: G’ — G which preserves the leg labelings, and satisfies addi-
tional compatibilities

gV)=nr'e'(V)+ Y. gV, for any V € V(G),
VIeV($)~H(V)

deg/(L) = deg(L(¢)(L)), for any L € L(G'),

deg(E) = deg/(E(¢)(E)), for any E € E(G).

A contraction of a decorated graph is a morphism of decorated graphs which is a contraction
of the underlying graphs.

B.1.8. Curves marked by decorated graphs. Let C be a (possibly disconnected) pre-stable
curve over a geometric point. Let G’ be its dual graph, whose set of vertices V(G') consists
of the irreducible components of C', and whose set of legs L(G) corresponds to the marked
points. For each irreducible component Zy C C corresponding to a vertex V', let ZV — Zy
be the normalization. The set of half-edges H(V') incident to V' is given by the pre-image
of the special points in EV. In particular, the set of edges E(G’) corresponds to nodes.

The dual graph G’ is naturally equipped with the genus decoration g and the degree
decoration deg’ defined as follows. For each V, its genus g’(V) is the genus of the corre-
sponding irreducible component Zy — C. Furthermore deg’(h) = % it Z, = Bu,, — C
is the node or marked point given by h € H(G").

A marking of C by G = (G,g,deg, m) is a contraction ¢: (G’,g’,deg’,m’) — G of
decorated graphs. A log or a punctured curve is said to be marked by G if the correspond-
ing underlying curve is marked by G. Pre-stable curves marked by G form an algebraic
stack, denoted by 2 (G). By [34], the stack M (G) is a log stack with a canonical log struc-
ture Moy(g) and a universal log curve €(G) — 9M(G) satisfying the following universal

property.
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Let C — S be any log curve marked by G. Then there exists a unique morphism of log
stacks S — M(G) such that C' — S is the pull-back of the universal family €(G) — M(G).
Thus M(G) represents the category of log curves marked by G.

Notation B.2. Let C° — S be a punctured curve marked by G = (G, g,deg, m). For
a half-edge h € H(G), we denote by p, C C° the strict substack corresponding to h as
follows. If h € L(G) is a leg, then py, is the corresponding marking.

If E = {h,h} € E(G) forms an edge, then consider the strict morphism C° — C° with
its underlying given by the partial normalization along the node pp C C° corresponding
to E. The pre-image of pg has two components p, U p; C C° with p, C Z, ;) and
p;, C ZVG ()" Note that there is an isomorphism of log stacks over S

(B.9) th* Ph = Pj,s
whose underlying is inverting the band of gerbes over S.

B.1.9. Nodal log-ideals. Asin [3, 3.1.2], the stack 9(G) admits a natural log-ideal Ian):n(G) -
M), called the nodal log-ideal defined as follows. For each geometric point [C' — w] €
M(G) with the dual graph G’, recall that Mopg)lw = NIEG) with generators corre-

sponding to the smoothing parameters of nodes, see §B.1.3. Define the nodal monoid
ideal

(B.10) Kin(alw = NEOEGD L0} € May(g)lw

where ¢ is the G-marking. This fiberwise construction glues to a sheaf of monoid ideals

Kome) € Man(a), hence a log-ideal IC”Em(G) = M) X M) Kon(a). called the nodal

log-ideal. Since the nodes labeled by edges of G are not allowed to be smoothed out over

M(G), this implies a(ngﬁ(G)) = 0. Thus the pair (M(G), IC;ﬁ(G)) is an idealized log stack.
Let G = U;G; be the decomposition into connected components. Let G; be the decorated

graph obtained by restricting decorations of G to the component G;. We observe that

M(G) = ][ m(G)

as a product of fs log stacks.

B.1.10. Moduli of punctured curves. Consider the stack M(G) of log curves marked by G =
(G,g,deg, m) as in §B.1.8. Let M(G) be the fibered category over schemes parameterizing
punctured curves marked by G, see [3, Definition 3.2]. There is a tautological commutative
diagram

(B.11) M(G) r M(G)

Logm(a)

where F sends a punctured curve to the corresponding log curves, and Loggyg) is Olsson’s
log stack [32] parameterizing log structures over M(G). The morphism Log is strict,
locally of finite type, quasi-separated, representable, and unramified.

For pre-stable curves with no orbifold structures at nodes and markings, these properties
of Log z» are established in [3, Proposition 3.3]. In this case, the stack 93?((}) is constructed
locally over 9(G) by taking into account all possible puncturings along markings. Since
twisted curves admit étale local covers by schemes, the same proof can be applied to the
case of pre-stable curves with orbifold structures as in this paper. In particular, 95?((}) is
a log algebraic stack.
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Denote by ICS?I(G) C ngt(G) the puncturing log-ideal as in §B.1.5, and consider the

nodal log-ideal ’an(c;) C M) as in §B.1.9. Define the canonical log-ideal over 95?((})
to be

Koy = £ Knia) + Kgyay-

Then [3, Proposition 3.3] further implies that F is naturally an idealized log étale morphism
of idealized log stacks

(B.12) F: (M(G), Kgyy) = (M, K-

Geometrically, this means that the obstruction to deforming punctured curves while keep-
ing G-marking is encoded in the puncturing log ideal IC;ijt @)
B.1.11. Tropical punctured curves. Recall that for any geometric log point x, its tropical-
ization is the cone

Oy = HOIH(MJ;, Rzo).

Now consider a punctured curve C° — S over a geometric log point S with Mg = V.
For each strict geometric point z — C°, we take the associated cone o, := Hom(Mco ,, R>0).
These cones are locally constant along logarithmic strata of C°, and glue to a cone com-
plex X(C°) via face morphisms, called the tropicalization of C°, see [3, Appendix C].
Furthermore, the functoriality of tropicalization yields a morphism of cone complexes

(B.13) (C°) = X(S)=0
which we will describe explicitly in Construction B.4 below.

Definition B.3. A (possibly disconnected) tropical punctured curve (or simply tropical
curve) over a cone o € Cones consists of a decorated graph G = (G, g, deg, m), a subset
L°(G) C L(G), and a map

(: B(G) UL®(G) — Map(o, R>g),

where ((E) € o) \ {0} for each edge E € E(G), and ¢(L): 0 — R>( is non-zero, concave,
piece-wise linear, continuous with rational slopes for each leg L € L°(G). Legs in L°(G)
are referred to as punctured legs, while legs in L(G) \ L°(G) are referred to as log legs. The
above family is called a tropical log curve if L°(G) = ().

Noting that the subset L°(G) C L(G) is determined by ¢, we will use the notation (G, ¢)
to denote a tropical curve over a cone o.

Construction B.4. We recall from [3, §2.2.1] how to construct a morphism of cone
complexes
(B.14) m: I'(G,0) - o

from the data (G,¢) of a tropical curve (G,¥) as in Definition B.3. The fibers of this
morphism are tropical curves in a more traditional sense.

To each V € V(G), assign a cone oy = o with 7|,: oy — o the identity. To each
E € E(G), assign the cone

(B.15) op ={(s,\) €0 x Rsg | A < L(E)(s)}

with 7|, : og — o the obvious projection. If V and V' are the two vertices attached to E
(in some arbitrarily chosen order), define two face morphisms oy — op and oy — op via

s+ (s,0) and s+ (s,0(E)(s)),

respectively. These two face maps identify oy and oy with two facets of op.

For each leg L € L(G) \ L°(G) attached to a vertex V, assign the cone o7, = o x R>¢
with the obvious projection 7|, : o, — o, and the face morphism oy — oy, identifying
oy with the facet o x {0}.
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For each punctured leg L € L°(G) attached to a vertex V, define
(B.16) o ={(s,\) € xRxg | A<L(L)(s)}.

By [3, Lemma 2.21], o1 is a cone. We further associate a face morphism oy — o
identifying oy with the facet o x {0} C o, and define 7|,, : o, — o the projection to the
first factor. Punctured legs are precisely the legs with bounded length.

The cone complex I'(G, ) is defined as the colimit gluing cones {oy,og, 01} via the
above face morphisms. Furthermore, the morphisms {7|s , 7|5y, 7|s, } defined above glue
to the morphism of cone complexes (B.14).

Note that the cone complex I'(G,¢) and the morphism 7 do not depend on the data
g,deg and m.

Construction B.5. Consider a punctured curve C° — S over a geometric log point S with
Mg = o). Its associated tropical curve (G,€) over o as in Definition B.3 is constructed as
follows.

Let G = (G,g,deg,m) be the decorated graph of the underlying pre-stable curve
C — S. For each E € E(G) its length ((E) € ) = Mg is the smoothing parameter of the
corresponding node as in §B.1.3. Finally, for a punctured leg L € L°(G) corresponding
to a marking p C C°, by [3, Lemma 2.21] there is a unique non-zero, concave, piecewise
linear function

E(p): o — Rzo
with rational slopes such that
(Mco |p)ﬂ\é = {(S,/\) € o X RZU | 0< AL E(p)}
Then we set (L) = £(p).

Given a punctured curve C° — S over a geometric log point S, we may construct the
associated tropical curve (G,¢). Then, by [3, §2.2.1], the morphism of cone complexes
(B.13) is the morphism (B.14) from Construction B.4 applied to the tropical curve (G, ¢).

B.2. Punctured maps and their tropicalizations. Punctured maps extend the no-
tion of log maps by allowing possibly negative contact orders along markings. They are
introduced in [3] to study boundaries of moduli of log maps, and are a key for us to study
boundaries of the moduli of log R-maps.

B.2.1. Punctured maps and the universal target A. A punctured map to a log stack X over
an fs log scheme S is the data

(C° = S, f: C° = X)

where C° — § is a punctured curve, and f is a morphism of log stacks. Pull-backs of
punctured maps along morphisms of log schemes are defined via pull-backs of punctured
curves.

For a punctured map f: C° — X with DF1 target X as in §A.2.1, the composition
f: C° — X — A, is called the associated punctured map to A. As the morphism X — A
is strict, properties of f on the level of log structures is entirely captured by §f. Thus
for simplicity, we will focus on the universal target A. Contact orders, degeneracies, the
tropicalization and basicness of a punctured map f: C° — X with X a DF1 target are
defined and constructed in the same way as the corresponding notions for its associated
punctured map to A.
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B.2.2. Contact orders along markings. Consider a punctured map f: C° — A over a log
point S. Let p; C C° be its i-th marking. By (B.5), along p; we have

Melp, & Mg &N C Meolp, € Mg @ Z.

Consider the composition

_ o _
up,: N =T (A, M) L Moy, C Ms BZ — 7

where the last arrow is the projection. Note that the map u,, and the integer c(p;) :=
Up, (1) € Z determine each other, and are both referred to as the contact order at p;.

We say that f is pre-stable along p; if Mceo|p,, is the fine (not necessarily saturated)
monoid generated by Mc|,, and (1), see [3, Definition 2.6]. We call  pre-stable if it is
pre-stable along all markings.

Note that when c(p;) > 0, the pre-stability forces Mco|,, = M¢/|p,. Consequently, the
two log structures Mg and Mo only differ at markings with strictly negative contact
orders. Thus we call p; a punctured marking if c(p;) < 0, or a log marking if c(p;) > 0.

A punctured map to A over an fs log scheme S is said to be pre-stable if each geometric
fiber is pre-stable. As shown in [3, Prop. 2.16] pre-stability is an open condition and is
stable under pull-backs along morphisms of fs log schemes. In this paper, all punctured
maps are assumed to be pre-stable unless otherwise specified.

B.2.3. Contact orders along nodes. Consider a punctured map §: C° — A over a log point
S. Let p C C° be a node. By §B.1.3, along p we have

o ® - _
up: N=T(A,My) f—>MC°’p =~ Mg Oy N? —>MC/S’p =7

where M /5 = M /Mg is the relative characteristic.
Note that Mg, is generated by the images (1,0), (0,1) of (1,0),(0,1) € Mg @y N?

respectively, subject to the relation (1,0) + (0,1) = 0 by (B.3). Thus the isomorphism

Mecyslp = Z depends on a choice of (1,0) = 1 or (1,0) — —1. In case uy(1) # 0, we make
the canonical choice m0/5|p = Z such that u,(1) > 0. In any case the map u, and the
non-negative integer u,(1) determine each other, and will be referred to the contact order
along the node p. This definition is compatible with the previous papers [16, 18, 20].

Let G be the dual graph of the underlying curve C, and E = {h, fL} be the edge
corresponding to the node p. The positive integer u,(1) is also referred to as the contact
order of E, denoted by c(F).

We may also define contact orders corresponding to the half-edges. First, if u,(1) =0
we define the contact orders of h and h to be ¢(h) = c(h) = 0.

Now assume u,(1) > 0. Without loss of generality, we may assume that the canonical
choice M¢/slp = Z above identifies (1,0) with 1 € Z. Note that (1,0), (0,1) come from the
local coordinates of the two irreducible components intersecting at p, hence are naturally
labeled by the two half-edges h and h such that the two irreducible components are labeled
by va(h) and vg(h), respectively. Then we define ¢(h) = u,(1), and c(h) = —u,(1).

In particular, for every half-edge h belonging to an edge F, we have c(h) = —c(tg(h)).

B.2.4. Tropical maps to R>g. Abstractly, a tropical punctured map (or simply tropical
map) to R>p over o € Cones is the data

(B.17) (G, ¢, f"P: (G, £) — Rxq)

where (G, /) is a (possibly disconnected) tropical curve as in Definition B.3, and f%°P is
a morphism of cone complexes. We may also refer to f"°P: I'(G, £) — R>q as a tropical
map when there is no danger of confusion.
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Recall that ¥(A) = Hom(N,R>() = R>g. Consider a punctured map f: C° — A over a
log point S with o = ﬂg Tropicalizing f, we obtain

(B.18) S(f): £(C°) = £(A) = R

Thus the associated tropical map to f is defined to be the data (B.17) where (G,¢) is the
tropical curve associated to C° — S, and f°P = X(J).

B.2.5. Tropical types. A type is a collection of the data
(B.19) (G,o,c)

consisting of a decorated graph G = (G, g, deg, m), together with

(i) an image cone map o such that o(z) is a face of R>q for any 2 € V(G) UH(G)
satisfying o (x) = o o 1g(x), and

(ii) a contact order map c: H(G) — 7Z such that c¢(h) = —c(h) for each edge F =
{h,h}.

Remark B.6. For an edge E = {h,h} note that o(h) = o(h). Hence we may define
o(E) := o(h). In particular, the above definition is compatible with [3, §2.2.1].

For a tropical map (B.17) over o, its tropical type (B.19) is defined as follows:

(1) G is the decorated graph of the domain tropical curve as in §B.1.11.

(2) For any x € V(G) UL(G), o(z) is the minimal face of R>g containing f"°P (o).

(3) For any edge E = {h,h}, o(h) = o(h) is the minimal face of R>( containing
ftrop(o.E).

(4) For each leg h, its contact order c(h) € Z is defined as the image of the tangent
vector (0,1) € 0 x R>g by ftP.

(5) For each half-edge h forming an edge {h,h} with vg(h) = V, the contact order
c(h) is defined as the image of the tangent vector (0,1) € o x R>q by f*°P.

A type (B.19) is called realizable if it is a type of a tropical map to R>g. For a punctured
map f: C° — A over a log point S, we define its tropical type to be the type of its
associated tropical map. It is straightforward to check that the contact orders of half-
edges is compatible with the definitions in §B.2.2 and §B.2.3.

Remark B.7. Let h be a half-edge forming an edge E = {h, h}. If ¢(h) = 0 then c(h) = 0,
in which case we define ¢(E) = 0 as well. If c¢(h) # 0, then by §B.2.3 we have c(F) is equal
to the unique positive integer in {c(h),c(h)}. Thus, we observe that the contact orders
c(h),c(h) and c(E) determine each other.

Notation B.8. Since R>( has only two faces, an element x € V(G) U H(G) is called
non-degenerate if o(x) = 0, and is called degenerate otherwise. We will frequently use
these terminologies without specifying o.

B.2.6. Degeneracies and their partial ordering. Consider a tropical map f'°P: I'(G, /) —
R>g over o. For each V € V(G), the restriction ey := f"°P|, : oy — Rxg is called the
degeneracy of the vertex V. Since oy =2 o, the morphism ey is naturally an element of
the monoid o;. The finite set of degeneracies {ey }yev(q) as a subset of oy is partially
ordered with respect to <,v. This defines a partial order on V(G) such that V; < V%
if ey; <,v ey,. Note that if E is an edge joining V; to Va2 such that V3 < V2 and not
contracted by f°P, then the contact order ¢(E) > 0 by §B.2.3.

Consider a punctured map §: C° — A over a log point S with Mg = oy. Let
X(f): I'(G,£) — Rx>o be the corresponding tropicalization over o. The degeneracy ey

of a vertex V' € V(G) can be also described directly as follows.
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Let Zy C C° be the irreducible component corresponding to V', and = € Zy be a smooth
unmarked point. Then ey is the image of 1 via the above composition

_ fb _ ~
N — f*Mulz — Mco|z = Mg.
We recall that degeneracies and their partial orderings are stable under generizations:

Lemma B.9. Consider a punctured map f: C° — A over a connected log scheme S.
For each geometric point t € S, denote by X(f);: T'(Gy,4) — A over o = Mgly the
tropicalization of the fiber f|;. Suppose there is a chart ¢ : Mgy — Mg for a strict log
point s — S. Then
(1) For any pair e1,es € Mg|s satisfying e1 < ez, we have ¢(e1)|s < ¢(e2)|s for any
tesS.
(2) If e € Mgls is a degeneracy, then there is a strict étale neighborhood U — S of s
such that ¢(e)|y is a degeneracy for any t € U.

Proof. This is proved in [20, Lemma 3.4, 3.6] for log maps. As the proof relies only on
the smooth non-marked locus of C° — S, it applies identically to the punctured maps
case. (]

B.2.7. Pre-stability and the puncturing log-ideal. A tropical map f*°P: I'(G,{) — Rxq
over o is called pre-stable if, in the notations of (B.16), any L € L°(G) satisfies ¢(L) < 0
and fU°P((s,£(L)(s))) = 0 for any (s,#(L)(s)) € or. This means that if L € L°(G) then
L is degenerate, and the image f'°P(c) as a finite ray of non-zero length extends to the
boundary 0 € R>¢. In this paper, all tropical maps are assumed to be pre-stable unless
otherwise specified. Note that the prestability implies that the subset L°(G) C L(G) is the
collection of legs with negative contact orders, hence is specified by c. For any L ¢ L°(G),
we necessarily have ¢(L) > 0 as log legs are unbounded.

Consider a punctured map f: C° — A over a log point S with Mg = oy, and let
X(f): I'(G,€) — R>q over o be the associated tropical map of f. By [3, Prop. 2.23], the
pre-stability of § translates to the pre-stability of the associated tropical map. Assuming
prestability, the puncturing log-ideal g has a nice description:

Define the puncturing monoid ideal of Mg:

Ko :=(ey | V€ V(G) and V has a punctured leg L € L°(G)).
By the description of the puncturing log-ideal in §B.1.5, the pre-stability of §B.2.2 implies
that the puncturing log ideal is given by Kg = Mg X g ICOS. Furthermore, the condition

¢(L) # 0 for each L € L°(G) forces ey # 0 for degeneracies ey € Kg. We refer to [3, §2.5]
for a more comprehensive discussion on this.

B.2.8. The balancing condition. The balancing condition is an important constraint that
controls the combinatorial structure of punctured maps.

Consider a tropical map (G, g, deg, m, ¢, f'"P) over a cone o. The function deg can be
extended to vertices via

(B.20) deg(V)= > c(h)deg(h)
heH(V)
for any V € V(G), defining a function deg: V(G) UH(G) — Q.
Let f: C° — A be a punctured map over a log point S, and (G, g,deg, m, /¢, %(f)) be
the corresponding tropical map over o := Mg For any vertex V € V(G), let Zy C C°

be the corresponding irreducible component. As shown in [3, §2.2.3], the restriction f|z,
induces an isomorphism of line bundles

(B.21) FO(ea)lzy =0z (Y. ell)pn)-
heH(V)
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Taking the degree on both sides, we obtain the balancing condition
(B.22) degf*O(c04)|z, = deg(V).

B.3. Stacks of punctured maps to A. The stacks of punctured maps to A interpolates
between the moduli of R-maps and their tropical counterparts, and play important roles
in the tropical study of this paper.

B.3.1. Basicness. The key to the stack of punctured maps is the notion of basic punctured
maps, which translates to the notion of universality on the tropical side.

Definition B.10. A tropical map (G, ¥, f'"P) over o € Cones is basic if it is universal
among all tropical maps with the same type. More precisely, if another tropical map
(G, 0, foP/) over a cone o’ is of the same type, then there is a unique morphism of cones
o' — o realizing (G', £, f**°P’) as the pull-back of (G, ¢, f*°P).

Construction B.11. For a tropical map (G = (G, g,deg, m),, f*°P) over o € Cones,
its associated basic tropical map is constructed in [3, §2.3]. We summarize it in our
situation as follows.

The associated basic cone oy, is defined by its lattice points

(B23) opsz={((pv)v.(ep)p) € [] eV)zx J[ N|pv—pv=c(E) ep}
Vev(Q) EcE(G)

where the equation holds for all triples (E’, V', V') where E’ is an edge with two ends V’ and
V. The associated basic monoid is defined to be its dual o), ,. The above construction
leads to a natural morphism

(B.24) O — Opass m— ((ey(m))y, U(E)(m))E),
hence a dual on the monoid level
(B.25) Ul\y/as,Z — 0y,

By [3, Proposition 2.32], there is a well-defined basic tropical map
Fi2P T(G, fpas) — Rso

over opes with the domain tropical curve (G, £pys), whose pullback along the natural mor-
phism (B.24) is ftroP,

We briefly review the construction of fg;;)p in our situation. We first define the edge
lengths

Ebas: E(G) — Hom(abasa N) \ {0}7 Ebas(E) ((pV)Vv (eE/)E’) = €E.

ftrop .

For any V' € V(G), its degeneracy with respect to f, " is

(8]

eV = foPlopur  Tbas,V = Obas — R0, ((pv)vr, (eE)E) — PV

For any E € E(G) attached to a vertex V, the restriction f;22p|abasy , s constructed

from ey, c(E), and ¢(E). First, recall that opqs g is defined from its facet opes1 and
the edge length ¢(E) via (B.15). Furthermore, the restriction of fy:o'|s,,. , to the facet
Obas,v C Opas,g must be ey. We then extend f;;gp

with slope c(E).

Similarly for a log leg L € L(G) attached to a vertex V, since L is unbounded, we
construct the restriction f;;gplgba& , by extending ey = f;;‘;p\abas,v linearly over oy 1, with
slope c(L).

For a punctured leg L € L°(G) attached to a vertex V, the cone o7 and the restriction
f;;0p|gL are uniquely determined by the degeneracy fbt;zp|gba5y of V' and the contact order

oy linearly to the whole cone opqs &

S

c(L) thanks to the prestability in §B.2.7. In particular, this defines the length fp,s(L) for
the punctured leg L.
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Remark B.12. Note that the basic cone (B.23) and the natural morphism (B.24) depend
only on the data (G, o, c), and are independent of g and deg.

Definition B.13. A punctured map §: C° — A over S is basic if for every geometric fiber,
the associated tropical map is basic.

The nice properties enjoyed by basic punctured maps are summarized in Propositions
B.14, B.15 and B.16 below.

Proposition B.14. For any pre-stable punctured map f: C° — A over S, the locus with
basic fibers forms an open subset of S.

Proof. Note that basicness is a property of the characteristic sheaf Mg over the base S.
The proposition then follows by the same proof as in the case of log maps [16, Prop. 3.5.2],
see also [3, Prop. 2.34]. O

Proposition B.15. Any pre-stable punctured map to A arises as the pull-back from a
basic pre-stable punctured map to A with the same underlying pre-stable map. Both the
basic pre-stable punctured map and the morphism are unique up to a unique isomorphism.

Proof. When there are no punctures, this is [20, Prop. 2.8]. In the presence of punctures
but no stacky structures on the domain curve, this is a special case of [3, Prop 2.35]. We
here observe that the same proof applies to the case of twisted curves:

First, to produce the basic family, we do not modify the underlying structure, but we
modify the characteristic sheaves of monoids on both the domain curves and their bases.
The proof of [3, Prop 2.35] constructs basic families by modifying the base characteristic
monoids using étale local constraints from the characteristic monoids of domain curves
and targets. As the log structures of the domain curves admit charts étale locally, the
corresponding characteristic sheaves are étale sheaves. Hence the proof of [3, Prop 2.35]
applies to our situation of orbifold domain curves identically. U

Lemma B.16. An automorphism of a basic punctured map fixing the underlying curve,
is trivial.

Proof. This is identical to the case of log maps [16, Lem. 3.8.3] and [24, Prop. 1.25], see
also [3, Prop. 2.37]. O

B.3.2. Contractions. Next, we recall contractions of types following [3, §2.2.2]. Geometri-
cally, they correspond to smoothing of punctured maps.
Consider two types (B.19) of tropical maps

7= (G = (G,g,deg,m),o,c) and 7' = (G = (G',¢g',deg’, m’),0’,c).
A contraction ¢: 7" — 7 is a contraction of decorated graphs ¢: G’ — G as in §B.1.6,
satisfying the additional compatibilities
(i) The cone o(¢p(x)) is a face of o’(x) for any = € V(G') UH(G).
(i) c(L(¢)(L)) =c/(L) for any L € L(G"), and c(E) = ¢/(E(¢)(E)) for any E € E(G).
Note that (i), is equivalent to the condition that for any x € V(G') UH(G'), ¢(z) is
degenerate only if = is degenerate.
Let ¢: 77 — 7 be a contraction of types, and let o and ¢’ be the basic cones of 7 and
7’ respectively. By [3, Remark 2.46] the contraction ¢ induces a natural face morphism of
basic cones

(B.26) Xg:0—0

such that a point (pv,eg)y.p € ¢’ is contained in o iff

(1) pv € o(V(¢)(V)) for any V € V(G'),
(2) eg =0 for any E € Eg.
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Taking duals, this leads to a morphism of basic monoids [3, (2.20)]
(B.27) Xo: (07)Y = a7,
satisfying
(1Y) xg(ev) =0if o(V()(V)) = {0} C Rxo,
(2Y) xo(U(E)) =01if E € Ey.
The 7-basic monoid ideal is defined to be

(B.28) Ky = x5 (o2 \{0}) C ()2

Definition B.17. Let 7 be a type. A 7-marking of a basic tropical map of type 7’ is a
contraction ¢: 7/ — 7 of types.

Notation B.18. We may use the notation 7’ F 7 for a contraction ¢: 7 — 7 when we
want to emphasize the types without specifying ¢.

B.3.3. Punctured maps marked by types. Fix a type 7 = (G = (G, g,deg, m),o,c). A
basic punctured map f: C° — A over S is said to be weakly marked by 7 if

(1) The underlying of the domain curve C° — S is marked by G.

(2) For any x € V(G)UH(G) let Z, C C° be the corresponding substack. Then f(Z,)
factors through 04 C A if = is degenerate, see Notation B.8.

(3) For any geometric point s € S, let 74 = (G, 05, €5) be the tropical type of the fiber
fls. The contraction G5 — G given by the marking of the domain curves induces
a contraction of types ngS,T: Ts — T.

A weak marking of f by 7 is said to be a marking by 7 if the further condition hold:
(4) For any geometric point s — S as above, the log-ideal Ky = C Mg s defined as the

pre-image of the basic monoid ideal Ky, C Mg, maps to 0 under the structure
morphism Mg, — Ogs.

Remark B.19. The difference between weakly markings and markings by types are very
subtle, and is explained carefully in [3, Remark 3.5]. The reason for introducing weakly
markings is because they naturally appear in the gluing of punctured maps. In this paper,
weakly markings will be only used in §5.5 but in a crucial way. In what follows, we will
include discussions regarding weakly markings, markings and their relations. Readers who
wish to skip the technical details may skip the notion of weakly markings for the moment,
and return back to this section when needed.

Asin [3, §3.5.1], a marking and a weak marking by 7 lead to different idealized structures
on the base S. Consider a strict geometric point s € S, with X(fs): I'(Gs,s) — R>q the
tropicalization of the fiber f;. For any x € V(Gs) UE(Gs) UL(Gs), denote by Z, C C°
the corresponding substack, and z € Z, a geometric point. If z is a vertex, we require z
to be a smooth unmarked point of C. We have a sequence of morphisms of monoids

_ _ o4 — i -
Mss = Mgl Mecl. o(2)) — > o (fr, - (1))}

where x, is the dual of the face map in §B.3.2 (i). Define the set of target stratum generators
with respect to = to be

(B.29) @)~ (B (o @)\ x:(0)))

The weak T-marking monoid ideal flgﬁ is a sheaf of ideals in Mg with stalk at a strict
geometric point s € S generated by

(1') the nodal monoid ideal by pulling-back (B.10);
(2') the target stratum generators as in (B.29) for any = € V(Gs) UE(G;) UL(Gs).
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The 7-marking monoid ideal KSJ is a sheaf of ideals in Mg with stalk at a strict
geometric point s € S generated by (1'), (2') above and

(3) the basic monoid ideal Ky as in §B.3.2.

The weak T-marking log-ideal ngT and the 7-marking log-ideal Kg , are defined to be
the preimage of nguﬁ and Kg, via the quotient Mg — Mg, respectively. By [3, Remark
2.36, Lemma 2.47], since Mg is fs, the log-ideals K§. and Kg - are both coherent.

The same calculation as in [3, Def. 3.20] shows that
(B30) a( g{‘r) =0, (resp. a(]CS,T) - 0)

if f: C° — A over S is a weakly 7-marked (resp. 7-marked) basic punctured map. In
particular (S, KY ) (resp. (5,Ks,)) becomes an idealized log scheme.

Remark B.20. The vanishing in (B.30) corresponding to elements in (2) enforces the fac-
torizations of (2). In particular, if ¢, -(x) is non-degenerate, then the set (B.29) is empty.
In general, the idealized structures (B.30) are constraints imposed by the combinatorial
data of types.

Further recall the puncturing log-ideal g of the family C° — S. The canonical idealized
structure of a weak T-marking (resp. 7-marking) of a basic punctured map §: C° — A over
S is the log ideal generated by

(B.31) K¢, +K%  (resp. Kgr +K3).

Remark B.21. It is useful to observe that when E(G) = (), the two log-ideals in (B.31)
agrees, hence the notions 7-marking and weakly 7-marking coincide. Indeed, in this case
one checks that the basic monoid ideal in (3') above is generated by the target stratum
generators in (B.29).

In case 7 is realizable, condition (3') governs both (1) and (2'):

Lemma B.22. If 7 is realizable, then the sheaf of monoid ideals ES,T —|—KOS given by (B.31)
is fiberwise generated by basic monoid ideals as in (3') above.

Proof. The case of non-stacky domain curves is established in [3, Prop. 3.24] by analyzing
the generization of basic monoids. By Remark B.12, the same proof applies identically to
stacky domain curves. O

B.3.4. Stacks of punctured maps marked by types. Let 7 = (G, o, c) be a type. Consider
the categories fibered over fs log schemes

(B.32) MA, 1), M (A7)

parameterizing punctured maps to A marked and weakly marked by 7 respectively. The
next few propositions summarize properties of (A, 7) and M’ (A, 7).

Proposition B.23. (1) Both M(A,7) and M (A, T) are represented by algebraic stacks
locally of finite type with their basic fs log structures.
(2) The tautological morphisms
M(A, 7) = M(A),  M(A 1) = MA),
to the stack M(A) of usual pre-stable maps to A are representable.

Proof. Statement (1) follows from applying Step 1 of [3, Theorem 3.10] to the case of
orbifold domain curves. The representability in (2) is a consequence of Lemma B.16. [

Remark B.24. Let 7 = (G, o0,c) be a type with G = (G, g,deg, m), and let G = UG;
be the decomposition into connected components. Then 7 naturally induces a collection
of types {7;}; with 7; obtained by restricting 7 to G;. Note that any punctured map
f: C° — A over S marked (resp. weakly marked) by 7, is equivalent to a collection of
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punctured maps {f;: C{ — A} over S such that C° = U;Cy, and f; = f ‘Cl?) is marked
(resp. weakly marked) by 7;. Consequently, we have isomorphisms of log stacks

MA,7) — [[(A7), (A7) — [[IV(A ).

Remark B.25. A (not necessarily realizable) type 7 = (G, g,deg, m, o, c) is called a class
of tropical maps to A if V(G) = {W,}, E(G) = 0, and o(z) = {0} for any =z € G. Note
that the condition o(x) = {0} for any x € G implies that the constraint §B.3.3 (2) is
trivial.

For a class 7 as above, we may write ¢ = (deg,c) so that ¢(G) = (deg(L),c(L)) for
each L € L(G), and write g := g(Vp). Then the tropical class 7 is equivalent to the data
of (g,¢). Further observe that 7 has the basic cone o = {0}, hence the constraint §B.3.3
(4) is trivial and 9V (A, 7) = M(A, 7). We introduce

(B.33) My (A) :==M(A, 1),

which is the stack of punctured maps with connected genus g domain curves with orbifold
structure and contact orders specified by «.

Indeed, for any punctured map f: C° — A over S of tropical type 7/ with genus ¢ con-
nected domain satisfying the constraints ¢ = (deg(L), c(L)), there is a unique contraction
7/ — 7 by contracting all edges. Now observe that f satisfies §B8.3.3 (1), (3), hence is
obtained by a unique morphism S — M, (A).

B.3.5. Idealized structures on stacks of punctured maps. Let G = (G, g,deg, m) and con-
sider the idealized log stack (M(G), ICS‘R(G)) of pre-stable curves marked by G as in §B.1.8.

Consider the tautological morphisms of idealized log stacks
(M(A, 7), Kona,ry) = (MG, Kinay)s
(O (A, 7), Kaw(ayam) = (M(G), Kiya))

by removing the data of punctured maps, where the log-ideals Kop(4,,) and Koy (4 ) are
the log-ideals defined in (B.31) respectively.

(B.34)

Proposition B.26. Both morphisms in (B.34) are idealized log étale.

Proof. The proof is identical to [3, Thm. 3.25]. Indeed, a key is the observation of [7] that
A is log étale over Spec C. In particular, punctured maps to A even with orbifold domains,
are unobstructed, except the obstructions to preserving the combinatorial structures of 7-
marking or weak 7-marking, which are encoded precisely by the corresponding idealized
structures. O

Proposition B.27. The tautological morphism
(B.35) M(A,7) — M (A7)

18 a strict closed embedding defined by a nilpotent ideal. In particular, the two stacks have
the same reduced log stack.

Proof. Note that marking and weak marking by 7 differ by the monoid ideal in §B.3.3 (3).
This statement follows from [3, Prop. 3.33], which shows that the 7-marking log ideal is
contained in the radical of the weak 7-marking log ideal. ([

We are mostly interested in the case that 7 is realizable. In this case, the idealized log
étaleness of (B.34) allows us to compute the dimensions.

Proposition B.28. Suppose that T is realizable with connected underlying graph G. Then
M(A, 7) is non-empty, reduced, and pure-dimensional of dimension

(B.36) dimM(A, 7) = 3g(G) — 3 + |L(G)| — dimo

where o is the basic cone associated to the realizable type T.
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As M(A,7) and (A, 7) have the same reduced stack, 9 (A, 7) is non-empty and
pure-dimensional of the same dimension (B.36) for a connected and realizable type 7.

Proof. This follows from the same analysis as in [3, Remark 3.27 and Prop. 3.29]. The
key is to apply [2, Prop. 2.10] and observe that punctured maps to A are determined by
the corresponding tropical maps. O

B.4. Punctured maps to a log stack. Let X be a separated log Deligne-Mumford stack
with a strict morphism X — A. A punctured map to X over an fs base S is a morphism
f:C° = X where C° — S is a punctured curve. The associated punctured map to A is
f: C° — A over S obtained by composing f with X — A. We call f stable if the underlying
pre-stable map f is stable in the usual sense. In particular, f is representable.

Fix a type 7 as in (B.19), consider the categories of stable punctured maps to X

M(X,T), MN(X,T)

whose associated punctured maps to A are marked and weakly marked by 7 respectively.
We collect various properties of these two stacks as needed in this paper.

B.4.1. Representability.

Proposition B.29. Both .# (X, 7) and #'(X,T) are represented by log Deligne-Mumford
stacks locally of finite type.

Proof. Lemma B.16 implies that stable punctured maps have only finite automorphisms.
Thus it remains to prove the algebraicity of both .#(X,7) and .#'(X, ).
Consider the Cartesian diagram

(B.37) M(X,T) M(X,T)
M(A,7) — P owica, )

where the vertical arrows are obtained by taking the associated punctured maps to A,
hence are strict. Since the bottom arrow is a strict closed embedding, the top arrow is
representable. Thus it suffices to prove the algebraicity of .#'(X, ).

Denote by .#(X) the moduli of usual stable maps to X, equipped with the canonical
log structure of its domain universal curve. Similarly, let 9t(A) be the moduli of usual pre-
stable maps to A with its canonical log structure from its domain. We arrive at another
Cartesian diagram

AM(X,T) M (X)
zm'(g, T) E)JZL)

where the two horizontal arrows are the tautological ones, and the right vertical arrow is
induced by the underlying of X — A, hence is strict. Since all the three stacks .#(X),
M(A) and M(A, 7) are algebraic and locally of finite type, we conclude that .Z'(X, 1) is
algebraic and locally of finite type. O

B.4.2. Relative boundedness. For a curve class f € Ha(X), consider the open substacks

M(X,T1,8) C M(X,T), M(X,1,8) Cc (X, T), M(X,P) C M(X)
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parameterizing punctured maps with curve class 5. Consider the commutative triangle

(B.38) M (X, T, ) M(X,1,5)

M(X, )

where the two arrows F,F’ are the forgetful morphisms, and the horizontal arrow is a
strict closed embedding induced by (B.37). For any strict morphism W — .Z (X, ), we
obtain pull-backs

Fyy - %(X,T,ﬁ) X (X,58) W — W, FI//V: .///(X,T,B) X u(X,8) W — W.

Similar to [20, §2.5], we introduce the following relative version of combinatorial finite-
ness which will be convenient in the situation of this paper. An absolute version with
general targets can be found in [3, §3.3.1].

Definition B.30. The data (7,53) is F-combinatorially finite (resp. F’-combinatorially
finite) over W' if the collection of tropical types of punctured maps in .# (X, 7, 8) x_4(x s W
(vesp. A'(X,7,B) X _4(x,8 W) is finite.

Proposition B.31. Suppose that (7, 3) is F-combinatorially finite (resp. F’-combinatorially
finite) over W. Then Fy (resp. Fyy,) is of finite type.

Proof. The proof is analogous to [3, Prop. 3.16], briefly summarized below. As the state-
ment is local on W, we may assume that W is of finite type. We will only consider the
case that (7, /) is F-combinatorially finite, as the other case is similar.

We first stratify the stack .Z (X, 7, ) x. #(x,8) W, such that each stratum parameterizes
punctured maps of the same tropical type. The combinatorial finiteness implies that there
are only finitely many strata. Hence it remains to show that each stratum is of finite type.

Consider a type 7 = (G, a,c) given by a stratum ., C .#(X,7,8) X 4x 8 W. The
image of .. in W necessarily factors through a stratum W, C W determined by the data
(G, o) imposed on the level of underlying maps. It remains to show that punctured maps
lifting the underlying map of W, and having contact order ¢ form a bounded family. To
achieve this, we may first follow [3, Prop. 3.16] to parameterizes all punctured curves with
the underlying pre-stable curve given by the family over W.. Then similar to [24, §3.2]
and [16, §5.4], one may further construct a finite type scheme parameterizing all possible
punctured maps from these punctured curves. This leads to the boundedness of .#, hence
the finite type property of Fyy. O

B.4.3. Valuative criterion.

Proposition B.32. The morphism F' in (B.38) satisfies the valuative criterion. More
precisely, for any discrete valuation ring R with the quotient field K and the mazimal ideal
m, consider a commutative diagram of solid arrows of underlying stacks

Spec K M(X, 1, )
Spec R - (X, B)

Then, possibly after replacing R by a finite extension of DVRs, and K by the induced finite
field extension, there exists a unique dashed arrow making the above diagram commutative.
The same property holds for F.

Proof. As the horizontal arrow in (B.38) is a strict closed embedding, it suffices to prove
the statement for F’. For X a log scheme with a Zariski log structure, the statement
is proved in [3, Thm. 3.18]. While in our situation we allow the target X and domain
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curves to be Deligne-Mumford stacks, the log structure on the target X is only of DF1,
the simplest possible Zariski log structure. Thus, the proof is analogous to [3, Thm. 3.18].
We briefly summarize the idea below.

Denote by f: C — X the stable map over Spec R given by the bottom arrow, and
n: Cp = X the basic stable punctured map over 1 given by the top arrow with 1 = Spec K.
The commutativity of the above diagram means that the underlying map of f, is f|,. The
goal is to extend f, to a punctured map f: C' — X over S with § = Spec R such that the
underlying of f is f, and f|, = f,.

The first step is to show that the central fiber f|s if exists, its tropical type is uniquely
determined by f, and f. Note that given the underlying map f, to determined the tropical
type of f|s, it suffices to determine the contact orders along nodes. Thus we may apply
[16, §6.2] and [24, §4.1] to obtain the tropical type of f|s.

In the second step, we construct a unique punctured curve C° — S as the domain
curve. Away from the punctures, the construction of C° is identical to [24, §4.2] using the
tropical type from the first step. Furthermore as explained in the proof of [3, Thm. 3.18],
the tropical type uniquely determines the log structure along the punctures.

Finally, one can extend f, to f over Spec R following [16, §6.3] and [24, §4.3]. O

APPENDIX C. LOGARITHMIC ALIGNMENTS

We recall logarithmic alignments introduced in [1], and establish some basic properties.
The results of this section are used crucially in §6 for comparing virtual cycles.

C.1. Alignments of locally free log structures.

C.1.1. Aligned log structures. Recall from [1, §8.1] that an aligned log structure on a scheme
S is a locally free log structure Mg, together with a sheaf of finite subsets Ag C M such
that for each geometric point s € S the fiber Mg|; = N has a basis {e1, e, -+, e} and

(C.l) Ks|5 = {0,61,61 +eg,e1t+ext+e3,--- €1 +"'—|—€m}.

Denote by T, the stack of aligned log structures. By [I, Proposition 8.1.2], Tioe is
an algebraic stack. We view T,z as a log stack with its universal aligned log structure
Mg and the universal subset Klog C Mbg. Then Tiog is smooth and log smooth by [I,

Proposition 8.2.2 and 8.3.1].
We introduce three types of alignments to be applied to log GLSM.

C.1.2. The universal alignment. Let ﬂﬁjg C ﬂlog be the free submonoid generated by
Klog. Denote by Mi’og = ﬂﬁ)g X Mo Mg C Miog the corresponding sub-log structure,
and by 7,5, = (Tiog, M) the log stack.

Let S — Tiog be a strict morphism given by an aligned log structure (Mg, Ag) as in
§C.1.1. Then fiberwise the non-zero elements in Ag form a set of generators of the pull-
back log structure Mg = Migls. By (C.1), we observe that M, hence M2 is locally
free.

Let Log/™  Log be the open substack parameterizing locally free log structures. Then
we obtain a composition, called the universal alignment:

a
log

ME M .
Tiog = Tog ___ strict

log

(C.2) align: Tiog Log/™.

! L C Log/™ be the open dense substack over which

the fibers of MLngr have rank < m. Let Logi’}n C Loggn be the reduced strict closed
substack over which the fibers of ﬂLog s+ have rank precisely m.
<m

C.1.3. Truncated alignments. Let Log
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The morphism (C.2) restricts to truncated alignments:
(C.3) align, := align |7, : Te 1= Tlog Xer Logs" — Log]"

where e represents < m or = m. For later use, denote by M% := align; MLngr.

We call T<p, resp. T=p, the stack of aligned log structures of length < m (resp. = m).
We also obtain the universal subsets A<, = Ajgg|7.,, and A=y, = Ajgg|7,,-

C.1.4. Labeled alignments. We are also interested in the case where all elements in (C.1)
are labeled. Consider A™ = Hie[m] A; with the m copies of A; = A labeled by the

set [m] := {1,2,--- ,m}. Taking base change along the strict étale surjective morphism
AT — Loggn, we obtain the [m]-labeled alignment:

(C.4) align(<,,,) = align,, X Logh A" Tiem) = Tem XLog!” AT — AT

<m <m

For any strict morphism S — 7<,, induced by an aligned log structure (Mg, Ag), non-
zero sections in Ag are labeled by [m]. Pulling back aligni<,, along the strict closed
imbedding oo’} — A™, we obtain the [m]-labeled alignment of length m:

(C.5) aligng,) : Tim) := Tj<m) Xam 004 — 0y
C.1.5. Properties of logarithmic alignments.
Proposition C.1. The morphism (C.4) is birational, projective and log étale.

Proof. We first check the log étaleness. By [l, §8.3], T[<,, admits a cover given by strict
étale morphisms A" — T[<,, for n < m. It suffices to show that the composition

align|<,

A" AT

Ti<m)

is log étale. However, this is a morphism between two Artin fans, whose log étaleness
follows from the local criterion [27, Theorem (3.5)].

The birationality follows from the fact that aligni<, ’T[ <y = align(<y) is the identity on
the open dense substack Tj<1) C Tj<p]-

It remains to show the projectivity. In the following, we will show that 7Tj<,, is the
moduli X™ of degree m stable configurations of points in the pair X = (A,0c04) with
align|,,; the evaluation given by the m sections labeled by [m], see [, Definition 1.5.2].
Then the projectivity follows from [, Proposition 1.5.4].

We view X[™ as a log stack with the canonical log structure given by its universal
expansions. For any strict morphism S — X[™ denote by S [m] — S the family of
expansions. Over each geometric point s € S, we have the fiber of length & < m (see [,
Convention 1.4.1])

Sm]s = X Uso=co_ P1 Uso=co_ =" Usoy=oo_ Pk

The fiber ﬂ5| s 2 N is a free monoid with generators eq, - - - , e; such that e; corresponds
to the smoothing parameter of the node given by co_ C P;.

Recall that the family of stable expansions S[m] — S admits m sections €;: S — S[m]
for Kk = 1,--- ,m. Each P; has a unique open dense point, which contains at least one
section by stability [/, Definition 1.5.1]. For the kth section €;: S — S[m], we define
an element d; 5 = e + ez + -+ + ey, if the fiber €|, lands in Py,. This defines a set
Ags = {0rs | k € [m]} U{0} of length < m since sections can intersect. Observe that
the fiberwise defined Ag s glues to a sheaf of totally ordered subsets Ag C Mg labeled by
[m]. This defines a morphism S — 7[<,), hence X [l Ti<m)-

To obtain the inverse Tj<,, — X (] note that Ti<m] carries a natural family of expan-
sions of length < m by [!, Proposition 8.1.2]. The log structure M <) is the canonical log
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structure of the expansions. For a strict morphism S — 7<), let S [m] — S be the family
of expansions pulled back from 7[<,,]. The section €;: S — S[m] is constructed using the

section in X[Sm] labeled by k € [m] by reversing the above construction.
This completes the proof. O

Corollary C.2. The morphism (C.2) is proper, representable, birational, and log étale.

Proof. We may check this on a strict étale cover. Note that the collection of compositions

A™ — Loggn — Log/™ of strict étale morphisms for all m form an étale cover of Log/™.

Thus the statement follows from Proposition C.1. O

Corollary C.3. The morphism align,, is projective and log étale. It is birational iff
m=1.

Proof. This follows from Proposition C.1 by taking the base change of (C.2) along oo’} —
A™. For birationality, note that align(;; is an isomorphism by the definition of aligned log
structures. (]

C.2. General alignments. In general, the log structures that we will need to deal with
are rarely locally free. Next generalize the alignments from §C.1, as required for §6.

C.2.1. The A-alignments. Let S be an fs log stack with a sheaf of finite subsets A C Mg
containing 0. A morphism h: T — S is called an alignment of A if the image of

htA = 7 Mg — My
is geometric fiberwise totally ordered with respect to <m,- Note that if T — S is an

alignment of A, then any composition 7" — T — S from an fs log scheme 7" is also an
alignment of A.

—A . :
Let My be the sheaf of locally free monoids over S whose fiberwise generators are labeled
- . . = . =
by non-zero elements of A. The inclusion A C Mg induces a morphism Mg — Mg hence
a log structure ﬁ/lg = Mg XM M? over S with the structure morphism defined by the
composition /Vl‘g‘ — Mg — Og. Consider the composition

Mg ME = MEB
(S, MB) ®— Log/"

S

Pulling back (C.2), we obtain the projection
(C.6) aligng: Tx 1= Tiog Xpog/r S5 — 5,
called the A-alignment. B
Denote by MGTK the pull-back ./\/l?og|7—K = M?\TK. The sheaf Xlog"TK is fiberwise given

by the set of generators of MGTK, hence we have an identification Klog"TK = K‘TK- There-
fore, the image of the composition

_ _ — _
A|7—K = Alog’TK - MTK — MTK
is totally ordered with respect to <My - This shows that the projection 75 — S is an
Y

alignment of A. Indeed Tx is the universal alignment:

Proposition C.4. For any h: T — S and an alignment of A, there is a unique factor-
1zation

h /
Tx

\\ lalignx
h
S.

T
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_ b
Proof. Consider the sequence of morphisms of log structures M4 |y — Mgl 7, M.
We construct a sub-sheaf of monoids M’ C (ﬂ?h)gp over T as follows.
. . —A
For a geometric point t € T, let {d1,- -+ ,d;,} be the set of generators of Mg |;. Denote
by ¢ € Mr|; the image of §;. After reordering, we may assume that
i <MT 55 <WT o <MT 5;”

Define the fiber M'|; C (ﬂ?]t)gp to be the free monoid generated by
51752 - 517 e 76771 - 5m—1-

This fiberwise construction glues to a subsheaf of monoids M’ C (ﬂ?h)gp .
The fact that h is an alignment of A implies that (6}, ,—0;) € My. Thus the composition

M c (ﬂ?\z)gi” — M factors through M’ — M. This defines a log structure M’ :=
Mo Xz M’ with the structure morphism given by M" — Mp — Op. In particular,

we obtain a morphism of log schemes T'— (T, M’). By construction, the pair (Ap, M)
defines an aligned log structure on T, inducing a strict morphism (7', M’) — Tjog. This
leads to a commutative diagram

T S
.
7Tog = Logfr

with the left vertical arrow given by T' — (I, M’) — Tiog. This leads to a unique factor-
ization I’ as in the statement, finishing the proof. O

C.2.2. aligng in the labeled case. Consider a sheaf of finite subsets A C Mg over S as in
§C.2.1. An [m]-labeling of A is a strict morphism (S, M?) — A™ = []iepm Ai with the
m copies of A; = A labeled by [m]. In particular each non-zero (local) section of A is
uniquely labeled by an element of [m)].

In case (S, M?) — A™ factors through 0o, note that A\ {0}, as the sheaf of generators
of ./\/looﬁ |s, is the constant sheaf with m elements.

i€lm

Proposition C.5. Suppose A is [m]-labeled. Then aligng in (C.6) is projective and log
étale.

Proof. This follows from Corollary C.3 and the following Cartesian squares in the fs cate-
gory:

Tx Ti<m] Thog
aligng l align|< \L l align
S A Log/™

O

C.2.3. Order removing. Suppose the sheaf of subsets A C Mg over S is [m]-labeled.
Consider the subset [m'] C [m] for some m’ < m. This induces a subsheaf A c Aby
taking elements labeled by [m/]. Since any alignment of A is automatically an alignment

of K/, by Proposition C.4 we obtain a natural morphism over S:
(C.7) aligng_ 2t Tg = Ty

By Proposition C.5, the morphism alignKDX/ is projective over S.
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